Analele stiintifice ale Universitajii Al 1. Cuza* lasi
Supliment la tomul XXV, 5. 1 a 1979
Cu ocazia centenarului nasterii Acad. Prof. Al Myller

w-ULTRADISTRIBUTIONS IN THE ABSTRACT CAUCHY PROBLEM")
BY

1. CIORANESCU and L. ZSIDO

In this work we associate to the generator of a ,regular” w-ultra-
distribution semi-group on a Banach space X an abstract e-space which
is dense in X and on which the e-ultradistribution semi-group coincide
with a locallv-cquicontinuous semi-group of operators.

W extens so to w-ultradistribution semi-groups the result of T. U shii -
jima from [13] concerning the distribution semi-groups.

The o-ultradistributional context viclds to a gencralization of the
abstract Gevrev spacesof R. Beals{2)andof the abstract Beur -
ting spacesof I. Cioranescu [4]. Morcover it enables us to precise
and to generalize results from [1] and [2] on the existence of dense subspaces
of clements of X for which the abstract Cauchy problem for certain classes
of operators is solvable,

§1. Preliminaries. We recall in this paragraph some facts about the
w-ultradistributions considered by the authors in [5], [6], [7] and [8].
et {41 k21 be a sequence of positive numbers with £, < 00 and

= | . .
Yy — <4 let us define the function
k=1 ‘

© 1z

2, (1‘:)= T1 (1 +_,) , 2€C,

k=1 by
When the sequence £} s fixed, we shall denote simply g, 3 by . The func-
tion o is called strogly non-guasianalytic if there exist L'>0, n'zl integer
and ¢ >0 such that

(1.1) o(—if<c [o(L'8 |, (0.

If 4, =4, @ >1 {the Gevrey sequence), then one can casily verify that
the corresponding function w satisfies the strong non-quasianaliticity con-
dition,

For #> 1, k>0 integres, we shall denote by ag® the square root of the
cocfficient of z2* in the power serics expansion of [o(z)w{—2)]" and by cf" the
cocfficient of z* in the power serics expansion of w(—iz)"

*} Lecture presented at the Romanian-American Seminar on Operator Theory and
Applications, 20—~24 March 1978.
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If @ is strongly non-quasianalvtic, then there exist Iy =0, 21 integer

and ¢, >0, such that.

{1.2) <o) 1P agmm o for every 21, kz0.

We define next the following spaces of w-ultradifferentiable functions ;

Co={peC [ 1P X(p) =sup Lrapm | o®)(s) | = Lo, [ =0, n> 1 integer, K c R
k50
2t

compact}, cndowed with the Fréchet topology defined by the semi-norms

o, K.
7L.‘n 4

DK)={p=é,  supp 3K}, K= K compact,
endowed with the topology of the restriction ;
D, =limPD (K) and
EGR
Do=1{9 =D supp < (0, +0).

We remark that when o is strongly quasi-analytic, then the spaces &,
and 7D, can be defined analogously using the sequence {8 k0, a1 instead
of {af™ k30,051

Let us underline that our space &, is the intersection of a decreasing
sequence of ultradifferentiable function spacesof Beurling tvpe (defined
in [117) and this assurcs the stability of &, under the action of a wide
class of differential operators of infinite order. On the other hand our defini-
tion of &, e¢nables to use in handling w-ultradifferentiable funtions several
deep results from the entire function theory, without requiring any additional
restrictions like conditions (M2} and (M-3) from [11],

Theorefore the theory of w-ultradistributions can be efficiently applied
in several problems of the operator theory,

Let further A be a Banach space ; then the elements of the vector
space L(D,, ; X} of all continuous linear mappings of @, in X, endowed
with the tepology of the uniform convergence on the bounded subsets of
D, are are called X-valued w-ultradistributions. The X-valued w-ultradis-
tributions with compact support can be identified with clements from
2(&, ; X)),

For g =/,. we put

-

o) = S a(ty di, zeC.

- @

Then by the Palev-Wiener theorem for @, a, b] (151 R
for every L>0 and = > 1 integer, we have

(1.3) (o) | < | PERTE) Ll 2t et Re 220
| TSzt o(—iLs) - #Re | Re 230

If Fe (& :X), supp Fcla. b, then denoting by
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F)=F(3)., ==,

again by the Palev-Wicencer theorem from (50008 0 there are 1 ¢ =0
and w2 integer such that

<. ¢ |ef{ilz) [FesBez | Reo<go
(1.4) [ F() | < ) . .
; ¢l —1Ly) mebltr | Rue 2z0,

The inequahities (1.3) and (1.4) complctely characterize those entive functions
which are Fourier transforms of functions from D, respectivey of o-ultra-
distributions with compact support.

Fipallv, we define the operator o 7f5) from @D, in D, by (see [67)

o —1‘15) »=w{1z) :-p' o=,

§2. w-Ultradistribution semi-groups. In all this paragraph 1 will be
linear closed and densely defined operator in a Banach space X, with the
domain D{4) and the {function

w0 ¥4 = | .
wiT) = H([ | i_J O-ofhigles o H T S, E - ko,
k=1 tg k-ll.

will be fixed.

2.1. Definition. Ve sav thal A =Cy if tdexists & = 21D, LX)
stich that :

(i) supp &< 0. oo}

(i} £(9).X D(A) for every g &,

(1) &'..4E=3®], &' —EA=8d11D(d). .

& 1s called the w-ultradistribution semi-group gencrafed by o1, Using the
inequalities (1.3) and (1.4} from §1. by similar reasonings as in (31, we get
the :

2.3. Theorem. The operator A =Cqy if and only if there are a, ﬁ- €y =0
and nez 1 tnteger. such that the rezolvent K(zi Ay={-—A} ' = 8(X) cxists
Jor z in the domain

(2.1) Apea={=C Rezza In |o(lm z) +8}.
and salisfies
(2.2) [R(z: A)lsey ol —iz) ™, 5Ny ap -

Mereover, the above conditions (2.1} and (2.2} define a uniie E-ullva-
distribution semi-group &=L\, ; LX) grven by the formula

(2.3) Elg) = —m S SEVRIE ) de. v Do,
m
Tw,op
where Uy, g5, 15 the boundary of Ay ap . oricnied froim the lower to the wpper
half plane. - .
By standard methods we can prove that an w-ultradistribution semi-
group & has the following Jsemi-group” property

6 — Matematics
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Elol) = ()8 &, &M,
l.et us further define for an & € 2{D,, ; £(XN)) the subspaces
e i3 =X 8(5) x=0 for all 2€DL}.

i
Re =1y &lp) vy nz 1 indeger. 5,505, 3, \}
=1

Then we put the

2.3. Definition. 1W¢ sav that an w-ullradistribuiron semii-group 1s regular
if =10} and @~ X. We donote by C4 the cluss of those operalors from
which generate regular o-ulivadistribufion semigroups. N

l.et us remark that there are operators in €, which don’t belong to
€%, as the following example (duc to D, Voiculescu) shows,

et us assume that /f is an infinite dimensional separable Hilbert
space with an erthonormal basis { ¢u} w<netw. We define the weighted shift
T eL2(H) by

e, 1

En+1, M IDteger,
[irl]+1

] It is casy to verify that A=17""is a closed and densely defined operator
in F/ such that K(z: 4)=L{l) exists for cvery 2= C and

o

NR(z: Al < (): .l) |o(—12)|, Re = 20,

k=1 {
Thus A €C,,.
On the other hand. denoting by & the ce-ultradistribution semi-
group generated by A4 and using the Palev-Wiener theorems (1.2) and (1.3)
and the Cauchy integral theorem, we get supp &= {0}, so that

Mo = I and Re— {0}, that is A & (0.

The following result shows that the class € is large enough.

2.4. Proposition, Let A be a densely defined closed linear operalor m X
such that for some a. B, cg =0 and no> | integer, R (z; A} =.8(X) exists for
€A, 4p=1:5C Rez2a Ino(lm 2) | + B} and safisfies

Rz Dyt iim ozEA .
Bren 4L 1R(: Al<co(t-+ 15 1) 1A 00
Proof. Il is obvious that A (.
Let xeD(A™*2); we have, for evay z€A, 4p

fig-k1
Riz; A) v = E T A s ARz A AR
i=1
Let further {oxs D% such that g4 =38 in the space of w-ultradis-
tributions with compact support. Then we can prove using formula (2.3)
and similar arguments as in [1]. that, & beeing the w-ultradistribution
semi-group generated by A, then lim &(g:) x=x. Thus R is densein D{A™*E).
But D{Am+%) is densc in X', so that finally RE&=X.
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Analogously @% is N-dense in X7 where & is the ae-ultradistribution
semi-group generated by A7 Since g is the annulatar of @ in X, we
cet Ble— 0. qued.

Since for £y =14y 46, we have @,=D. by the above proposi-
tion, every generator of a distribution semi-graup 13 isin (2.

2.5 Remark. 1f A eC, and & is the e-ulvadistibation seimi-group
geperated by oA, then the function 0, 4oc) = /- &iTo) ©ois a solution for
the abstract Cauchy problem for (4. & (p) 1), where 2 =X, »ePl. Henoe,
if x, €®g, then the abstract Cauchy problem has solution for {A, x,) and
this solution is unique, by the uniquencss result ot i, lu Liubic [14L
\When A =C9, then the abstract Cauchy problem is solvable for a dense
cubset of Yinitial conditions”, namelyv for cach ¥, © Re.

2.6. Corollary. Let A be a densely defined closed {inear operator 1w\

-

such tha ! for somie increasing function f: 10 ) B I ol ze-ff!rsr “In f{t) dt =

1
Leo. o0 and g1 integer. R Ay = 8(N) exists for = in the region
AyefzeC; Rezzln f([Im [}
and satisfics the cstimalion
IR AV e (1) c= A,

T hen there exists a dense linear subspace ®R in X such the abstract Canchy
problem has a unigue solulion Jor (A, xo). whenever vy € R,
Proof. Bvaresultof O. I Tzonemaeew and V. A, Marcenko

{10], there exist 0-=r €reg. .. 2 400, Z L, = +o0 and ¢ =1 such that
k=1

we have
f (f)g_.( (l){rk}(!) [+, fr._l()! |'0C).

Hence R{z; A) exists for 2 EAN{,,‘}NM and by the above Propozition, 4 €
e(?. q.ed.

As the class of operators considered by R Beals in |17 satisfy the
conditions of Corollary 2.6, Proposition 2.4 generalize Theorem 2 from [1].
Using abstract w-spaces, the asertion of this Corollary will be improved in
the last section, in the sense that the space @ is precisely deseribed.

§3. Abstract o-spaces. In all this paragraph 0.2 <fh< 0 4 oo,

Yt e will be fixed and e(z) = [T (1 4=/
ke -
1 The following technical lemma, c.t;:;mlﬂiulk_\f proved in (47, Is an impor-
tant tool in our further considerations:
3.1. Lemma. For every a>0.0 <5<ty and 0-<e -1 Here exists ¢ 220
suel that
o (i) 13 ele(lz]) 10

Jor Re z<alnfw(Im ) 48
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. We shall define now abstract w-spaces” similarly to the abstract
Gevrey spaces Qf. R. Beals from [2] and to the abstract Beurling
spaces of I Cioranescu from [4]

» §Ia’0 this purpose. we prove a lemma inspired by the technics used in

For vvery v =0, we define the entire function e, by the formula

wgl2) =a(?) I (1 +£)/(1-;~ 73], s =C.

<Y v /,(

3.2. Lemma. Let 4 =(0, & the w-ultradistribution semi-gronp gencvated
bv 4, %, 3. €y 0 ard n,2 1 tnicger, the constants griven by Theorem 2.2 and
Loty =8, Then for every integer nz 2ng +6_ we have : (i) the infegral tn the formula

1
Byg = — S w1y R (o A dz
e T FHi) K (21 A)

Tw,a2.3

converges 1n the norm-topology of L (X)-and B, , doesw’t depend on the choice
of o, B, co and ny;
1i) for cucry o <P

Byndlo"(—ilg)=&(e"(—il)o) By ,=&(9)
(i) By, 15 injective and B, X >@®e. so that D7} is a densely deficlosed
fincar opevalor with

BT Re= B34
(iv) for every integers n, mz2n,+6 holds
By aBy =D, tm.
(v) if m2 1 and n22n,+m 46 are integers. then B, X c D(A™) and
!
A"B, = — 2Mar™(iz) Rz . A) dz
2mi
Iw,a,B

u'here the integral al the right side converges in the norm-toplog
v oof (X
(vi) if vy, v =B, then / s

thfe Y| on"'—bw ”CYHTI«”:(“n.-{,.nBTl,n.
|
Crrn™ 3 S @l (2)a3?(s) K (2 A) dx.
Tw.e.B

LProof. Using the characterisation of & (57 4) of Theorem 2.3 and Lemma
3.1, we get

“ b);n(l.?) ]{(Z ’ A) [|\<.,C0n.5t. I(") (} Z .I) |-2‘ S I‘b). ﬂ-.ﬂp
sc that (i) results,
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Taking in account that {e3(—10) o) (2= of(1z) ¢z). z€C, that z —

— w7z} 15 an analytic function on a ncl“hhnrhnod of C\ Ao, v s and
O(z]"™) a1 o on C\Am,l p o oand usiig staslard argunments from the
functional caleulus theory, it 18 vasy 1o \ull\ (i) aud {iv). (svv for example
the proof o [ Temma 2.7 frem (47} (1) isn direct conseauence of (ii). Indeed,
[ x=X issuch that B,,x==0, then

E(?) x =8B —iD) 7) 3, x=0, nefl.
o v =0, On the other hand,
B, X2 U B, {ed( —1D} 2} N= {J &f>
e €0
W [
hence BAN @,
Further, et et ; since B, and &(z) commute, we have
Ba18(2) Bya=&lz) and (Tgh | Re)(E() Bya) —E()

so that

By d(o) N (B3 | Re) and {874 :CQC)(HY.ML’(?}) = &().

Since oe@® is arbitrary, we conclude ihat By,..rgcclm) and
ol TRe) Byay—x, x<@. But BiaX < DAL Re). thatis D (Byl)<
c])m hence (iii) is completely proved.

It is casyv to verify that the integral in the formula frem {v} converges

in the norm- lopolo Y of 2 (X). lhcn the assertion {rom (v} resulrs by the
formula
=1
AMR(z; Ay x =2 R(z; A) v = Y o WUk v EDAT) 2 e To.aps
im0
by the closedness of A", the density of D{A™ and the continuity of By .
Finally (vi) results from standard Lompumuom q.c.d.
The above two Lemmas permit us to conclude:

3.3. Theorem. lef A €C%. & the w-wltradistribadion semigrotp genera-
ted by A, . B, ¢y >0 and ny> 1 the constunis groen by Theorem 2.2, v =0 and
poz2my 6. Then the space

Nya™= () Byad.
_ 03
endowed with the somi-norms

b=l Byl n= fo

is a Frichet space which doosn’t depend on the choice of a, B, €, #o, 15 Po and
satisfics

(i) Ny e D(A), AXy C Xy and A1 X, (€L(X,.):

(it) @e is a dense linear subspace of Xy 4:
(iii) the inclusion X, <X is continuous and has dense range.
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Proof. By lemma 3.2, (iv) and (vi), for all v,. o3 and wy, Ha= 20,
£6, na=3n,. we have,
S : .
Bya N By XcB, X
and
- - T ] -1
(31) “ 1 ”T:-":\\‘ ” (‘Yl-'\h-’-‘: “ :l I)Y!-"l SHy ” ” A “T:-”s' a5 S ‘\m, A
so that X doesn'tdepend on vy and gy Again by Lemma 3.2, (ijwe conclude
that X, doesn’t depend on the choise of a8, ¢y, 20, v, po. Clearly, it is a
Fréchet space,
In order to prove (i}, we remark that by Lemma 3.2, (V)X D).
By the same lemma, for veX(d), v>8 and uz 2,47 integer, we get

1
Ba.Ay ——l—- S eF™iz) Nz 4y Avds = — S sop™iz) Rz A) vdz—
i mi '
Tw.a,p Tw,a,B

1

— [--— S WFM(iz) dr | v=A By

i } ’
Tes,n,0

and AB,,=L(X). Hence, if x€X, , then for all v =8 and nz2n,+7
integer, we successively have
Bilve X, (),
Ax=ARB, (Blx)=8 ABIAneB, X,

Yoll Yo
so that AxvelX, .. Consequently, AY, < X,, 4. Finally, if xe X, ,, +v=3
and nz2n,--7 is integer, then

Al o=l BeaA B B < 1A B < ly.on,
and thus 4 | X, ,=L(X, .).
By Lemma 3.2 (1ii), ®¢ is a lincar subspace of X, , and using {3.1.),
1t is easy to verify that @g is dense in X, ,. So also (i) results.
(iii) is an immediate consequence of the inequality
Il <t Bef Yl veXy o n22u, 6,

and of the densitv of ®e in X, q.e.d.
We define next another class of 7abstract w-spaces using the coefficient
ag'® as in the definition of the space &,.
3.4. Definition. Lot A = (Y. We define ihe Fréchet space Y, 4 by endo-
wing the linear subspuce of X
‘xe MYD(AY) ¢ sup LEag™| A*x || <400 for cvery L =0 and nzl r'nh'grr}
k=g [ 3=%0]
with the semi-norns

vorsup LEaprll At |, L0, axt integer,
k>0

3.5. Lemma. For each A €€ we have

- b
‘\ w4 } @, A
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where the tnclesinn 05 confinitons. . -
Proof. Let L -0 and nz | integer be arbitrary = 3, 0y, #, s 1 Theorem
2.2, v % and m»2] % 4-2a, -0 integer. Then there exists o, -0 such that

{3.2) (R{z: Do ml =)™ el ..
and by lemma 3.1, there exists ¢, =0 with
(3.3 lo (i2) | 2 ¢ feaol] = 1) |2, s & O\ Ay
SO
13.4) [(LEagms*) w™(0) 2op™ Lol v ) [T k20, meC\ Agap .
let veX, , and 220 integer be arbitrarv. By Theorem 330 (i)

A X, . =8(X, ) and it commutes obviously with B, | X, . =L(N, 4

hence ) o
LEagrArx = L¥apt B, A By x=

o S Lragrozm(iz) Rz d) AXBL i
2me
Twa,3

o - (LFagme®) wr™(iz) Riz 1 o) Bgan
2m

T,z .
- (LFagzt) oz™(iz) Y oA B v de

i=0
Since ¥ —(Lfap"eF)os™(iz} ¥,

— — ,co g . - .
of C\ Awzsand by (3.4) itis 0]z | %) at 0 on O\ Aqzp. UsINg the Cauchy
integral theorem, we deduce

1 i .
zH147 B2 v is analvtical on a neighborhood

LraprAtx e S (LEapm2®) op™(iz) Rz A) Bipx de.
2mi

[waxf

Using now (3.2) and (3.4}, it is easy to sce that

Lraw i Abx || < 53‘1‘1:( S w(l 2 |) |-2d;:|) 1 [y
T

T

We conclude that, denoting

TP i S fallz ) 2]z
2
Fa,a.f

we have L
sup Ltug || A*x | <cfl v lyom, Y ENak
k>0

which proves our statement. q.e.d.
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” H:\s.summg tlhat ;u satisties the strong non-quasianalyticity  condition
dean prove also the converse inclusion, extendi : ' ‘
w : ston, extending Lemm: :

I'hcorem 3.8 : ¢ ¢ fanc

. 3.6. Theorem. l.¢/ us assume that w salisfies the strong non-guasianal v
Licily condition and let A €C%. Then the Fréchel spaces X, and ¥ coincide
Pmo}". By the above lemma we newd onlv to pr((;{'.v that “E"A = \ '
where the inclusion is continuous. \We note that, by (I.:Z) we ha\u'LcA S

Yeu {r = N PA% s sup LY@ || Ay || < oo for each L>C, nz I}
0 Ex0 '
and the topelogy of Y7, 4 is given by the semi-norms

vosup LAty kv, L0, a2 1 intege
N | . , #21 teger.

L(.'l (2 - : - i Thearro - 1
&, 3, ¢y, #y be as tn Theorem 2.2, v > 8 and n> 2n, --6 integer, Pe

noting by
1wy / i
I-i-—] (1-}-_)[ < o,
( v L N

o () | <cjlo(t)], (=R,

Byvatheorem of S0 N, Bernstein, we have

(&) (1) <2l (1)), (<R, k20,

oy =sup I

tER L <y

we have

In particular,
]

(@B {0)|<c” — [{o")® (V) |, k>0,

l»' k!

that is

(3.5) cry,ugcn‘.:),n ’)‘,; 0

[}

Then using (1.1) we get
Y et (ec’) lo(t) P, 120
Emo
and this implies by (3.3)
e, B

(3.6) kgoc,‘;’v’", 2 ¥ Jogm (i) (ee ) el 2 )] ™, 2 eCN\A

Let now xyeY, , be arbitrary, Since by (3.5)

AN | k.. -k M .
el A< 275" sup 22e8 AP, Az 0,
P20
we can define the elements v, v, .o ., v X by

-]
N = Z {(— iAo m=1,2 ... =
k=0

11 w - ULTRADISTRIBUTIONS IN THE ABSTRACT CAUCHY PROBLEM B4

then v, — ve in the norm topoelogy of X, Morcover,

(3.7) vl 2¢ sup 2Regedladrafl n 1.2 o
p>0

For every integer 1o 4o we have

l m ! i § ]
K @pn =o' pey b ' v =
];Y.r“-‘,'n'-\ - - S Z ( ]) ( ‘,?Y (.T" n [Nl B L -EI J_"'l, i =
et} k=u
Tw.,f

-l_ - v 3 . .
-— | [ B (0t R b
25l fhers

Tw,.8
Since vy — Ve, by {3.2), (3.6) and the Lebesgtic deminated convergenee
theorem, we get

| . g
Bymsamve = 5§ @07 () RO ) )=
Pt §

w0

By Lemma 3.2, (ifi) and (iv). it follows that B, vw =X, so that using (3.7),
we conclude

yeB, X and [B7L dl=llvells 2™ sup AR RSB

W
Y Pl

since xe€Y, , and the integer nz 2, 40 are arbitrarv, the above,
inequality proves that Y, ,c.Xq and that this inclusien = continuous
g-c.d.
4. Semi-groups and abstract o-spaces. In this paragraph we establish
the connection between the abstract e-spaces considered in §3 and the
abstract Cauchy problem for the genestors o1 regular w-ultradistributions
semi-groups.

4.1. Definition. Lof —oo<a <bg --oo aid 12 v lorally convey topological
veclor space. Then we denote by Eol{a. b) 1 E) the wector s pace of all infinitely
strongl v differentiable functions 5 {a, b) —~F such that for any compact K <ia,
B, L=0, nzl infeger and contiinuous semi-norm poon k.

repk(o)== sup [LFag"sup p(30(s))] < +oo.
k>0 sER .

We endowe &, (a. b)) with the locally convex topology difi wed by Hhe semi-
norms r@: P K< (a. b) compact, L>0. nzl inleger. p ocorlinious Semi-norm
on I,

We recall next the following terminelogy from [E21:

4.2. Definition. /.c/ £ by a locally conex topological veclor s pace. We sy
that a family {U}isgc LIE) 15 a semi-group of cluss {Co) 1/

Fo=1, Upee== U U, 1520,

and for cocry x =1, the mapping [0, +x})=s/(-U;xe I7 08 comlinious.

A semi-gronp {Ubeanc L{E) is called focally equi-continious if for
cvery K e |0, d-a0) compact, the family {Uer 18 equi-coRimuols.
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We can now
problem.:

4.3. Theorem. [.¢¢

y ] A=l Then
() Jor cach x= X, | the (A CP) has a wnique solution

Pyt - a g 0 g M N
grve our matn result concorning the abstract Cauchy

(G, toc)s - limtx e X
Jor (A, x); l :
(i1) the linear operators U4 (20 belong to LIN 3 and va )
: 20 belu Nl wid ot with A |
e g ( cwith A XNy 4

),

Sy

) {U @A) o0 1s a locally  equi-continnous semi-grawfp of cass (C,) of operva-
tors from L{N,, ) and ils infinitesimal genevator 1s 4 |'X, = D[\ ,

; - . _ ! ¥ e, )
(iv) for cack xeX,_ , the Sunetion

(0, 4ox)sl=l @iy e X
belongs to E,((0, +o0) 1 X, ) and if depemds continnonsdy on 1

v . . A v gl iy ; oo .
(V) denoting by & the w-nltradistribution s, migranp concrated b oL we haee

e, A

4

Sl x = S () Updxdi, wepPlrey

1]

¢, A

Proof. Let a, 8, ¢, ny Le as in Theorem 2.2 and w8 et 120 and
"2 2al 4 2ng 46 integer, By (3.2) and (3.3) we have for all » e |

at—y +n,+1

feffr®(i) Riz; A)<eey™® lo(l s )] Soeg®ea(l us ) | P,

so the integral in the formula

! .
E,.,= o S eBagm(iz) Rz A) d-
d
Ied,a,B
converges in the noim topelogy of 2(X) and

(4.1) Eins “‘2_"( S off 2 [) -‘-’d:) o,

T

lw,a,B
It is clear that E,, commutes with all operators B, 221,46, so that
(4.2) FraXo e Vo Eoal X o L{X, ).

On the other hand, using Lemma 3.2, (i), (2.3) and a reasoning sumilar
to that one used in the prcof of Lemma 2.7 in (4, we ¢t glor every o &2

Y

. _ . . 1
}:(,u[jy:aét?):‘br,nd(w:;('—1D)?)= 'i‘-" S (“z(ﬂ_"(f.:) 1‘-‘(2’ X .‘]) dz .
1
Taw,o.B

| s -
= S w(iz) (<) f«(:;.4)d:—% S () R (25 A) do = Blal- — 1)),

Tuw,a,B | PN N
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that is, with the usual notailon <7 o —1).
(1.3 i B30 = &), el -
By (4.2}, (4.3) and Theorem 3300, L el N, o helongs to LN, D)
and is completely detined by

{4.4) Upad(z) v & (zo) v, MG A -\

. . v T hecis ) (i
oo that 1t doesn't depend onoa. Morcover, by Thecrem 2.2, ()

E(—p)=A&(z). 2=l
thus (4.4) implies for every sel and v =X
' : ) v e B
AU (o) v=aA8(=7) v=4&( o x=Upte{—a) x=17 Adl2) A
By Theorem 3.3. (i) it follows that {7g! commutes with ALY, E_E.(.\'ml:,),'
" Using again (4.4) and Theorem 3.5 (ii). the semi-group property
of the familv {{7@" 50 results immediately. An ocasy computation shows
that, choosing for vxample nz2x 32,0,
lim || Eoo— Byl =0

0=t
Hence, for every 1 =X, and sz 2u, +0 integer we have
. . s SEET
Jim || E@ ' — Ay Hm| Brl{E =By} b NYIES
0=t +0 ¢=5f—0
N -1 Ja-1
< him H !‘-n’.u—By.n " H By.mB?.n\ “ =0,
o5i--0
s seini-gr Faa is of class (C,).
<o the semi-group {LE 'z 15 OF € 0 o o
Let neat &K e [0, 400) be compact, We choose £, >0 such that A< [0, !UO a;.:li
0> 2afy + 2915+ 6. Then, using (4.1) and Lemma 3.2 (iii), for everv £ [0, 4],
m> 25,46 integer and xveX, . we gel

. og? T AT ‘
| U =By BEh vl € < S ol 2 D121 2 1) ] 2 lynams
" Tw.ad
so that the semi-group {U#},5q is locally equi-continuous.

f.et further (20 and choose ty>{ and w2l +2Hy +8 integer, US.I-I}g'
the Cauchy integral theorem and the closcdness of A, it is vasy to veriy

that )
E, o NcD{4) and

AL, .= -—1— S sty {12) Rz A4)de
' 2l
o2

Since for every 0«8 <f,, s#l, we have

O A

!I—'%

(< | —s] 2% Resz 0,
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denoting by

!
Gy | ) ) R ) ) oo,
. l'w.a, B
it follows that

Logls—{".

! . .
“ — (=1, )4 Eon
{—5

Consequently, for cach v =X, , and w3 Zig -+6 Integer, we have

LLEF B

l
E] Teny . R AT |
= —— (U Doty o iy SeslS L Al npn. O sty s5-¢,
v, m
hence
. |
{(4.5) lim ,———— (U dx— U@y — oy 0.
s

b

By the above proved facts '
' ¢ concerning the operators {{@ 1 we
canclude that (i), (i}, (iii) from the Theorem ho]d R
In order to prove (iv), let veXy, .. By (4.5) the function

(0. 4oo)o f~ Uty X, .,
is stronglv differentiable and
d .. .
= U@ iy=AdU P e lipidy,
o

By induction, we get that the above function is indinitely strongly differen-
tiahle and o

ar .
(4.6) e UPptam Uy = U145y kxo,

I;tt further K'C (0. —oo}) be compact, L=0 and nxzi, 11122%4—6 mu&crc
By the aboveproved locally equi- (ontmmt\ of {L ", 5, there exist 'z
220,460 integer and ¢, -0 L.mh that

NUE “MlymSellilly we, €K, yed, .
and by Lemma 3.5 there exist m''> 2y 46 Integer and cg>0 with
sup LY A5 < ey mer, ¥ <X,
k30
Hence, using (4.6). we deduce
m,K.||l [T Tk qusn fa. 4 Jk o "
vim ({79 .111;[()] L¥ g :::J]? Ut AR LT ey :g? Lrag|| A, o=
v ‘”'r.m" = lr-l(‘in-’l [Iy.m'*m‘”

c4 sup LA |LAF Bz L <yt B
E50

which proves ().
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Finallv, let oel% and v =X, 4. Let us take 4,50 such that supp
oo (0,6 and niz=2af, 4 2n, O 1111(5(1 ther we ot

1 - ]
(o) By — S S(s) Kz ; Ayd=e S wz™iz) Rz ;) de

2n1 2=
Ta,a,p T a3
o
=_l-, S p(zles* (i) Rz ; A) dz== S 2 (/) [_—- S fan™iz) Rz AV d ]J!
25 et
Tw,o.8 ¢ U'w,a.B8
[
= 5 2() Iyt
[F]
=i that
{s E
&() x—E&ln) B, BT,,I-_S?U) Fya Bk vl S S(1) U8 v,
0 a

Hence (v) is also proved. q.ed.

Assuming that o satisfies the strong non quasi-analvticity condition,
by Theorem 3.6 we can replace the space \m 4 in the statements of Theorens
4.3 Ly the space Y, ,; we obtain so an extension of some results of T.
Ushijima from [15] (sce also [9]. Theerem 3.1) [2], Theorem 1 and {4
Theorem 4.1,

We remark finally that, using Propesition 2.4, and Theorem 4.3, we
can easily obtain the following improvement of Corollary 2.0 :

4.4. Corollary. et A be a densely defined  closed linear wperator in

X such that for some increasing function f: [0, +c) =1, +ox) with
+

[ £ fe dr <o, >0 and m> 1 intager K A) < £(N) cxists for

1
in the region
={zeC; Rezz Inf(ilm:j)}

and satisfics the estimation
IR(  AYll<eo(l 4] = ) =4,

Then there exists a Fréchet @, contintons! v and denselv imbedded tn X | and
a semi-gronp {U},50 0f class (Co) of continious lmurr operators on & such
that

HeD(A), AX T, A= L(H)
and {U,} 5, 1s generated by A\X. Moreover, for cach x e
0, +x)si-Uvece X
1 the unigue solution of the (ACP) for (1. x).
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We note that the above result can be proved using Beurling ulua-
distributions enly under additionally assumptions on the function £ (sce
the discussion at theend of 747), This ifustrate the utilite of the es-ultradis-
tobutions in the treatment of the abstract Cauchy probiem,
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EQUIVALENCE PROBLEMS FOR OPERATORSY)
BY

R. G. DOUGLAS

We shall be discussing (bounded finear} opoaters on @ complex sepi-
rable Hilbert space 26, usually infinite dimensienal. We lew () denote the
aluebra of such operators on @6, A basic prebleny in any area 1s that of ¢quiva-
tonee ; that is. deciding when two objects are the san'.(‘_.\\'lu'n_‘ Lthe same
might have varicus meanings, The most restrictive nozion of cquivalence
for operatars is that of unitary cquivalence. Twoperators T and 77 defined
on B and 7. respectively, are sakd 1o be unimri‘l__\' cquivakent., Eii'!]()[t‘(l
7 if there exists a unitary operator W B -4 stich Ilml. 1=t H’--"['
or thev me identical up to a ,change of variables™ preserving the Hil-
bert space structure. For a normal cperaior N oonoa fimite dimensional
space. there is orthenormal basis relative io which the matrix for Vs
diagonal and these entries, which are ihe eigenvalies of N, taking mto
account multiplicity. form a complete set of unitaiv invariants for N For
normal operators on an infinite dimensional space analogons but technically
more complicated results hold which provide a cemplete set of unitary in-
variants and which inveolve the spectral theorem and multiplicity theory.
We do not elaborate. I we attempt to cbtain a complete set of unitary
invariants for a general operator 1 on a finite dimensional B, then wemust
settle for less conceptual invariants such as the trace of the words in 7
and 7% of length less than some number depending on the dimension of 4.
1f we weaken the notion of equivalence to that of similarity  in which 11
is replaced by some invertible operator S, then a complete set ol simi
laritv invariants in the finite dimensional case is provided by the fordan
canonical form ; henee eigenvalues, multiplicitics and diln(:!}si}ms _nf gone-
ralized ecigenspaces are the similarity invariants for 7 en finite dimensio-
nal %. No analogous results are known fer 77 on infinite dimensional 76
except for very special classes of operators. ‘

My aim in this paper is to shew that equivalence problems for various
classes of operators lead one to intreduce ideas frem other parts ol mathe
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supported by grants from the Natienal Science Foundation.
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