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Abstract. In the present paper the problem of compatibility between a nonlinear
connection and other geometric structures on Lie algebroids is studied. The notion of dy-
namical covariant derivative is introduced and a metric nonlinear connection is found. We
prove that the nonlinear connection induced by a regular Hamiltonian on a Lie algebroid
is the unique connection which is compatible with the metric and symplectic structures.
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1. Introduction

The notions of Lie algebroid (see MACKENZIE [9]) and its prolongations
over the vector bundle projection (see HIGGINS AND MACKENZIE [6]) ge-
neralize the concepts of tangent and cotangent bundles. Using the geometry
of Lie algebroids, WEINSTEIN [19] shows that is possible to give a common
description of the most interesting classical mechanical systems. In the
last years the problems raised by Weinstein and related topics have been
investigated in many papers (see for instance [1, 5, 7, 8, 10, 13, 14, 15, 17]).

In this paper we study the problem of compatibility between a nonlinear
connection and some other geometric structures on a Lie algebroid and its
prolongation over the vector bundle projection of the dual bundle. The
paper is organized as follows. The second section contains the preliminary
results on Lie algebroids. In section three the compatibility between a
nonlinear connection and a pseudo-Riemannian metric is studied. Using
the notions of adapted tangent structure and J-regular section [7] we can
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introduce the notions of dynamical covariant derivative and metric nonlinear
connection. We obtain the expression of the Jacobi endomorphism on Lie
algebroids and the relation with the curvature of the nonlinear connection.
We prove that the canonical nonlinear connection induced by a regular
Hamiltonian is the unique connection which is metric and compatible with
the symplectic structure. For the particular cases of tangent and cotangent
bundles see [2, 3, 4, 11, 12, 16].

2. Preliminaries on Lie algebroids

Let M be areal, C*°-differentiable, n-dimensional manifold and (T'M, 7y,
M) its tangent bundle. A Lie algebroid over a manifold M is a triple
(E,[-,"]|g,0), where (E, 7, M) is a vector bundle of rank m over M, satisfy-
ing the following conditions:

a) the C°°(M )-module of sections I'( F) has a Lie algebra structure [-, -] 5.

b) o0 : E — TM is a bundle map (called the anchor) which induces a Lie
algebra homomorphism (also denoted o) from the Lie algebra of sections
(I(E), [, ]g) to the Lie algebra of vector fields (x(M),[-,]) satisfying the
Leibniz rule

[s1, [s2]E = f[s1,82]E + (0(s1)f)s2, Vsi1,82 € I'(E), fe C®(M).

For w € \"(E*) the exterior derivative dfw € \**'(E*) is given by

k+1
dEw(sl, ey 8k+1) = Z(—l)H_lU(Si)w(Sl, ey §i7 ce ,8k+1)
1=1
+ Z (—1)i+jw([8i75j]E,81,...,§i,...,§j,...,8k+1)
1<i<j<k+1

where s; € I'(E), i = 1,k + 1, and it follows that (d¥)? = 0. For ¢ € T'(E)
the Lie derivative with respect to & is given by L¢ = i¢ o d¥ +dF oi¢, where
i¢ is the contraction with &. If we take the local coordinates (¢%) on an open
subset U C M, a local basis {s,} of the sections of the bundle 7= (U) — U
generates local coordinates (¢',y*) on E. The local functions o (q), ng (q)
on M given by

%

o(sq) = aaa—qi,

[Saysﬁ]E = Lgﬂs’yv 1= 17n7 O[,ﬁ,"}/ = 17m7

are called the structure functions of the Lie algebroid.
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2.1. The prolongation of Lie algebroid over the vector bundle
projection of the dual bundle

Let 7 : E* — M be the dual bundle of 7 : E — M and (E, [-,-|g,0) a Lie
algebroid structure over M. One can construct a Lie algebroid structure
over E*, by taking the prolongation over 7 : E* — M (see [6], [8], [7]).
The associated vector bundle is (T E*, 11, E*) where TE* = (J,«c g+ Tu* E”,
and Ty E* = {(ug, vy ) € Ey X Tyx E*|o(uy) = Ty 7(vy+ ), 7 (u*) =z € M},
and the projection 71 : TE* — E* 71(ug,vy+) = u*. The anchor is the
projection o' : TE* — TE* o'(u,v) = v. Notice that if 77 : TE* —
E, Tt(u,v) = u then (VTE*, 1qyy1p-, E*) with VTE* = KerTT is a
subbundle of (T E*, 11, E*), called the vertical subbundle. If (¢*, puo ) are local
coordinates on E* at u* and {s,} is a local basis of sections of 7 : £ — M
then a local basis of I'(TE*) is {Qq, P} where [8]

Qu(u*) = <sa(r(u*)),aéaaqi|u*>, PY(u*) = (0’81’“*)

The structure functions on 7 E* are given by the following formulas

; 0
1 _ 1 lipay
g (Qa) - oa 86]’“ g ( ) aﬂa7

[Qa, Qslre+ = L5 Qys  [Qa Pl7Ee=0, [P P lrEe0,

1 . .
dEQ’V == _QLX/BQQ /\ Qﬁy dEPOL - 07 quZ = UéQa> dElu’Ot - POM

where {Q% Py} is the dual basis of {Q,, P*}. In local coordinates the
Liouville section is given by 0 = u,Q%. The canonical symplectic structure
wg is defined by wgp = —d¥0g. wg is non degenerate, d¥wr = 0 and we
obtain wg = Q* A P, + %MQL%‘WQB A Q7. The Liouville-Hamilton section
C has local expression C = pu,P“. We remark that VT E* is Lagrangian for
wg, i.e. wg(p1, p2) =0, for every vertical sections p1, pe € T(VTE™).

3. Metric nonlinear connections on Lie algebroids

A nonlinear connection on 7 E* is an almost product structure N on
71 : TE* — E*(i.e. a bundle morphism N : TE* — TE* such that
N? = id) smooth on TE*\{0} such that VT E* = ker(id + N). If N is a
connection on 7E* then HT E* = ker(id — ) is the horizontal distribution
associated to N and TE* = VTE* @& HT E*. A connection N on TE*
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induces two projectors h, v : TE* — T E* such that h(p) = p" and v(p) = p"
for every p € I'(TE*), given by h = 3(id + N) and v = }(id — N). The
local sections {P*},_17; define a local frame of VTE™, and the sections
55 = (Qa) = Qu + NopPP, generate a local frame of HT E*. The frame
{6%,P*} is a local basis of TE* called Berwald basis. The dual basis is
{Q%, 6P, } where 6P, = P, —N,pQP. A connection N is called symmetric,
or compatible with the symplectic structure, if H7 E* is Lagrangian for
wpg, i.e. wrp(hX,hY) = 0, for VX,Y € I'(TE*) and it follows that N is

symmetric if and only if

(3.1) Nop = Npa = 1y L .
The Lie brackets of the adapted basis {J%, P*} are [7]
ON&
(64, 08175+ = L] 585+ Rapy P, 00 PPl7Ee = —W;PW, [P, PPlrg- =0,
(3.2) Rapy = 06 (Nsy) — 5E(Nav) - Lzﬁj\/&v-
The curvature of a connection A" on T E* is given by Q = —N}, where h is

horizontal projector and Ny, is the Nijenhuis tensor of h. In local coordinates
we get () = —%Rag,yQa A QP @ PV, where Rapy is given by (3.2) and is
called the curvature tensor of N.

Definition 1. An almost tangent structure J on T E* is a bundle
morphism J : TE* — TE* of 4 : TE* — E* of rank m, such that
J? = 0. An almost tangent structure J on T E* is called adapted if
imJ =ker J = VTE*.

Locally, an adapted almost tangent structure has the following form
J = tapQ® @ PP, where the matrix (t45(q, 1)) is nondegenerate. It follows
that J is an integrable structure (i.e. the Nijenhuis tensor associated to J
vanishes) if and only if [7]
ot oth

3.3 = ,
(3:3) Ops  Opa

where t*7t,5 = (525. An adapted almost tangent structure J on T E* is
called symmetric if wg(Jp1,p2) = we(Jp2, p1), for Vp1, p2 € T(TE*). Lo-
cally, this requires the symmetry of ¢,3. If g is a pseudo-Riemannian me-
tric on the vertical subbundle VT E* (i.e. a (0,2)-type symmetric tensor
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g = g°%(q, 1) Po @ Pj of rank m on T E*) then there exists a unique symme-
tric adapted almost tangent structure on 7 E* such that

(34) g(jpa j’U) = —OJE(jp,U), va v e F(TE*)v
and we say that J is induced by g. Locally, (3.4) implies t*% = g5,

Definition 2. Let J be an adapted almost tangent structure on T E*.
A section p of T E* is called J—regular if

(3.5) Tlp, TVl = =Jv, YveT(TE").

Locally, the section p = £*Q,, + pgP” is J —regular if and only if t*% =
% where t*t,,., = 55. If the equation (3.5) is satisfied for any v € T'(T E*)
with rank[t*’] = m, then J is an integrable structure. Indeed, we have

oteB 92 9%B g8 .
O = Ondne = Opadin = Opa and we obtain (3.3).

Definition 3. A map V : T(TE*\{0}) — (T E*\{0}) is said to be a
tensor derivation on 7 E*\{0} if the following conditions are satisfied:

i) V is R-linear;

ii) V is type preserving, i.e. VI (TE*\{0}) C TL(TE*\{0}), for each
(r,s) e NxN;

ili) V obeys the Leibnitz rule V(P ® S) = VP ® S + P ® VS for any
tensors P,.S on TE*\{0};

iv) V commutes with any contractions.
We consider the R-linear map V, : T'(TE*\{0}) — I'(TE*\{0}) by
V,X =hip,hX]re +v[p,vX]rE-, VX € (TE"\{0})
where p is a J—regular section and it follows that
Vo(fX) = p()X + [V, X, ¥ € CX(TE\0}), X € T(TE\{0}).

Any tensor derivation on 7 E*\{0} is completely determined by its actions
on smooth functions and sections on 7 E*\{0} (see [18] generalized Will-
more’s theorem, p. 1217). Therefore, there exists a unique tensor derivation
V, on T E*\{0} such that V, |Coo(7-E*\{0}): P, Vp |F(TE*\{O}): V,. We will
call the tensor derivation V,, the dynamical covariant derivative induced
by the J-regular section p and a nonlinear connection N.
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Proposition 1. The following equations hold

(3.6) [p, PPl g = —t*P67 + (taﬁ/vm — m) P,
g

(3.7) [0, 05) 7 = — (65(6%) + €7 L3) 04 + Ry P,

(3.8) Ry = 056" )Nay + p(Npgy) — 05(py) — E LesNay.

The action of V, on the Berwald basis has the form

0
Vp'pﬁ — V[p, PB]TE* — <taﬂ~/\/‘ow _ p'7> P,
Opgp

V05 = hip, 05l7E = — (65(€%) + L) 03
For a pseudo-Riemannian metric g on 7 E* the action of V, is given by
V,9(X,Y) =p(g(X,Y)) = 9(V,X,Y) — g(X,V,Y), which in local coordi-
nates leads to

@ @ « 15 « 85
g/ﬁrzvpg(P ,Pﬁ)zp(g ﬁ)—gﬁ<t TNoe — p)

Ohe

Ope

_ 9504 (tﬁV _/\/’ _ .

e aﬂﬁ

Definition 4. A nonlinear connection is called metric or compatible
with the metric tensor g if V,g = 0, for all J-regular sections p, that is

p(9(X,Y)) =g(V,X.Y) +g(X,V,Y), VXY eT(VTE").
Theorem 1. The connection N with the coefficients

— 1
(3.9) Naﬁ = Naﬁ + §tasgﬁ'\/g7yv

is a metric nonlinear connection.

Proof. Let us consider the dynamical covariant derivative induced by
p and N given by

. 9 B 5
o <Pa, Pﬁ) = #le™) - (taFYN% - af) —g (t’B’YN')/E - 5)5;) )

and using (3.9) it follows
1 1
Vpg(Po‘, 7)5) — g/aﬂ o §g€5tmt7r95pg;p B §ga€t57twggpg;p =0,

that is A/ is a metric nonlinear connection. |



7 METRIC NON-LINEAR CONNECTIONS 217

3.1. Nonlinear connection induced by a [J-regular section

If J is an adapted tangent structure and p is a J- regular section then

(7, N = —L,J, is a nonlinear connection on 7E* with local coefficients
given by

1 dp . 0gY
(3.10) Nap = <towa ° - étwﬁaiqi — p(tag) + §7t€5L§a> :

Definition 5. The Jacobi endomorphism 1) is given by ¢ = v[p, hX ] p=.

Locally, from (3.7) we obtain that ¢ = Rag Q®@PP, where R,p is given
by (3.8); Rap are the local coefficients of the Jacobi endomorphism.

Proposition 2. The following result holds 1 = i, + v[vp, hX|rg=.

Proof. Indeed, ¥(X) = v[p,hX]rg- = vlhp,hX]rg+ + v[vp, hX]|1 -
and Q(p, X) = v[hp, hX]7p-, that is (X) = Q(p, X) + v[vp, hX]7p. O

Remark 1. If p is a horizontal section p = hp, then we obtain ¢ =
and locally it follows p, = {“N,,, which yields Ro5 = R-ap5°.

In what follows, we consider a regular Hamiltonian ‘H : E* — R, that is
the matrix
2
B 0O°H

3.11 Blg )= 1"
(3.11) 9 (q, 1) adiis

is nondegenerate. Any regular Hamiltonian H on E* induces a pseudo-
Riemannian metric on VT E* with the metric tensor (3.11). Moreover, it
induces a unique symmetric adapted tangent structure (denoted [J3;) such
that (3.3) is verified and a J—regular section given by p = aH Qn + paPe.
There exists a unique section py € I'(T E*) such that i,,, wg = dH and with
respect to the local basis {Q,, P*}, the expression of py is [§]
oH . OH 5 OH o

(3.12) PH = T/MQQ ( a i +M’7Laﬂa ) P

Corollary 1. The canonical nonlinear connection N=—L,, Jy has the
coefficients given by

1 O*H
(313) Naﬁ < {gaﬁaH} W(O’ﬁgas + Jagﬁs)

OH 9gq OH
+M’YL€I€8 a p + 'YLaﬂ + — au (gaELdﬁ +gﬂ6L6a)> )
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where the Poisson bracket is

agaﬂ oH 8904,8 877'[

« ,H - i - .
{g B } 8/,67 an 8ql 8,“/’)/

Theorem 2. The canonical nonlinear connection induced by a reqular
Hamiltonian H is a metric nonlinear connection.

Proof. Introducing the coefficients (3.13) into the expression of the
dynamical covariant derivative and using (3.12) we obtain

; 0g°? oH  ;OH 0g™s OH 890‘5
O¢ i 9, e iu’YLsé
9q" Ope dq" Oy Ous Ope

1 Ogre OM  Dgyc OH - O*H
eB ary ea By YE 8 _ 0
) (9 g 9y ) [ (am d¢  Oq am> % oqiom "

Vo9 (P2 P?) =

827'[ 1 87‘[ 8g75 1 67‘[ 1 1
fyaqza 5 G+ :ulLrsa iy 8 LLs + :ulL'ys + 87#5 (gvlL(sg + gleéry):|
gaﬁ % 62% L 8% ef ad L’Y

aau aq -9 87_9 9 Hy

0 ugag 9 ey, ~ 99 il

-9

From the equalities

dg )
3.14 =B goy 2= i = :
( ) gg 8/~Ll g ve (7 — m e
dg )
(3‘15) gaﬁgow 8(;;6 -9 Bg“/e dqt - oq LZ& = _Lgs

by direct computation, it follows that V,g (770‘,735 ) = 0, which ends the
proof. O

Theorem 3. The canonical nonlinear connection induced by a reqular
Hamiltonian is the unique metric and symmetric nonlinear connection.

Proof. Let us consider a metric and symmetric nonlinear connection
N with the coefficients N,.. Then we have

op 0
ap ay ea [ By _ Ope
pr(g°") = ( Noe Ema) +g (g Noye au5>
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and using (3.12) we obtain
oM ;09°7 ( ;OH y mz) dg*’

g

o og og " "=, ) "o

- O*H oH
_ B 8 8 5
= ge ga7N7€ + gsag ’nyys + g“/ 0-%/ auaaqi + g’Y L%— 8MT

. O*H o i OPH capp O , O*H

+ Pt ——— A L, ———.
g ’YTaﬂoca,Uﬂr g O—Eauﬁaqz 9 ETaMT g ETaN,Ba,U/T

But the connection is symmetric (3.1) and using (3.14), (3.15) we get

O_lz' 67‘[ 8957 B U;aj 8957 wr LT 677'[ 8957
9q" O O Oq “Opa O

- OPH - O0*H OH OH

_ o ‘2 - - o ¥ I o LOC T o (0% —,
90 g~ % padg I o I gy

=2Ney + pr L

T
YE

and we get the coefficients (3.13), which ends the proof. O
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