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OGN MAPPINGS BETWEEN MANIFCGLDS OF A LINEAR SPACE BY
PARALLELISM OF FANGENT MANIFOLDS

BY

10N CREANGA

Alexandru Myller {17 had studied correspondences by
parallel tangent planes between swrfaces of the Euclidean space, Ly by
considering some rescarches initiated Ly K. M. Peterson [2]

In this paper, we try Lo extend these rescarches to the study of the
correspondences between manifolds of a lincar space by using a cencept
of parallelism of tangent manifclds,

1. Let £ and A be a linear space and a subspace of it. The set of
veetors

{n A=xy 41 :{.\‘D dala=A4). vyl (fixed)

forms a lincar variety of L. A variety of (where x, =7 and 12 is a subspace
of L) is called paralicl to B =¥, +B(..). if AeB. The parallclism of lincar
varictics of I is a reflexive, transitive relation, without being svmmetric.
The set of all maximal subspaces of L (with respect to set-inclusion) defines
the divections of parallelism ol L. 1 oA is parallel to @ and 1, B, then
oA =@ and conversely, I ANB = and An B {0} then we call
oA and B skew to cach other. The dimension of 4 dim of. will he called di-
mension of of).

2. Let U and 1 be two linear spaces over the same firld., The injective
mappings

(2) (UL

define the manifolds of L by U. 1 [ is lincar, then the lincar varieties of
U are transformed into lincar varieties of L.
i & and I are finite dimensional fincar spaces OvVeT Io— real field —

namely dim U = r. dim L = n, r < u, then, by taking {he bases {gilt =
I....rt and felj=1,2... ,n}, respectively. in U and L, we have

(3) xm=flu)y =% ('t )

where # = ufg;el/ and y="%¢; el (here and evervwhere in what follows,

¥ n
we denote by w'gy and e, the sums ) wt g, and E 210 ). U is called the
jiml J=1
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space of paramelcrs of the manifold defined by (2) and (3). If the functions
5 (u', ..., n") are differentiable in K, we define

OFs

{4) dy = d%l¢, (—-E'—- a’u') (i =1 o m: k=1, r),
dut

and

(s) dx Q¥

p ‘“—-k Uy ;
dn du

dx |
the subspace gencerated by the vectors P Is the space of tangent vectors
1t

of the manifold (3) in the point #, — we denote it by T(u), — and the

lincar varicty

(6) ¥ o= x(u) + T(u)

Is the langent manifold of {3) in . If the vectors (2% are lincarly inde-
o )

pendent in L, then the dimension of the varicty (6} is ». The necessary and
sufficient condition for (6) to have dimension 7 is that the matrix

&
dut
has the rank r.
3. Now consider the space L of dimension # and the base {¢ | 7=
= l....,n} over R, Consider the operator :
(8) F:l 1L

defined on L. If x =8¢, =7, we have Flx)=»! (2 ... e (5=1. ... . 1Y,

B - 7
['his operator maps a manifold ("L L of L into another, U %f L. the

Image of (3) by F, namely, for any v = f{n), we have -
(%) Vo= F(x) = F(f(i)) = w/(E'(w, ..., u)o EN (Y e,
= (', . ) e (F=1,...,n).

Denote by T\(x) the tangent subspace of L in v given by {9) generated

v = . .
by m Ae 1, ...,7}. The tangent manifold in # of the manifold
(9) is expressed by
(10) Vo= v} +T' (u).

_ 1f (6) is parallel to (10}, then T{u) = T\ (1), i.c. the following cquali-
tics hold :

iz Ay
(11) ML N Y
duh ah@u‘ ( )

By writing (11) for the coordinates of the vectors, we obtain

3 ON MAPPINGS PETWEEN MANIFOLDS 7
0zt det JE

(12) S o ‘_'j iy
out dE! gu*

Using the matrix notation :
o8 g&*  agr
du' du' T ! ( o} of .. oof )
- Y = [

. JE 9EE PEn CHE I
(13) e dur B
aﬁl ar‘_" e')r,

Ww=|....... .

the equations (12} turn into the matrix equation
(14) X =YX,

where 1V is the Jacobian of the functions 4/ with respect to &Y, 4,1= 1, ., .
If det W #0, i. ¢, the functions v/ are locally independent, we obtain the
equation X1V-!' = Y X, which was studied in [3], [4). .
Given the operator F, the manifolds of L by U which are carried
by F in manifolds having tangent manifolds parallel in corresponding
points are obtained by (12) or by (13). Considering in {14) the matrices X
and Y unknown, to determine them in terms of 11", one must solve the

- - r a;‘ - l
systems of partial derivatives : ﬁ = (5, ..., Eand of = ¢ (E, ..., EP).
: u

Using some results of {3] and denoting by X,, ¥, a solution of (14), for the
first system we obtain the following statements : _

a) If 17is a matrix and X,, Y, is a solution of (14} permutable with
W, then X=X, V, Y=Y, is also a solution of (14).

b) If M is a matrix permutable with Y, then MX,, ¥, is also a
solution of (14).

c) If S is a matrix similar to V-1, hence S= P '11""'P, then X ,P, Y,
is a solution of the equation XS=YX. . "

d) Y§X,, Y, and Y§X, W7 Y, are solutions of (14) (s an are
natura]) nu::"n‘tgers.).o Xo. Y{,“ois uair:‘.c: a solution of the equation XiV-==YX,

e} If Y is given, then the set of all solutions X of the equation (14)
is a linear space. For example, take Y as a diagonal matrix Y =diag
{af, ..., af}, with a2 # 0, £ =1, ...,r. The system (12) becomes

dr' 9E' | 97t 98 [‘lﬂf. ’)E AL

(15) -aE 0_?:; 82“ duh 65,‘ 012 du® CRa (E O

0
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(iFe

—, Ik — fixed. This
Uhh

for 11 i, homogenous lincar  system in

o oo

syvslem has nontrivial solutions if
5 by l J
(16) det | 1 _nk 0,

hence 1 are cigenvalues of the equation (16). The: devivaiives d37[du*
can be determined by (15).

5. Consider now the case of an operator Foof [ carrving a manifold
of L into another, such that the carresponding points have paralle]l tangent
manifolds, Let v =x(i) be a point of the given manifold, y==x(u) --T{x)

the tangent manifold in a. T(u) is 4 subspace genvrated by g Ph =1, ..
it
b I v = (i) = Fix(u)) and v = y{a) 4 7 (i) are the correspon-

ding point and tangent manifold in it. then the condition determining F is

(17} 1 (e T(w),
hence
: av i
15 S e gl - .
(15) Pkt T (=1, . r: h=1,...7)

or, for coordinates,

dre 0% 0E!

Lo Y i

= N i : (l—]‘...,ﬂ).
vEf D it

(19)

With the notations in 4. and Z==(£§), we can write
(20) NXH=ZX.

~ If X is known, we obtain a case studicd also in (37, (47 I{ ¥ admits
an inverse matrix, then (20} is just (14). For coordinates we have

on! . - .
(21) -—-:‘-’ @ (', ., w5 L5,
05
which, by integrating, give
(22) TAETAN (7RIS LSS R 4 D

These formulas determine the operator F in terms of the parameters #f
and some constants,

6. Consider the space of parameters U7 as a direet sum of two subspaces
(23) U—U,@U.s.
Take the injective mappings f: U, =1, i=1,2 and define f: UL by

Sl —f(uy 4y =F1 () +72 (). Then £ is injective, if £ {U)n fo(Us)=

i
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0! In this case. the manifold x=7() =/, {1:) +/2 (12) is called o diret

s of the two given manifolds. In the finite case, there exist maniilds

of the form
(24) C() = (2 (0 e ) B () e

two manifolds of 2 with respect Lo the same r,
subsproes of

where Zle, and s define
and U as above, resprctively of the dimension hand r— k. {
{". A special case 1s given by the manifolds for which f; : Uy—1 are lincar
mappings ; this case generalises the case ol ruled surfaces in th.‘_aflm.v
3 dimensional space. [f U7, is of dimension | and =7, then the manifold is
called a congruenie. o ) . .

7 Assume that L=0,@ L, U=U,@ U, and, for any y=x,F Y. =
R AN TE Y T ST =1 AR A PR AN i=1,2, the decomposition

(25) x(1)=x, () +x2 (1)
holds, .

Consider the operators F for which
(26) F(xy=F, (x:) +F3 (32,

where F,: L, —L, i=12. Tor the finite dimensional spaces, let {e | i
! .....n) beabascof L, where fe; | j=1l,...s}and | - 7

are bases in 7., amdd Lo, respectively. We have then v=F(x)=7'(3" ..., P)es=
(e etk (2002 ey (fme L D e 8T B i
) and x(a) == (i) i) = (5 (et L, )RR (T L)) e I'herefore

(27)  Fle()=(r (3" {a" oo ve®), oy 26 (ot ) At B

1
UYL e L)) e (it (Bt (" o, i) L BT (L
L) AL CAL LN (TLA LN T RO (the L))} o
and (27) represents the image ol the manifold x{i) by the considered
operators I7,
8. A muanifold

cotp L R=1 n—5]

(28) x ()= xg (it 1®) Furtt e U ar {r <n),
where aysy are constant vectors of L is called a puded (or semilinear) manifold .
The clements of the subspace generated by apay J- i r—Ji, arc the ge-

nerators of the given ruled manifold. lts tangent space in a point is of the

form
dx 3 .
(29) vy (i e 1P R 2 ey, =1 e el r=i.
dut
Let I° be an operator of L such that y(u} = ({1 s 1) Arr
Flups)) (j=1 ...r—=Lj ar
(30) (1) = vo(a) F1e*+7 bpay
where vo(u)==F{xo{n' ... u*)) and byey=F(upsy). Then (30} is aleo a ruled
manifeld, the image of (28) by f'. F realises a correspondence by paralle -
lism of gencrators, if
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(31) M gl 2 fut byt

This relation implics
(32) dnse =[50 Flanes) (Los=1 ... r—0).

Conversely, the image of (28) corresponds to it by parallelism of ge-

nerators, 1if ;
(33) I"((Ik-lf)— Yki‘;an-ﬂ.
The tangent manifold in a point # of the manifold (30) is:
o 1 A
(34) v=-F{x(n' .. *y) 4! (v (i; ‘ 1)) 4-am i (ap ),
St

fi=1 ., 4h; j=1_.., r—h).
The tangent manifold (29) is parallel to (34), if

ax, aF (xy (1! 1))
i ! 0 ENSERS )
= UM (g 0,
dut dut F (are,
{35) (gl R
adF {agla o, n
“h+j 0" o )J +Th+’r(!’f,‘+j_:l.

ont

9, In Euclidean lincar spaces, many concepts and rescarches of
A.l' Myller in [1] for I£, could be extended ; for example we may con-
cider the conic curvature of a curve on a surface, cvlindric lines and so on.
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CONNEXIONS FINSLERIENNES GENERALES PRESQUE
SYMPLECTIQUES

PAR
GHEORGHE ATANASIU et IQAN GHINEA

Récemment, dans [2], on a déterminé la forme générale des connexions
finslericnnes compatibles avec une structurc presque symplectique et
respectivement conforme presque symplectique. Ce travail, utilise la dé-
finition de la connexion finslerienne dans le fibré Finsler d’une variété
différentiable M, donnée par le prof. M. Matsumoto {37, et unc mé-
thode mise en valeur par le prof. R. Miron {4] et utilisée avec succés dans
(1], {5], [10], [2], {9]. La méthode a été pour la premiére fois appliquée
par le prof. Radu Miron dans la détermination de toutes les connexions
finsleriennes métriques [6]. Des résultats inédits concernant les connexions
Finsler métriques vont paraitre dans {7].

Dans la note ci-présente nous allons prouver qu'il existe une conne-
xion finslerienne, définie sur M, de telle maniére que la A-dérivée covariante
et la v-dérivée covariante du champ finslerien du type (0,2) disons gi; (%, ¥),
antisymétrique, nondégénéré, qui détermine la structure presque symplec-
tique sur M, soient, respectivement, deux champs finsleriens Kux, Qun,
du type (0,3), qui remplissent les conditions d'antisvmétrie dans les deux
premiers indices.

1. Soit M,, une variété C=-différentiable, de dimension 2.

Une connexion finslerienne [31, [7] sur M,, est un triplet (N§, Fj,, C4)
qui 2 un changement de coordonnées et d’élément d'appui

-4

(1.1) A = ¥ (2, AP, e §_ﬁ... ¥,

().-rf
se transforme selon les formules
pxv o .,  dxt 0%t da¥ o+
axt 9x T axt 9y 0% ot
axv 0¥ dx* Ft dx* 9%
dvt 3 ax* T 9at axtoar’



