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SCHWARZ'S LEMMA FOR OPERATORS ON A HILBERT SPACEY)
BY

KY FAN

1. Introduction. Tn this Seminar report we summatize seme of our
recent 1esults refated to Schwarz’s lomma for eperators ¢n a Hilbert
space. For the proafs of these recults, the reader is referred to our papers

b5 3 &
et 26 be a Hilhert space which will be always complex. By an operator
on A we shall mean a bounded livcar transfermation on #. A proper con-
fraction 1 an cperator A with |4 < 1. For two Hermitian operators b, 8
on A, we wrile 42 1 to indicate that A — B s pusitive, Lo, (A —=8) v, vz0
for all x=76. The notation A >85 will mean that A4 —B is pesitive and
invertible.

Throughout this paper, A will denote the open unit disk A ={z ¢ |2 =1t
in the complex plane, [7(A) will denote the class of all analvtic functions
on A For f=2(A) and a proper contraction A on a Hilbert space we use

the usual notation f{A4) to dencte the operator 3, [ /®(0)n!] 4%  which
=i}
COnverges in the notm in)l_J]Og:\' for operators,
) 2. Schwarz's lemma and related inequalities, We begin with the
following result.
Theorem 1. Let oA be a proper contraction on a Hillurl space 2. Lot
L@ s H(A) be such that f=gh and [M{z)i<1 for = €A,
Then
() g{A)g(A)= fA) /().
) B <A

Strict tnequality holds i (1) if and only if g(A)g(A) >0 and I is nol a constant
Sunction of absofute value 1. Equality in (2) holds if and ondy if cither g(A)=0
or his a constunt function of absolute value 1,

A special case of Theerem 1 is

Corollary 1. (Jensen’s inequality). Let A be a proper contraction on
a Hitbert space, Let f& H(A) be such that fAYc A, Let = 50 - -, 2, be some
—_—

" Lecture  presented at the Komanian-American Sceminar on Operator Theory and
Applications, 20—24 March 1978.
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(not necessarily all) of tie weros of £in A vach of whick & alfocod fnore ool ot
oftener than ils mulliplicitz, L.l
n P
L= EEETe

Then (1) and (2) kotd. Sivict dnrqual ity i (V) cecrrs if and enly if a(-1yg(A) =0
and [ s nol of the form fe)y = wg(2) for conic constont o, Wil = I Fhrieis
creadity i (2) if und only if cither gl ) =0 or f(&) ag() with =1,

In the case 5= .= -z, = U, Corollay | becomes _
Corollary 2. {Schwarz's temma). fet A he a proper coutreclion on a
Hilberi space. Let & H(X) besich that (N e A amd f(0) ~ f(O) = =/ N(y=
-G for some indeger wz 1. Then
(3) Ar ATz fAYS(A)
(1) "= LA

Stricl tneguality fn (3) Folds i and onlv 1f 4™ 0 and [ is not of the fori
f(2)=rz" for some cousfant o, with o = 1. Egiadity occurs Dn (4) 1f and ondv
if either Av=0 or f(z)= 2" with g1

The nest cotoliary is a direet conseauen: e of Corollany 2

Corollary 3.(Harnack’s double inequality). Lef A be a proper contraction

on a Hilbert space. Let g = H(AY be such thal g(0)=1 wid Re g(z) =0 for s = A,

Then y LAl
P — -
AAL ¢ gape SIS
L0140 t—{l A1
3. Pick’s theorem and julia’s lemma. The following analog of Pick’s
theorem generalizes the case n=1 of Corollary 2,
Theorem 2. Let A be a proper coniraction on a Hilbert space. Let f= H(A)
be such that f(AYe A, and let zy= A, Then

([ —2ed*) (A" = DY A —2aT) (I —~70) ' {1 =f(2) f(AYF ()
Fea) LAY —flea) BT =) ST
(6) (4 ==l —2e) ™ ZH{AA) ) BT —Tao) SAN
Strict inequality in (5) occurs if and onlyv 7f (A" 2o (A —2,0) >0 and [ is
nol of the form
(N flz)=¢ T with je]=1, |5 <.

! —z2
Equality in (6) occurs if and only if either A =z,0 or fis of the form (7).
The classical Julia’s lermma ([1], p. 25) has the following generalization.
Theorem 3. Lef f€ H(A) be such that f(A)=A. Let {zay =N be such that
lim  z,= lim f{z,) =1
(md fler @ LR
nmlé&i=

new b

{3)

&,
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where a is finite. Let A be « proper contraction on a Hithert space. T hen

T —FANAT — AV AN T =AY Y] — AW —AA) (1= A

Furthermore, for any posifive wwmber B, incquality
] r‘

1 :

A4 e I
. l+g 0 148
im plics

} af
1) - —= 1< —=E
1 T C(;'; 1 +Oilr_'1

4. Principle of subordination A simple consequence of the principle
of subordination ([47, p. 421) and Corollary 2 is the following result which
has a number of interesting conscquences.

Theorem 4. Let g H(A) be wnivaleni on A with g(0)=0. If feH (A},
f(0) = 0and f{A) = g(A). then for every proper contfraciion A ona Hilbert space 2,
there is a unigue proper conlvaction B on 76 safisfyving f{A)=g(DB). Furtherinore:

A*Az BB, A =l8].
We have A4 = B*B if and only if A A =0 and fis not of the form f(z) = g{1)

i
for some constant w with in|=1. Equality || Al =B || occurs if and only if
either A =0 or [ 1s of the form f(z)=g(nz) with |¢|=1.

In case g(z)=z. Theorem 4 becomes the case m=1 of Corollary 2.
Another special case of Theorem 4 is the following extension of Kocebe-
Biecberbach’s If4-thecorem for univalent functions ({41, p. 350).

Corollary 4. Lef g=H{A) be univalent on A, and g(0)=0. g"(0)=1.
For cverv operator C on a Hilbert space 26 with | CY| <1/4, there is a Unige
proper conlraction B on #6 satisfving g(B)=C. Furthermore, 16C*Cz "B
with strict inequality in case C*C >0 ; and ||B |\ < 4||C|] unless C=0.

Corrollary 5. Let g = H(A) be univalent on A with g(0)=0, g'(0), =1.
If the image g¢(A) is a starlike set with respect 0 the origin. then the set
of all 2(A). when A runs through all proper constructions on 4, is a stavlike
set of operators. More preciscly, for cecry profer contraction ot on and iy
non-negative rveal nwmber v <1, there is a unique proper contraction B on &
sich that g(B)==rg{A).

5. A thecrem of von Neuvmann. An interesting special case of Theorem |
is the case when g is the constant function [ This case of Theorem | may
be restated in the following form.

Theorem 5. Lol A be a proper contraction on a Hilbert space. 1f f=1H(A)
and f(AYc A, then | fl4)l= L

Theorem 35 is closcly related to an important theorem of von
Neumann [5]in his theory of spectral sets. Each of the two iheorems
can be quickly derived from the other. Apother closely related yesult is

Theorem 6. Let feH(A). For 0gr<1, let M{r)=>ax | f(z}ll

Iz =r
Thern . AM(r)==Max | f{A}l
4]l <r

Jor 07 <1, where the maximum s taken over all vpevators A of norimgy on
a Hilbert space 0.
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SOME PERTURBATION PROBLEMS FOR VOLTERRA EQUATIONS")
BY

I. J. LEVIN

We'll constder the behavior of solutions of the nonlinear Volterra

equation
i

) x{t) + Sa(t— ) [2(s) + ks, 2(s))] ds = g{t) (0 < t< o0),

o
where v, h, and ¢ are complex valued N-dimensional vectors and a is an
A% N complex valued matrix, a, 7, and ¢ are prescribed ; x is the unknown.
Assume that
(2) hoge C, ae L}

loo *

thus
]

S;a(s)| ds <ocVie R+ = [0, o),

¢
N N
where [af = ¥ |ay;l. The corresponding norm for vectors is |x| = ¥ |x,].
1i=1 g=1

Most of what will be said has a counterpart when the kernel a(t—s)
Is replaced by u(f, s}). However, as that entails many more technicalities,
we'll confine ourselves here to the convolution situation.

‘This is a perturbation study because, first, &, whether it depends on
Zor not, is assumed, as a function of x to vanish faster than lincarly. Thus,
is a nounlincar perturbation of the term x. Second, because ¢, the forcing
term in (1), is the sum of two functions

=0 _i-_fﬁ

where it is assumed that f{f} =0 as t—oc. Thus, /is a perturbation of @, the
principai term of ¢. Typically o is either constant (possibly zero), or periodic,

*| Lecture presented at the Romanian-American Seminar on Operator Theory and
Applications, 2024 March 1978.
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partially supported by the U.S. Army Rescarch Office.



