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GEOMETRICAL OBJECTS AND STRUCTURES
ASSOCIATED TO SOME DYNAMICAL SYSTEMS (II)

BY

VIRGIL OBADEANU and MONICA CIOBANU

Abstract. In the paper we continue and develop our studies on dynamical systems.
We consider dynamical systems of first order partial differential equations, which describe
the evolution of some deformable continuous media. To such a system, using the coeffi-
cients of the corresponding variational forms, we can associate, canonically, a geometrical
structure of metrical nature and a connection, a covariant derivative, a parallel transport
and autoparallel manifolds such that the trajectories of the given system are autoparallels
with respect to this structure.

A second geometrical structure corresponds to the adjoint linear system of variational
forms.
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1. d-metrics and connections

Let M be a smooth manifold of dimension m and of local coordinates (u?).
Let JY(R", M) be the first order jet space and .J} (M) the phases space. A
point in J1(R™, M) is given in a local chart of M and the canonical chart
of R", by its coordinates in this chart: (z,u® u¢). On J}(M) we consider
a natural atlas, induced by the atlas of M, where a change of local charts
is given by

. . ol
Foeal, at=atu®), a=al(u®ul) =

i ]):%ui‘

A geometrical structure defined on J'(R™ M) is given by a set of n
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non-degenerated two times covariant tensors of components

ou® ou 4
B o ‘o’

(11) a’fzb = azb(xhauc7u;:7,)7 (det(afzb) 7é 07 L= 17”)7 dfzb

called “d-metrics”, and a set of m? local functions (aq), which change, on
a change of local chart, by the rules

B ou [ oub ol
(1.2) dab = Hua (a b dub aﬁ)

called Christoffel symbols of first kind of a connection N ([4]).

We construct the geometric objects (n? mixed tensors) of components
o1 ou’ ou S
aj J a] _ OéJ A
(13) Ep = Eaacacba €ip — aua 87 €igs (Vlaj - 17”))

where (a®) is the inverse matrix of (al,), for any i = I, n.
We define the functions

1 _ oue 9P oull .
(14) ]\142 B Ea “acb, ]\Z/IZ = Jue <6ub ]\146 + 87515

called Christoffel symbols of second kind or coefficients of connection.

Remarks. 1° Given a connection N by its coefficients M j, if we add

a set of mixed second order d-tensors, we also obtain a conflection. Both
connections are constructed from the same set of metrics.

Conversely, by substracting two connections based on the same set of
metrics, we obtain a set of mixed second order tensors.

Given a system of metrics, there is a bijection between the set of asso-
ciated connections and the sets of n mixed second order tenslor ﬁgelds.

p
2° Let us consider an arbitrary number p of connections M, M, ..., M.

q .. .
Then My = ;1) 2’:1 M} is a connection, too.
(2 (2

3° In the case that all the d-metrics a’; (i = 1,n) coincide (and, in
particular, if n = 1), the formulas (1.4) become the rules of change of the
components of a nonlinear connection ([1], [2]). We have £/ = 8¢, €%} = ¢,

respectively.
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2. Partial covariant differential operators associated to a
d-connection N

In this paragraph we generalize to deformable continuous media, some

results obtained in [3] and [5] for the case of ordinary differential systems.

Let us consider a d-connection N on the manifold M. We define a
system of n partial differential operators D;, by the conditions:

1) Dic =0, if c € R",

2) D;: X € Xy(M) — X4(M) is a linear application,

3) D;:w € AL (M) — AL(M) is a linear application,

4) The action of the operators D; are extended to the algebra of d-tensor
fields by the rule D;(U®V) = D;(U)®V +U ® D;(V), where U and V are
d-tensor fields.

2.1. The construction of the partial differential operators

1°. Let X = X2 be a d-vector field on M. We define, locally,

ou?
0 p O
D’i a4 = a b0
<8u“) Af"aub

where the functions M § change, on a change of local chart, by the rules
7

(1.4). Thus, it follows D; X = (D; X* + M‘;Xb)aga. The functions AA)S =
(2

DX+ MpX b are called partial covariant derivatives of the components
1
X%, in the chosen chart. On a change of local chart, it is necessary to have

AX®  9us AX®

(2.1) Azt Qu® Azt

Proposition 1. The necessary and sufficient condition such that the
formulas (2.1) to hold is that the operators D; to satisfy the relations

(2.2)

oae\  oue oub Ouj ,
o (%) R o

Proposition 2. The relations (2.2) are equivalent with

o! 0 s
(2.2') D; <ZZC) - 8218?5, (i = T,n).
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Conversely, given a system of n operators D; satisfying the formulas
(2.2) or (2.2'), they determine a connection on M. We have:

Proposition 3. The necessary and sufficient condition such that a
system of local functions My to represent a connection on the manifold M
(2
(to satisfy, on a change of local chart, the formulas (1.4)) is that the partial
differential operators to satisfy the conditions (2.2) or (2.2').

Definition 1. A vector field is transported by parallelism (on a sub-
manifold u® = u®(z")), if all partial covariant derivatives of it vanish. The
parallelism equations are D; X + M 7 X b=0.

(3

A family of submanifolds, given by the equations u® = u®(x"), is called

: ou® ol _ N
autoparallel if D;(5%) + Mﬁ% =0,Vh=1,n.

2°. We extend the action of the differential operators D; on distinguished
1-forms, by

Dy(du®) = Mgdub.

By the compatibility condition it follows M + M y=0.
If w is locally written w = Y,du®, we have D, ( )=(D;Y,—-Y, M b)du®

We denote iﬁ‘; =D;Y,+Y, M Z, or Awl =D;Y,—- Y, M . These func-
K]

tions are called partial covariant derivatives of the components Y, of the
form w, in the given chart. On a change of local chart, due to the relations

/ AY, _ Ou® AY,
(2.2"), we have F ¢ = Gz 2.

3°. Let us now consider a p + ¢ order d-tensor T p times contravariant
and q times covariant, locally written T' = Tba v bap T @ ® auap Qdut ®
- @ duba.
For any i, the action of the operator D; on T lead us to the functions

AT

bi...bg at.. ap tl1 -Gcy, ---Ap ah Alereannnn. ap Ch
“An - Pilh +Z ......... b Me ZTbl by Mbw
h=1

called partial covariant derivatives of the components of the tensor 1. They
change by the rules

ATy o gu guPt gub AT 5
Aﬂj‘i aual e 8Uap aﬂbl . 8labq A:L,Z ,
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2.2. The calculus of the partial covariant differential operators

1°. The values of the operaﬁorE D; on the components X% of a vector
field X are given by D; X® = ¢}/ %. Indeed, it holds:

Proposition 4. The relations (2.2) define the operators D; on fields.

Proof. For an index ¢ (¢ = 1, m) fixed, u® can be considered as parame-
ter on a curve u® = u®(a) and gqj; as the tangent vector field to this curve.
Conversely, any vector field is a tangent field to a congruence of integral

curves in another chart.

By this property and (2.2') it follows the above relation. O

Thus, we have D;(X) = [e ?ﬁ] Cgf + MaXﬁ]aua = AA);I 8%.

2°. We extend the operators D; on d-1-forms w = Y,du®. By the above
calculus, we have D;(Y,) = 5%%. Thus, the partial covariant derivatives
of the components Y, of a d-1-form are ﬁ—?{ = a—:% Z:;’ Yy ]\142

3°. The extension of the operators D; on functions is defined implicitly

by the relations D;(f)df = 5%%-

2.3. Simplifications of the writing

In what follows, we replace the coefficients M i with other coefficients N b

given by the formulas M b= 5 N ¢, and we express the partial covarlant

derivatives with their help.
1°. The partial covariant derivatives of the Components X% of a vector
field X become AX% — 07dX° —i—MaXb = 6aj( +NCXb) = WX

Azt Cib da dxi Cic 627 -
Let us consider the functions %. We call them short partial covariant
derivatives of the components of the vector field X. On a change of local

_ 0u* X~
Sxt T Ou® §xt ot

Proposition 5. A wvector field X is transported by parallelism if its
components satisfy the relations @;4—]\[ gXb =0, (Vi = 1,n). A submanifold

u® = u(z") is autoparallel if 2 B 18 5+ Nggzs =0, (Vi,j =1,n).

2°. The partial covariant derivatives of the components of a d-1-form w

: AY, _ _bjdY, ey bidY 8Y; :
are written as 3¢ = e, (7% — beYC) = g5 We call 2 5oz short partial
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covariant derivatives of the components of the form w. On a change of local

JYa _ Ou® dY,
dxt — Ou® fxt°

chart, they change by the rules

Proposition 6. By the rules of change of the coefficients Mg, the
1

functions ]ZVZ change by the rules

o o fou” o
20T gue \ o VBT oub

and conversely.

3°. We can consider short partial covariant derivatives of the compo-
nents of a tensor 1" of order p+ q, p times contravariant and ¢ times covari-
ai...ap

ant, locally written T" = T} "™ 8ua1 X ® Buap ®dubt @ - - - @ dube, by the
formulas

ai...ap at...ap p a
5Tb1...bq dTbl bq + Z Ta’l"'ach"'ap Nah _ Tal ......... ap N Ck
6w2 da}l bDleeeennnns bq i Ch bl“‘bck'“bq 7 be”
h=1 k=1

On a change of local chart, they change by the rules

0Ty " guw  Quw 0wt oube 0T 5
Szt Out T utw 9uht T Qube oxd

(Vi =1,n).

3. Systems of partial differential equations

3.1. Variational forms

Let us consider a system of implicit first order partial differential equations

(3.1) Fo(z',ubu?) =0, a=T,m,

where F, are the components of a covector. The system is non-degenerated
1fdet(8F“) #0, Vi=1,n.

A system of functions u® = u®(x?) is called a solution of the system (3.1)

if the identity F,(z,u’(x h), 8x,h V(z%) € R™, holds.

)
The equations (3.1) define on J* (R”, M ) a submanifold K, the manifold
of the solutions of the system.
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A vector field X = £%(uP) 2
dg* o
dz? Oul’
parameter 7' = ¢, 4% = u® + £, U
variational forms

Jua Ol M, with its extension X = fa Juz T
generates on J!(R", M) a pseudogroup of transformatlons with one

—a

= ul + z-: Z, and, thus, a system of

deb
(32 ME = a5 4 aut,
i _ OF,
where ag, = 55, aqp = ub’ det(al,) # 0, Vi =1,n.

A first geometric object associated to the given system is a set of n
"metrics” given by the functions (a’;). Indeed, these functions change by
rules of type (1.1).

A second geometric object is given by the functions (au,). On the ma-
nifold K of the solutions of the system (Fj = 0), they change by the rules
(1.2). They represent the Christoffel symbols of first kind of a connection.

We can construct the coefficients 6?17] = laacaj °p and M b= laacacb as

in (1.3) and (1.4) respectively, where (a2
1 =

(]
Vi =1,n.

) is the inverse matrix of (a’,),

Remark. On the solutions manifold K the coefficients A j change by

(2
the rules (1.4), thus, they define a connection on K, a reason to call them
Christoffel symbols of second kind.
Let us consider a scleronomic dynamical system given by the equations
F,(ub,u?) = 0. The following property holds ([4]):

Theorem 1. The solutions of a scleronomic dynamical system are
autoparallel submanifolds with respect to the associated geometrical structure
and conversely, for initial conditions situated on the solutions manifold,
any autoparallel submanifold is a solution (it is entirely included in this

manifold).

3.2. Adjoint forms

The system of variational forms (3.2) is associated to the system (3.1)
and to the vector ﬁeld X, but its coefficients depend only on the system
(3. 1) Let Y = n® 8 = be another vector field and we denote by M MY =

Qap dml

—l— Gapn” a system of forms.
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Definition 2. A system M, Y is called adjoint to the system M:X if there
exists a set of functions J* such that, for any vector fields X and Y, the
relation ,

—~ dJ*
MX(Y) - M(X) = -~
(v) = M(X) =

holds ([6]).

Proposition 7. Given a system of variational forms, there erists an
adjoint system. The adjointness relations are

i
day,
dz*

(33) 6’@ + aéa =0, Qap — Qpg = —

Remark. The relation of adjointness is involutive.

The coefficients of the adjoint form change, respectively, by the same
rules as the coefficients of the variational form.

We obtain a set of n non-degenerated distinguished tensors of compo-
nents a’,, (i = 1,n). The matrices (a’;), (a’,) are, respectively, antitrans-
posed one to the other, they are non-degenerated and not symmetric.

For any i, let (a%°) be the inverse matrix of (a’,). We define the functions

~aj _ t~ac~J Tra _ t~ac~
Eip = — Qi Qg Mp = —a; dep.
n 3 n

The coefficients M} define a new connection on K.

(2
A second geometrical structure corresponds to the adjoint linear system
of variational forms.

Proposition 8. The relations between the components agbj and E?g are
given by (%) = (¢3))", Vi.j = Tm.

~a,]) — (’Vac’VJ ): ( ca,J ac,J )t

P o
Indeed, we have n(g}; ageal, “ay.) = (afal,,

=n(ey)"
Proposition 9. The coefficients M j and Mg are related by the formu-
(2 1
ara Ara\t cadai
las (]\2,41)) = (]\iéfb) + (ag dxjc)-

The connection N is not in the class of connections N + T' (it is not
built by the same set of metrics as N).
We consider now both structures at the same time. The connections
N and N are defined by the coefficients M j and ]\7? respectively. The
1 1
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coefficients N ¢ and N¢ are defined by the relations: M ¢ = €7 N¢ and
. Z‘ i . 1: . j

M} = E?gNg, which can be written as ag, = afchg, Aap = 6{101\]5.

i j j j

Let k be a submanifold on M defined by the equations u® = u®(x%). Let
X = X¢ aga and Y =Y*° 83,1 be two vector fields, which are transported
by parallelism, the first with respect to the connection N, the second field
with respect to the connection N.

We consider the metrics a’éb and the ”invariant” asz by e with the sem-
nification of scalar product or ”angle” between the vector fields X and Y.
We calculate dii (al, X bY'@). By the above conditions and the adjointness
relations (3.3), we have

dafzb 7 c i xTC byra daib % c | =1 jxrC by a
dt _aac]ivb_acb]ya XYY" = dri _aac]yb—i_abc]iva XY
da’ ~
= (d(;aib —aab—i—aba) xbye = .

That leads us to the following result:

Theorem 2. If two vector fields X andY are transported by parallelism
on a submanifold k, the first field with respect to the connection N given by
the initial system, the second field with respect to the connection N given
by the adjoint system of forms, then the "angle” made by X andY (in this
order) is constant with respect to any of the metrics (a’,) and (al,).

Definition 3. Two systems of partial differential equations are equiva-
lent if they admit the same solutions. The properties which are common to
all the equivalent systems are called dynamical properties.

Theorem 3. The notions of metrics and of Christoffel symbols of first
kind, expressed by the functions azb, Egb and aqp, Qqp respectively, have ge-
ometrical character, they change when we change the representant of the
dynamical system. The notions of: Christofels symbols of second kind, de-
fined and expressed by the coefficients My or N ¢, M‘g or Z\??, differential

7 (2 (2 (2
operators, covariant derivative operators, parallel transport and autoparallel
manifolds with respect to any of the two connections, have dynamical cha-
racter.
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3.3. Selfadjoint systems

Definition 4. A system of variational forms (and also the system of
partial differential equations to which these forms are associated) is called
selfadjoint if it coincides with its adjoint system, that means if the relations:

i
_ day,
dz*

(3.4) aflb + alim =0, agp — Apg =

hold.

The first set of relations (3.4) and det(a’,) # 0 lead us to the restrictive
condition m = 2p.

By the second set of relations (3.4) follows that a selfadjoint first order
system has to be written in main form:

(3.5) F,=Bul+F,=0

ab’

with Biy, E, € C®(J°(R",M)), det(Bi,) # 0, ¥i = L,n. Indeed, the

. da} . .

equations aqp — ape = —- 4+ are linear with respect to ufj, thus, there
. 2 .

coefficients -%£% have to vanish.

b c
ou;) auj

The self-adjointness conditions (3.4) become:

' . B! OE, OF,
3.6 i+ Bl =0 ab — () — =0.
( ) ab T Dg ’ (;) ouc T Oul Oub

On a change of local chart, the coefficients of the equations (3.5) change
by the rules:
—i ou® ouP _; —  ou”

Bab - - — 3 Ey=
dus dub dus

For any i = 1,n, the coefficients a’, = B!, are the components of a
skew-symmetric non-degenerated distinguished tensor on M.

The coefficients of the connection are:

1 0B, , OFE.
]\zlg - EBZ@C ( aucb Uyt oub |-

In the case of selfadjoint systems the connections N and N coincide.

E,.
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