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We note that the above result can be proved using  Beurbing ultra
distributions onlv under addigonally assumptions on the function £ {=ce
he discussien @t the end of 40, This iltustrate the utility of the e-ultradis-
tributions in the treatment of the abstract Cauchy prabicm,
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EQUIV:\LE\'CE PROBLEMS FOR OPERATORS")
BY

R. . DOUGLAS

We shall be discussing (bounded lipcnl') Gperaiens lm_l a (5}111%)%(':\'1?'}.\1::(-‘
1atde Hilbert space 2. usnally infimte dlnu:nﬂopa!. \\' c (“L "E((h{?t(r‘fn:l “il\”l_
aloebra of such operators on . A basic preblem n any ..u\: i 1;; 1; : l'““:-“
e - that is. dediding when two objeets are the same. whert, e same”
' The most restrictive noton of t'qll‘l\ril(r'l(\,
quivalence. Twoeperators Tand 1 defined
said 1o be unitarily cquivalent, denoted

lonee L !
mirht have varicus meanings.
fm"f:pcrntmi ia that of unitary ¢
on 5 and 6. respectively, are ) e ot AT =T
a7 if there exists a unitary operator 1 - .{s‘(mh‘ -_1‘1‘.1? Eu | ! ﬁl
or thev are identical up o a nchange ol \'eu'le)h:-; ’})I_l:':-l.ll\‘llllﬁ l~]:-i(,111-11
bert ?p:uw.‘ structure, JFor a n()_rmul ("I]L‘I'Eltfﬂ' .f\_ an 1(1‘1111111;"; }111};1{_> . (iq
space. there is orthenormal basis relative to \t'h}‘h‘ L 1t fm{} Itikintr .
diagonal and these entrics, which are the cigens al_\.'{? (’)’ S -‘1'm- £
account multiplicity. form.alcom_plcte set ol unifary n_nanalmz 1»-}{11{(-‘11]\-
normal operators on an infinite dlmonsmn:l_l space fuml}cig(\u:.\l mf n:;imy\-' v
more complicated results hold which provide a compicte _.th~ oi. i {1 v
variants and which invelve the spectral theorem and multipli u% 1cory.
\We do not claborate, If we attempt to chtain a complete SUL 0 1}:11;.1131
ipvariants for a general operator T on a finite [hln(,‘llﬁl(ﬂlrfl] (7‘();1 e 1\: ¢ mu.T
sottle for less conceptual invariants such as the trace © t!!].x i 11)1[ .
and 7 of length less than some number depending on l}u:_} 1.11.(.-11.\10'1}1 .:‘1 7z
1 we weaken the notion of equivalence to that of similarity  1m W }1(_} |
is replaced by some invertible operator >, then a cmlnplvt(:-:wt .n sn;ll
larity invariants in the finite dimensional Case s prm'lglc(l 1)_\. ll?r. ‘_lm(‘ an
canonical form ; hence cigenvalues, multiphicitics and ‘(11111(:1}:51_01"!:5 if.[ e n:.
ralized cigenspaces are the similanty invariants for [f' on ‘fn;ltLel::il(l‘::.l:lalgtg
nal 7. No analogous results are known for 1 oon infinite dnnension.
except for very special clagses of operators.
My aim in this paper is to shew that equivy
classes of operators lead one to intreduce ideas lren

alence problems fot various
v other parts of mathe

The results described in this note were obtained while the author was partially
] vati sience Foundation.
supporied by grants from the National Scicnee ¢ ion. T
=1 Lecture presented at the Romanian-American. Seminar on Operator Theory id
Applications, 20--24 March 1978.
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matics Iy such a manner that botlr operator theory and the other areas are
enriched. b will he discussing reselis which T have obtained in collabora-
ticn with others over the Last few vears, A final unifving theme is that all
these classes ¢f operatars contain wne operator, the untlaieral shifi or its
adjoint. For nearly fifiv vears most attention in cperator theory was concen-
trafed on the classes of self-adjoint and conpeet opvr:ttnr.\‘-_ There were
at feast two reasens for this. Firstv, the basic resulis for cach class [low
in o natural way [rem the finite dimensional case and sccondlv, thev are
undoubtedly the most nselul operators for applications. In the last twenty
to thirty vears inereasing attention has been paid to ether classes of operators,
The simplest and most natuial cperator which is ndiher cempact nor seli-
adjoint is the unilateral shift Us 1e can be defined on == {(ay, o). 0. ) :
a; €l Yo, = oclsuch that

Uil g oo )={0, 0, 3,7 ")

Now {74 can be casiiy seen to he aniscmetry, that is | U x| = || for x in {2,
which Is not unitary. T belicve that it first oceurs ina 1929 paper of von
Necumann where he cbtains it en the Caviey tansform of idfdy
en the subspace of functions in L*(0, oc) with square inicgrable derivative
and which vanish at ¢. It's adjeint. the backward shift {5 is defined by

L T T P R TR PR

for (o, oy, e, o) in % New U] has a feature which sets it apart immediately
frem the campact or self-adjant cpaators ; namely, the open unit disk D
consists of cigenvalues for £ 5. For oin €0 )<zl the veelor (1, 4, 2% 1)
i in {* and

(0 B3y =21, nr ),

And although finite sets of the corresponding cigenvectors arce lincarly
independent, the whele family can net be in any strong sense since (2 s
suparabie.

In[6]. [7] Mike Cowen and I introduced a technique involving
complex geometry for studving a clags of operators cach possessing an open
set of eigenvalues. Let £ be a bounded conneeted open subset of € and #
be a positive integer. We let B,(82) dencte the operators T in 2(#) which
satisfy- 1) Qe o{T), the spectrum of T 2) (T —o)H =2 forw in ; 3) ',-nlwr

we
(T —w)~%; and 4) dim ker (7 —o)=n [or o in Q. Properties 1), 2) and 4)
guarantee that £ consists of cigenvalues for 17 of multiplicity, », while
3) guarantees that the cerresponding  ecigenspaces span . Now (/] is in
B,(D) and B,(}) contains the adjoints ¢l many subnormal, hyponormal,
and weighted shift operators,

We study eperators in @,(Q) by considering the map w—ker (1 —w)
and showing that it defines a Hermitian helemorphic vector hundle kpover .
We identify £z as the subbundle of the product bundle Q<@ defined by
Ep-- o, x) €QxF: T'y=o0x}, Following Subin one can show for cach w,
n L2 that there is a neighborhood A of o, and holomarphic #-valued functions
ef{w).- - -, caw) defined on A which span ker (T —o) for @ in A ; hence L

3 EQUIVALENCE PROBLEMS FOR OPERATORS P

i a heloma phie vecwer bundie over £, Sinee cach fiber ker (T~ ) is a
subspace of 5.0t bas a natwaal Hithert space structure which provides the Her
mtian structure for fo The justification for intreducing this object into
operator theory is contained i

Proposition. Operators | and 1 in B {Q) are windaril v cquivaleni if
and enlvoif the correspodinge bundies g ond Lgare equivalont as Hermitiun
holoptorpliic coctor bundies,

This resalt is a corollary to a rigidity theorem which we prove for
bundles obtainad as pullbacks of halomarphic maps into o Grassmannian
generalizing an carlier result of Calabi,

The propesition enabivs us to replace ihe study of cperaiors i 8,(Q)
by that of thenr associated Tandies. Now Hermitian holomoyphic vecior
Lundles possess a canonical conncetion whick is what one peeds 1o transiate
vectors in a fiber aleng an ae in L2 o particular, the elassification problem
can be studied in the comtext of complex geometry and we were able to
sulve this clasaification problem for suen bundices in tains of local invariants
up 1o seme fived {inite arder, These invariases iachude the carvature and
Hs partial denvatives, Fortunately, we don’t have to be anv more speelfic,
at least not in regard to the applicatien te operater theery, because we
were able to define an eparator theorettc olbjecl which contain: the refevant
irformation,

Far T in @, (L2) we define the Tocai operator al o 1o b

-\.m [\]—0)) : ker ([ — (U)H.l.

Their Ny can be seen o be a nilpotent operater of order 11 detined on a
finiie dimension Hilbert space of dimension #{s +1}. Owr principal result is:
Theorem : Opcrators 1 und T in @) are unitarid v cowivalont if and
ondv if N is undarily eguivalont fo N, for o in €2
This vields a complete set of unitary invariants for operators in
@B, (L), In casce =1 the operator N, has a unique matrix of the form

0, 1t (w)
0 0 ) '

where f{e) >0, Thus a complete set of unitary invartants for 77 in @(Q)
15 given by a positive function on £ which is reat analytic, For (] the function
is (1—jwl"). Morcover, the complete invariant —/{h{e)1® is the curvature
of iy for 17 in @B (L),

We have obtained many mere results in our study both in operator
theory and complex geometry. A much harder preblem than unitary cquiva-
lenee 1s that of similarvity and we are abde 1o oblain partial results in this
case. Extension of our work to a larger class of operatars and to conimnuting
n-tuples is currentiv under way but now we return Lo the shift operator
1o deseribe some other work.

In the paper of von Ncumann mentioned carlier he classified
all isometries although the result is usually associated with the name of
Wold who obtained it over ten vears later. von Ncumann
showed  that an isometry has the {form V=1F@U,®U.®..., where 1T

7 — Matematica
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is unitarv and the number of shifts cecuning is equal to a=dim ker 1

About 1970 | proved that if 7 s nen unitary and one atlows himsclf a com-
pact pertwhaticn, then 17 can he dis penred with, Mare precisely if X(#6)
denotes the closed two-sided ideal of compact operatars on X one has

Proposition: FFor |" a nonunitary tsomelry on 0 there exists K in ()
such that V 4 K is uniturilv equivalond fo o copies of Us.

In particular, this savs if we consider the noticn of unitary equiva
lence modulo the compacts, then nonunitary isemetiies are characterized
completely by their multiplicity. H owe restrict ourselves o wsometries [
of finite multiplicitv. then one can show that the self-cemmutator (1717
=} 17*—V*I7 is the projection onto ker 177 and hence compact. In mv joint
work with L. G. Brown and P. A, Fillmore (3] [4]. [3] wewex
tended this classification relative to this weakened notien of equivalence
to the class of cssentially nermal operators, that is. eperators T on & for
which 17, 77] s cempact.

Thus one is given £ and T in £(Z) and onc seeks to determine when
there exists a unitary operator H o such that VTV —1 s compact. Sinew
(M) s a closed two-sided ideal in L(#). wo can define the quetient
Q(F) = L170) | X (#) usually called the Calkin algebra and the quotient map
= LIF6)»Q(F). For T in L(FH) the rssential spectrum of T is defined by
oo(Ty=ag@H=(1)). Since P —7 compact implies that =(1) and =(/)
are unitarily cquivalent in Q(#). we have the necessary ndition :
Gr(}’.}zcc(l )

For 7 and T in w+%, where a denctes the normal operaters, it is
essentially the Wevl-von Ncecuman n-Berg Theorem that iz
condition is actually ‘sufficient. For general essentially normal operators
it is not. For example both Uy on £ and 3, on J3{T) arc essentially normal
with eszential specirum cqual to the unit aele T i C. where M, denotes
multiplicatien by :. hut for ne unttary vperater I LHT) =4 1s il true
that YU 00— 3, is cempact. This foilows since the index of {4 1s 1,
while that of A, is 0. Ta be more precise we must recall a fow more definitions.

An operator T in £{@} 1= said to be Fredholm if =(7) is invertible in
Q) or 015 not in o (7] «r equivalenly, if ran 1 is closed while both ker
T and ker T*are finite dimensional. The st Fred () of Fredholm cperators
is an open, multiplicative semigroup clased under cempact perturbation.
The index of a Fredholm operator ix defined by ind (1) = dim ker T —dim
ker 7* and is a continuous, multiplicative homomorphism w hich is invariant

under compact perturbation.

I T —"T is compact. then o0 18 HWT —») H'—(T
we have another necessary condition @ ind (1 —2)=ind (I —2) for 7 not
in o 1)~ 6 (7). Our main result is that these two necessary conditions

7) and hence

arc actually sufficient. o
Theorem: For T and 1 in £{F0) satisfving [T, and (1.1 com pact
we have WOTHW =T is compact for some witifary apirator W if and only if

6o T)— 5o( T} and ind {1 —2)=ind (T2 for 7 noi in o(1).
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Corollary « da operaior s o b X0 and onl v of (10 is 'n X
wnd nd (I 3)- 0 for nonot n el l). -

Corcllary : Tl Jincwr span b +-K 18 novm-closed.

'_l']lib result tollows from the characterization of operitors in A 4+
5'(mlalm'd in the previcus corolliny and no preef not using these resulis
is known, Morcover, the analogows result for commuting l;ilil"i of normal
cperators s falsc.

The preol of the theorem dovolves the intraduction of Ideas {rom
algebraic topology and homelogical algebra. For 17 essentially normal
we fet gp be the norn-closed “-subalgelna of £(#) generated by £, T and Z.
Then the quotient gp/ X can be wdentified as the norm-closed “-subalgebra
of Q{A) generated by =(1) and =(7} and since =(1) is normal, &y X is P om-
mutative, Therefere by the Gelfand-Naimark Theorem it follows
that &p/Z is isemetrically isemaerphic 1o Cle (7)) with T L X =z Let 2
bie the composite '

gr‘”gr(x)
oo
2p Clad 1))

Then we have the extension of (&) by Cle (T)) Jefined by

Pr
1] —rxlw) —rdr—"—’c(ce { I}) =1,

In our work we consider extensions of ZZ(Z5) by C(V) for X a compacl me-
trizable space, introduce an cquivalence relation on extenstons, and denote
the equivalence classes so obtained by Ext (X). Esscatially normal operators
Tand £ define cquivalent extensions (&g, o7)~(E£F. o7) ifandonlyv if T and
/ are unitarily equivalent modulo . Further, we introduee an addition on
Ext (X) relative to which Ext (.X) is anabelian group. Fer extensions (Sr. 27)
and (&7, o7} and (£F, oF) wising from operators (and all do for X <C) we
have (7. 27) +{(EF. 2F) = (Lra¥. 3reT) and (Er. or}~0 it and onlv if T
is in & -X. ’

~ Next we shew that N = Ext (X)defines a covariant hamotopy functor
which can be used to define a generalized homology theory of period two
on the category of compact metrizable spaces which is dual to the geucra-
lized cohomology theory defined by A-theoryv. I won’t pursuc this here
except to the extent necessary to indicate the proof of owr theorem.

Let ='{X) denote the [iret cohemotopy group of .\ that is the group
rc_latl\-v to pointwise muttiplication of homotopyv classes of maps from
X to C'=C\ {0} Important for our proef is the existence of a homo-
morphism v, : Ext (X)—>Hom (z'(X). Z). Actually for general, X ='(X)
should be replaced by KYY) but KY{X)=='(X) for X cC and we have:

Theorem : for X cC. the howmomorphism

B v Ext (XY ~Hom{='(X). Z) 75 an fsomorphism.

F'o see how this provides the classification «f essentially normal opera-
tors, weneed to beable to compute v1(&r. §p). For Y e Cwe can write CN_ X
=P.ulul,u - where Foois the unbounded component while {17}, 5,
are the bounded components. Then ='(A) can be shown to be the free abelian
group with generators {11} 5, And [er 7 essentially normal one can show
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that v,(&g. z7) [T = ind (T 2,) for scme 2, m 07 therefore the theorem
fellows since 5, I8 ene-te-one, Molcover, shuce vy is onto, we see that for
any assignment of integers, {n,). 1o the beunded compenents {177 of O\ X,
there exists an cscmlmllj\_ normal cperator f osuch that r:,(l)—l\' and ine
(T—2)==n; for » in V.

The use of algebraic tepclogy allows one (e use a sephisticated form
of induction fer Ext based en the complexity of XL In atgebraic tepological
terminolegy one uses the Maver-Victoeris sequence,

There are any further developments of his theery. with dpp]lt ations
to cperator theorv, C-algebras, and aigebraic topelegy but we move on,

We return fo the shift Gpet Mm pnparmg to discuss jeint work of
M. B. Abrabamsc and myself | Recall that ene way of deline
the Hardy space H+ (D) is as the ~pa(c of homomox],luc functions f: D—C
with squarc-summable Taxler coefficients. I we match £2 with /73(D) via the
Tavlor caefficients. then {74 on £* correspends with the operator 1, defined
by muItlpl:('ntn n bv 2 en YD), To ebtain all pure isometries {isometries
with no unitary pmt) then by ven Newmane's Theorum we mayv use 17,
T,@7,. ete. Rather than dircet sums we can consider Hardy spaces H 2(D)

of the Hilbert space £-valued homomorphic functicns on B and the opuerator
T¢ defined by multiplication by o, Fer example, we have T isometrically
isomorphic to the ditect sum of p-copies of 7.

Now suppose A s a desed subspace of 3D) for which T, M M.
Then we can deline the restriction operator T, A which Is casiy seen to
be an isemetry. Only a little more difficult is the fact 7,1/ is a pure iso-
metry of multiplicity one and hence is unitarily equivalent te 7, on H*(D).
Thus there exists a unitary operator 7 Z3(D) - M which satisfics W1, =
=(70) 1 H we view B as an isometry on /77 (D), then the latter iden-
tity becames the fact that 117 commutes with 77, Operators which commute
with 7, can be shown to be defined by multiplicativn by seme bounded
holemorphic function 3 on D and because the operator defined is unitary it
follows easily that /=1 a.c. on T=2D. Thus M=«H*D), where p is an
inner function and we have obtaired another pmcf of Beurling's
Theorem characterizing the invariant subspaces of the shift aperator. Now
my point in descitbing this proof is not that it is casier than other proofs
{it’s not), but to make clear the central role plaved by the fact ithat a com-
plete set of medels for pure iscmctries is previded by the operators 1
HZ(D).

since TC ‘”C i'ifé(D), where flf(S denotes multiplication by z on l‘é{l)
these isometries can be seen to be subnermat operaters with spectrum conta-
ined in D, while the spectrum of its normal extension is contained i dD=T.
We study the analogeus class of operators assoclated with more general
demains in €. More precisely, let Q be a bounded, finitely connected. connee-
ted open subsct of € with smooth boundary €. We Jet £{Q) denote the pure
subnormal oparators S which satisfy ¢(5) 82 and (V) cdll, wicre N is
the minimal nermal extension of 5. We seek models {or this class,

One can define a Hardy space /17(€2) for @ and although it's net quite
as¢ clementary as for D, it is well undesteed. And the eperator 7, defined

}
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by multiplication by 2 on H¥Q) dovs belong to £(€2) and Tn considering
Hilbert space valued funetions we obtiin the higher muhiplicity examples

jé( n H"’,L!: Hewever i £ 0s not simply connected, then this will not exihaust

the possllnlltlm To ohiain a complete set of models for operators in S(€),
we must consider a certain class of vector bundles over £ with Hilbert space
fiber, The particular elass is that of {lat unitary bundles or bundles such
that relative to some open cover of  the transivon functions are constant
unitary maps. Siuce such bamdles are lecally a preduct. they possess hoth a
Hermitian sind a helomaorphic structure. Then a subspace of the holomorphic

cross-sections of 727 can be vsed to define a Hardy space HE(8) and multipli-
catien by 5 defines what we catl the bendle shift 7 en B 3(£} about which

l)l’(}\'(’ .

Theorem : An oporalor S on 6 ts tn Q) of end ondy if S is wnifaril v
equeivelont to some bundle shift Ty,

Moareovcr. foo bindie shifis Tgoand Ty, are unilavily conivadent of and
end v if the bandles B oand . are :'qr""a-’c-m as flat wndtary voclor bundics,

Lastl v two biwdle shifis f;-. el Ty oare stmiler i and onl v df e renks
of Iy and o are cqual.

The proof invelves seme intrinsic technigues on £ as well as pulling
buck 1o the wniversal covering space D of Q0 An important ingredient in
the proof is the theorem of Grauvert>*Bungart which vields thas
the helomerphic bundles ever Q me all tivial s hcient orphic Lundles
(not as fHat unitary bundics).

Now it is possible 1o give a reasonable paran trization of the flal
unitary bundles over a space. They correspond to the unitary ;cprecmn
tices of the fundamental group. Sieee =,(8) i the bree group of n-generate
\\'1:-.1u i is the number of holes, then the equivalence classes of flat unildr_\'

votor bundies with fiber & are in natural correspondence with the equiva
]Cru(l.' classes of unitary representations of =(8) on &, or couivatenthy 1o
the n-tuples of unitiny eperatars on & m edilo ¢ njrzatien.

Now there is considerably mere to this theory mnludmg, an extension

[ Beurling’s Theorem to this context and sther peaple have extended
(allm IL‘:-.‘J]I:\ abaut the vnilateral shift 1o the centext of bundle shifts but
we stop here,

In this note I have tried to indicate how some natural cquivalence
problems in operator theory lead one to intreduce techntaues from other
arcas of mathematics with the resnltant enrichment of beth operater theory
and the other arcas. Hilbert spaces arc such natural « bjects that they ceour
evervwhere and natural operators defined on tham are readiiv ’l})pd;L]]i
Lt seems likely that the stndy of clagses m(nrmg in mtn:o ho](ls a promise
of duep resulis for which this exposition provides some evidene
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SCHWARZ'S LEMMA FOR OPERATORS ON A HILBERT SPACEY)
BY

KY FAN

1. Introduction. Tn this Seminar report we summarize seme of our
tecent results related 1o Schwarz's lemma for operators en a Hilbert
space. Fer the proofs of these results, the reader is referred to our papoers

Y 3%
Let 26 be a Hilbert space which will be alwavs complex. By an operator
on & we shall mean a bounded lincar transfermation on @, A proper con-
fraciion is an operator A with ||| «< 1. For two Hermitian operators .1, 13
on . we wrtte A2 B to indicate thar A — £ is positive, te. ((4—8) 1. v)20
for all x=@. The notation A > 8 will mean that A —#5 is positive and
invertible.

Throughout this paper, A will denote the open unit disk A {=: |~ 1!
in the complex plane. 7/{A) will denote the class of all analvtic functions
on A For fe (A} and a proper contraction A on a Hilbert space we use

the wsual notation f{A) to dencte the operator Y, [ /®(0)n!] 4" which
n =)

converges in the norm topology for operators,

2. Schwarz’s lemma and related inequalities. \We begin with the
tollowing result,

Theorem 1. Lot A be a proper contraction on a Hilbert space 6. Let
o g S H{A) be such that f=gh and |h(z)i<] for = €A,
Then

() Ay el A)z JAYS().
) eI </

Strict tneguality holds in (1) if and ondy if g(AVe(A) =0 and I is not a constant
Junction of absolute value . Eguality in (2) holds if and onlv if either g(1Y=0
0r h 18 a constant funclion of absolute value 1.

A special case of Theerem 1 s

Corollary 1. (jensen’s inequality). Let A be a proper contraction on
a Hilbert space. Let fe H{A) be such that f{AYe A, Let 2y 50 - 2, be some

—
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