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Abstract. In the present paper the problem of compatibility between a nonlinear
connection and other geometric structures on Lie algebroids is studied. The notion of dy-
namical covariant derivative is introduced and a metric nonlinear connection is found. We
prove that the nonlinear connection induced by a regular Hamiltonian on a Lie algebroid
is the unique connection which is compatible with the metric and symplectic structures.
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1. Introduction

The notions of Lie algebroid (see Mackenzie [9]) and its prolongations
over the vector bundle projection (see Higgins and Mackenzie [6]) ge-
neralize the concepts of tangent and cotangent bundles. Using the geometry
of Lie algebroids, Weinstein [19] shows that is possible to give a common
description of the most interesting classical mechanical systems. In the
last years the problems raised by Weinstein and related topics have been
investigated in many papers (see for instance [1, 5, 7, 8, 10, 13, 14, 15, 17]).

In this paper we study the problem of compatibility between a nonlinear
connection and some other geometric structures on a Lie algebroid and its
prolongation over the vector bundle projection of the dual bundle. The
paper is organized as follows. The second section contains the preliminary
results on Lie algebroids. In section three the compatibility between a
nonlinear connection and a pseudo-Riemannian metric is studied. Using
the notions of adapted tangent structure and J -regular section [7] we can
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introduce the notions of dynamical covariant derivative and metric nonlinear
connection. We obtain the expression of the Jacobi endomorphism on Lie
algebroids and the relation with the curvature of the nonlinear connection.
We prove that the canonical nonlinear connection induced by a regular
Hamiltonian is the unique connection which is metric and compatible with
the symplectic structure. For the particular cases of tangent and cotangent
bundles see [2, 3, 4, 11, 12, 16].

2. Preliminaries on Lie algebroids

LetM be a real, C∞-differentiable, n-dimensional manifold and (TM, πM ,
M) its tangent bundle. A Lie algebroid over a manifold M is a triple
(E, [·, ·]E , σ), where (E, π,M) is a vector bundle of rank m over M, satisfy-
ing the following conditions:

a) the C∞(M)-module of sections Γ(E) has a Lie algebra structure [·, ·]E .
b) σ : E → TM is a bundle map (called the anchor) which induces a Lie

algebra homomorphism (also denoted σ) from the Lie algebra of sections
(Γ(E), [·, ·]E) to the Lie algebra of vector fields (χ(M), [·, ·]) satisfying the
Leibniz rule

[s1, fs2]E = f [s1, s2]E + (σ(s1)f)s2, ∀s1, s2 ∈ Γ(E), f ∈ C∞(M).

For ω ∈
∧k(E∗) the exterior derivative dEω ∈

∧k+1(E∗) is given by

dEω(s1, . . . , sk+1) =

k+1∑
i=1

(−1)i+1σ(si)ω(s1, . . . , ŝi, . . . , sk+1)

+
∑

1≤i<j≤k+1

(−1)i+jω([si,sj ]E , s1, . . . , ŝi, . . . , ŝj , . . . , sk+1)

where si ∈ Γ(E), i = 1, k + 1, and it follows that (dE)2 = 0. For ξ ∈ Γ(E)
the Lie derivative with respect to ξ is given by Lξ = iξ ◦dE +dE ◦ iξ, where
iξ is the contraction with ξ. If we take the local coordinates (qi) on an open
subset U ⊂M , a local basis {sα} of the sections of the bundle π−1(U) → U
generates local coordinates (qi, yα) on E. The local functions σiα(q), L

γ
αβ(q)

on M given by

σ(sα) = σiα
∂

∂qi
, [sα, sβ]E = Lγ

αβsγ , i = 1, n, α, β, γ = 1,m,

are called the structure functions of the Lie algebroid.
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2.1. The prolongation of Lie algebroid over the vector bundle
projection of the dual bundle

Let τ : E∗ →M be the dual bundle of π : E →M and (E, [·, ·]E , σ) a Lie
algebroid structure over M. One can construct a Lie algebroid structure
over E∗, by taking the prolongation over τ : E∗ → M (see [6], [8], [7]).
The associated vector bundle is (T E∗, τ1, E

∗) where T E∗ =
∪

u∗∈E∗ Tu∗E∗,
and Tu∗E∗ = {(ux, vu∗) ∈ Ex × Tu∗E∗|σ(ux) = Tu∗τ(vu∗), τ (u∗) = x ∈M},
and the projection τ1 : T E∗ → E∗, τ1(ux, vu∗) = u∗. The anchor is the
projection σ1 : T E∗ → TE∗, σ1(u, v) = v. Notice that if T τ : T E∗ →
E, T τ(u, v) = u then (V T E∗, τ1|V T E∗ , E∗) with V T E∗ = KerT τ is a
subbundle of (T E∗, τ1, E

∗), called the vertical subbundle. If (qi, µα) are local
coordinates on E∗ at u∗ and {sα} is a local basis of sections of π : E →M
then a local basis of Γ(T E∗) is {Qα,Pα} where [8]

Qα(u
∗) =

(
sα(τ(u

∗)), σiα
∂

∂qi
|u∗

)
, Pα(u∗) =

(
0,

∂

∂µα
|u∗

)
.

The structure functions on T E∗ are given by the following formulas

σ1(Qα) = σiα
∂

∂qi
, σ1(Pα) =

∂

∂µα
,

[Qα,Qβ]T E∗ = Lγ
αβQγ , [Qα,Pα]T E∗=0, [Pα,Pβ]T E∗=0,

dEQγ = −1

2
Lγ
αβQ

α ∧Qβ, dEPα = 0, dEqi = σiαQα, dEµα = Pα,

where {Qα,Pα} is the dual basis of {Qα,Pα}. In local coordinates the
Liouville section is given by θE = µαQα. The canonical symplectic structure
ωE is defined by ωE = −dEθE . ωE is non degenerate, dEωE = 0 and we
obtain ωE = Qα ∧ Pα + 1

2µαL
α
βγQβ ∧ Qγ . The Liouville-Hamilton section

C has local expression C = µαPα. We remark that V T E∗ is Lagrangian for
ωE , i.e. ωE(ρ1, ρ2) = 0, for every vertical sections ρ1, ρ2 ∈ Γ(V T E∗).

3. Metric nonlinear connections on Lie algebroids

A nonlinear connection on T E∗ is an almost product structure N on
τ1 : T E∗ → E∗(i.e. a bundle morphism N : T E∗ → T E∗, such that
N 2 = id) smooth on T E∗\{0} such that V T E∗ = ker(id + N ). If N is a
connection on T E∗ then HT E∗ = ker(id−N ) is the horizontal distribution
associated to N and T E∗ = V T E∗ ⊕ HT E∗. A connection N on T E∗
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induces two projectors h, v : T E∗ → T E∗ such that h(ρ) = ρh and v(ρ) = ρv

for every ρ ∈ Γ(T E∗), given by h = 1
2(id + N ) and v = 1

2(id − N ). The
local sections {Pα}α=1,m define a local frame of V T E∗, and the sections

δ∗α = (Qα)
h = Qα + NαβPβ, generate a local frame of HT E∗. The frame

{δ∗α,Pα} is a local basis of T E∗ called Berwald basis. The dual basis is
{Qα, δPα} where δPα = Pα−NαβQβ. A connection N is called symmetric,
or compatible with the symplectic structure, if HT E∗ is Lagrangian for
ωE , i.e. ωE(hX, hY ) = 0, for ∀X,Y ∈ Γ(T E∗) and it follows that N is
symmetric if and only if

(3.1) Nαβ −Nβα = µγL
γ
αβ .

The Lie brackets of the adapted basis {δ∗α,Pα} are [7]

[δ∗α, δ
∗
β]T E∗ = Lγ

αβδ
∗
γ+RαβγPγ , [δ∗α,Pβ]T E∗ = −∂Nαγ

∂µβ
Pγ , [Pα,Pβ]T E∗ = 0,

(3.2) Rαβγ = δ∗α(Nβγ)− δ∗β(Nαγ)− Lε
αβNεγ .

The curvature of a connection N on T E∗ is given by Ω = −Nh where h is
horizontal projector and Nh is the Nijenhuis tensor of h. In local coordinates
we get Ω = −1

2RαβγQα ∧ Qβ ⊗ Pγ , where Rαβγ is given by (3.2) and is
called the curvature tensor of N .

Definition 1. An almost tangent structure J on T E∗ is a bundle
morphism J : T E∗ → T E∗ of τ1 : T E∗ → E∗ of rank m, such that
J 2 = 0. An almost tangent structure J on T E∗ is called adapted if
imJ = kerJ = V T E∗.

Locally, an adapted almost tangent structure has the following form
J = tαβQα ⊗Pβ, where the matrix (tαβ(q, µ)) is nondegenerate. It follows
that J is an integrable structure (i.e. the Nijenhuis tensor associated to J
vanishes) if and only if [7]

(3.3)
∂tαγ

∂µβ
=
∂tβγ

∂µα
,

where tαγtγβ = δαβ . An adapted almost tangent structure J on T E∗ is
called symmetric if ωE(J ρ1, ρ2) = ωE(J ρ2, ρ1), for ∀ρ1, ρ2 ∈ Γ(T E∗). Lo-
cally, this requires the symmetry of tαβ . If g is a pseudo-Riemannian me-
tric on the vertical subbundle V T E∗ (i.e. a (0, 2)-type symmetric tensor



5 METRIC NON-LINEAR CONNECTIONS 215

g = gαβ(q, µ)Pα⊗Pβ of rank m on T E∗) then there exists a unique symme-
tric adapted almost tangent structure on T E∗ such that

(3.4) g(J ρ,J υ) = −ωE(J ρ, υ), ∀ρ, υ ∈ Γ(T E∗),

and we say that J is induced by g. Locally, (3.4) implies tαβ = gαβ .

Definition 2. Let J be an adapted almost tangent structure on T E∗.
A section ρ of T E∗ is called J−regular if

(3.5) J [ρ,J ν]T E∗ = −J ν, ∀ν ∈ Γ(T E∗).

Locally, the section ρ = ξαQα + ρβPβ is J−regular if and only if tαβ =
∂ξβ

∂µα
where tαβtαγ = δβγ . If the equation (3.5) is satisfied for any ν ∈ Γ(T E∗)

with rank[tαβ ] = m, then J is an integrable structure. Indeed, we have
∂tαβ

∂µγ
= ∂2ξβ

∂µγ∂µα
= ∂2ξβ

∂µα∂µγ
= ∂tγβ

∂µα
, and we obtain (3.3).

Definition 3. A map ∇ : T(T E∗\{0}) → T(T E∗\{0}) is said to be a
tensor derivation on T E∗\{0} if the following conditions are satisfied:

i) ∇ is R-linear;

ii) ∇ is type preserving, i.e. ∇Tr
s(T E∗\{0}) ⊂ Tr

s(T E∗\{0}), for each
(r, s) ∈ N× N;

iii) ∇ obeys the Leibnitz rule ∇(P ⊗ S) = ∇P ⊗ S + P ⊗ ∇S for any
tensors P, S on T E∗\{0};

iv) ∇ commutes with any contractions.

We consider the R-linear map ∇ρ : Γ(T E∗\{0}) → Γ(T E∗\{0}) by

∇ρX = h[ρ, hX]T E∗ + v[ρ, vX]T E∗ , ∀X ∈ Γ(T E∗\{0})

where ρ is a J−regular section and it follows that

∇ρ(fX) = ρ(f)X + f∇ρX, ∀f ∈ C∞(T E∗\{0}), X ∈ Γ(T E∗\{0}).

Any tensor derivation on T E∗\{0} is completely determined by its actions
on smooth functions and sections on T E∗\{0} (see [18] generalized Will-
more’s theorem, p. 1217). Therefore, there exists a unique tensor derivation
∇ρ on T E∗\{0} such that ∇ρ |C∞(T E∗\{0})= ρ, ∇ρ |Γ(T E∗\{0})= ∇ρ.We will
call the tensor derivation ∇ρ, the dynamical covariant derivative induced
by the J -regular section ρ and a nonlinear connection N .
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Proposition 1. The following equations hold

(3.6) [ρ,Pβ]T E∗ = −tαβδ∗α +

(
tαβNαγ −

∂ργ
∂µβ

)
Pγ ,

(3.7) [ρ, δ∗β]T E∗ = −
(
δ∗β(ξ

α) + ξεLα
εβ

)
δ∗α +RβγPγ ,

(3.8) Rβγ = δ∗β(ξ
α)Nαγ + ρ(Nβγ)− δ∗β(ργ)− ξεLα

εβNαγ .

The action of ∇ρ on the Berwald basis has the form

∇ρPβ = v[ρ,Pβ]T E∗ =

(
tαβNαγ −

∂ργ
∂µβ

)
Pγ ,

∇ρδ
∗
β = h[ρ, δ∗β]T E∗ = −

(
δ∗β(ξ

α) + ξεLα
εβ

)
δ∗α.

For a pseudo-Riemannian metric g on T E∗ the action of ∇ρ is given by
∇ρg(X,Y ) = ρ(g(X,Y ))− g(∇ρX,Y )− g(X,∇ρY ), which in local coordi-
nates leads to

gαβ/ := ∇ρg
(
Pα,Pβ

)
= ρ(gαβ)− gεβ

(
tαγNγε −

∂ρε
∂µα

)
− gεα

(
tβγNγε −

∂ρε
∂µβ

)
.

Definition 4. A nonlinear connection is called metric or compatible
with the metric tensor g if ∇ρg = 0, for all J -regular sections ρ, that is

ρ(g(X,Y )) = g(∇ρX,Y ) + g(X,∇ρY ), ∀X,Y ∈ Γ(V T E∗).

Theorem 1. The connection Ñ with the coefficients

(3.9) Ñαβ = Nαβ +
1

2
tαεgβγg

εγ
/ ,

is a metric nonlinear connection.

Proof. Let us consider the dynamical covariant derivative induced by
ρ and Ñ given by

∇ρg
(
Pα,Pβ

)
= ρ(gαβ)− gεβ

(
tαγÑγε −

∂ρε
∂µα

)
− gεα

(
tβγÑγε −

∂ρε
∂µβ

)
,

and using (3.9) it follows

∇ρg(Pα,Pβ) = gαβ/ − 1

2
gεβtαγtγrgεpg

rp
/ − 1

2
gαεtβγtγrgεpg

rp
/ = 0,

that is Ñ is a metric nonlinear connection. �
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3.1. Nonlinear connection induced by a J -regular section

If J is an adapted tangent structure and ρ is a J - regular section then
[7], N = −LρJ , is a nonlinear connection on T E∗ with local coefficients
given by

(3.10) Nαβ =
1

2

(
tαγ

∂ρβ
∂µγ

− σiαtγβ
∂ξγ

∂qi
− ρ(tαβ) + ξγtεβL

ε
γα

)
.

Definition 5. The Jacobi endomorphism ψ is given by ψ = v[ρ,hX]T E∗ .

Locally, from (3.7) we obtain that ψ = RαβQα⊗Pβ, where Rαβ is given
by (3.8); Rαβ are the local coefficients of the Jacobi endomorphism.

Proposition 2. The following result holds ψ = iρΩ+ v[vρ, hX]T E∗ .

Proof. Indeed, ψ(X) = v[ρ, hX]T E∗ = v[hρ, hX]T E∗ + v[vρ, hX]T E∗

and Ω(ρ,X) = v[hρ, hX]T E∗ , that is ψ(X) = Ω(ρ,X) + v[vρ, hX]T E∗ . �
Remark 1. If ρ is a horizontal section ρ = hρ, then we obtain ψ = iρΩ

and locally it follows ργ = ξαNαγ , which yields Rαβ = Rεαβξ
ε.

In what follows, we consider a regular Hamiltonian H : E∗ → R, that is
the matrix

(3.11) gαβ(q, µ) =
∂2H

∂µα∂µβ
,

is nondegenerate. Any regular Hamiltonian H on E∗ induces a pseudo-
Riemannian metric on V T E∗ with the metric tensor (3.11). Moreover, it
induces a unique symmetric adapted tangent structure (denoted JH) such
that (3.3) is verified and a J−regular section given by ρ = ∂H

∂µα
Qα + ραPα.

There exists a unique section ρH ∈ Γ(T E∗) such that iρHωE = dH and with
respect to the local basis {Qα,Pα}, the expression of ρH is [8]

(3.12) ρH =
∂H
∂µα

Qα −
(
σiα
∂H
∂qi

+ µγL
γ
αβ

∂H
∂µβ

)
Pα.

Corollary 1. The canonical nonlinear connection N=−LρHJH has the
coefficients given by

Nαβ =
1

2

(
σiγ{gαβ ,H} − ∂2H

∂qi∂µε
(σiβgαε + σiαgβε)(3.13)

+µγL
γ
εκ

∂H
∂µε

∂gαβ
∂µκ

+ µγL
γ
αβ +

∂H
∂µδ

(gαεL
ε
δβ + gβεL

ε
δα)

)
,
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where the Poisson bracket is

{gαβ ,H} =
∂gαβ
∂µγ

∂H
∂qi

−
∂gαβ
∂qi

∂H
∂µγ

.

Theorem 2. The canonical nonlinear connection induced by a regular
Hamiltonian H is a metric nonlinear connection.

Proof. Introducing the coefficients (3.13) into the expression of the
dynamical covariant derivative and using (3.12) we obtain

∇ρg
(
Pα,Pβ

)
= σiε

∂gαβ

∂qi
∂H
∂µε

− σiε
∂H
∂qi

∂gαβ

∂µε
− µγL

γ
εδ

∂H
∂µδ

∂gαβ

∂µε

− 1

2

(
gεβgαγ + gεαgβγ

)[
σil

(
∂gγε
∂µl

∂H
∂qi

− ∂gγε
∂qi

∂H
∂µl

)
− σiε

∂2H
∂qi∂µl

gγl

−σiγ
∂2H
∂qi∂µl

gεl + µlL
l
rs

∂H
∂µr

∂gγε
∂µs

+ µlL
l
γε +

∂H
∂µδ

(
gγlL

l
δε + gεlL

l
δγ

)]
− gεβσiε

∂2H
∂µα∂qi

− gεβLα
εδ

∂H
∂µδ

− gεβgαδµγL
γ
εδ

− gεασiε
∂2H
∂µβ∂qi

− gεαLβ
εδ

∂H
∂µδ

− gεαgβδµγL
γ
εδ.

From the equalities

gεβgαγ
∂gγε
∂µl

= −gεβgγε
∂gαγ

∂µl
= −∂g

αβ

∂µl
,(3.14)

gεβgαγ
∂gγε
∂qi

= −gεβgγε
∂gαγ

∂qi
= −∂g

αβ

∂qi
, Lγ

εδ = −Lγ
δε(3.15)

by direct computation, it follows that ∇ρg
(
Pα,Pβ

)
= 0, which ends the

proof. �

Theorem 3. The canonical nonlinear connection induced by a regular
Hamiltonian is the unique metric and symmetric nonlinear connection.

Proof. Let us consider a metric and symmetric nonlinear connection
N with the coefficients Nγε. Then we have

ρH(g
αβ) = gεβ

(
gαγNγε −

∂ρε
∂µα

)
+ gεα

(
gβγNγε −

∂ρε
∂µβ

)
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and using (3.12) we obtain

∂H
∂µl

σil
∂gαβ

∂qi
−

(
σil
∂H
∂qi

+ µγL
γ
lε

∂H
∂µε

)
∂gαβ

∂µl

= gεβgαγNγε + gεαgβγNγε + gγβσiγ
∂2H
∂µα∂qi

+ gγβLα
γτ

∂H
∂µτ

+ gγβµlL
l
γτ

∂2H
∂µα∂µτ

+ gεασiε
∂2H
∂µβ∂qi

+ gεαLβ
ετ

∂H
∂µτ

+ gεαµlL
l
ετ

∂2H
∂µβ∂µτ

.

But the connection is symmetric (3.1) and using (3.14), (3.15) we get

σil
∂H
∂qi

∂gεγ
∂µl

− σil
∂H
∂µl

∂gεγ
∂qi

+ µτL
τ
lα

∂H
∂µα

∂gεγ
∂µl

= 2Nεγ + µτL
τ
γε

− gαεσ
i
γ

∂2H
∂µα∂qi

− gαγσ
i
ε

∂2H
∂µα∂qi

− gαεL
α
γl

∂H
∂µl

− gαγL
α
εl

∂H
∂µl

,

and we get the coefficients (3.13), which ends the proof. �
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