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SOME PERTURBATION PROBLEMS FOR VOLTERRA EQUATIONS*)
BY

I J. LEVIN

We'll consider the behavior of solutions of the nonlinear Volterra
eqquation
]

(n x(t) + Sa(t-— sHa(s) + h(s, 2{s)) 1 ds = g{t) (Ot <),

where &, &, and ¢ are complex valued N-dimensional vectors and a is an
N % N complex valued matrix. a, £, and ¢ are prescribed ; x is the unknown.
Assume that

(2) hgeC, ae )

loo ’

thus
L

Sja(s)i ds <e Ve R+ = [0, o0},

0
~ N
where (a) = Y lagl Fhe corresponding norm for vectors is x| = Y lxd.
i,7=1 i=1

Most of what will be said has a counterpart when the kernel a(f—s)
1s replaced by aff, s). However, as that entails many more technicalities,
we'll confine ourselves here to the convolution situation.

This is a perturbation study because, first. 4, whether it depends on
for not, is assumed, as a function of x to vanish faster than lincarly. Thus, &
is a nonlincar perturbation of the term a. Second, because g, the forcing
term in (1}, is the sum of two functions

g=w 4/

where it is assumed that f({) -0 as £—cc. Thus, fis a perturbation of w, the
principal term of ¢. Tvpically e is either constant {possibly zero), or periodic,
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or almost periodic. In which casses ¢ Is, respectively, cither asvmpliotically
comstant, or asyptotically pericdic, or asymptotically almost periodic,
The resolvent of @ is defined to be the solution. r, of

r(t) + Su(f =s)r(shds =a(f) (0<¢- oc}.

In many studics of (1}, including this one, it plays a critical role.

Some rele-
vant well known properties of the resolvent are, first,

= 1 1 1e 10115
as Ll =re Ly, 7 is unique.
Also, the unique solution of the lincar equation

(3) B(/) +§a(1 =S)0(syds = glt) (0t - o)

0

which is the lincarized form of {(1). is given by

£
(4) 0(t)=q(t)—§r(t $) gls) ds (0 <2< o0).
]
This, and the further property that
t ¢
Sa(f—- s} r(s) ds = Sr(t —5) a(s.) ds{0 € t < o),
0 0

cnables one readily show that a solution of (I} also satifies
!

(3) x{(f) 4 S r{t— s) ks, x(s)} ds = 8(r) (0=t o).
0

Of course, a solution of (1) needn’t exist for all ¢
as it doces exist, it also a solution of
to write (5) equivalently as

- In that case, for as long
(5). For later purposes it is convenient

[

(5) x(f)+§r(s) Mt=s, 2(t—=s)) ds = 8(1)  (0< < co).
0
Our key assumption is that

(6) re L.
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Thus

e S ()] dt <o,
0

Let x be a continuous solution of (1). Tt is cvident, at least Intuitively,
that (5), with hypothesis (6), is a better starting point for studying the
asymptotic behavior of » than {n 1tsolf.' For, a kernel, a, \\'hlt:}l need r_lot
be in L* has been replaced by one that is. Also, the small nonlinear term,
A, has been isolated. Finally, 0, the sclution of the linearized form of (1)
is cxplicitly in the equation. _ ) ) 1 .
A few words should be said about {6). When N=1and a =L, there is
the classical result : _ ‘
Palev and Wicner (8L If a=l’, then (6) holds tf and only 1f

Se‘“u(t) dt #-1 (Rezz0).

! .

There arc some important kernels which are net i,’}o il but whose as_soc:ated!
resolvent is. The best known of these is a{f) =1~ ;,P\\'hu'h occurs in It'nan}
applications, whose resoivent behaves like (_coqnst_.) e as t-a-OO: Som(f: 111(1 Cre?-
ting results of Shea and Wainger (9] give risc to classes of kernels
which while not in L' have a resolvent which is. eed

Many papers concerning (1) come uncer the general terms cmPIc)]}f:
so far. Some are: Jordan and Wheecler [t], Kaplan {2}, Mi lcbr,
Nohel, and Wong [4], [5], Nohel [6], (7], and Strauss [10].
Since all ofthesc papers deal with the noncoqvoluhqn s:tuat1on,‘a=krir(;f, s),
any detailed comparison of results, which won't be given here, wou hlalve
to be made with it. However the two novelties of the present_approach also
appear in the convelution case which we are discussing. The flrs{t1 is 3
somewhat sharper a priori bound on the solutions of (1). The seconl,‘ z;tll1
more significant one, is in the use of an auriliary cq'qatl?n t,OdStU(} ¢
asvmptotic behavior of the solution of (1} as 7—co. They lead to more
detailed information and much simpler proofs.

17 hC - .

})‘ejfi::fiign.i I':R+ >R+, nondccreasing, is called an a priori bound
for (1) if

x| < T'{t} (0<t<t)
whenever x & C is a solution of (1) on [0, #), where ¢ (0, ®0].

The first result is
Theorem. 1. Let (2), (6), gL=, and

s Ve>03r(c)>0o
%) l |1 < #(s), 1= Re=s| B(t, %)< <]
1

1 I -
> &% 1 ”7’”1:‘ O)
el < vl = r(fxli”ﬂl) v
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hold for some a>1. Then

o
| , h
() - (L1171 el (iflir]i=0)
il (il 7l = 0)
s an a priori bound for (1).

_Hypothesis (7) says simply that % is (1) as v —0 uniformly with respect
to ¢. The restriction on | ¢ll. is made, of course, in order to be able to cmploy
(7). The new feature in Theorem | is the explicit appearance of |¢|. in .

As a conscequence of the existence of ', it is well known that

_Corollary la. The hypothesis of Theorem | im plies that there cxists a
continuous solution of (1) on R*.

Another consequence of Theorem 1 is ’
Corollary 1b. The hypothesis of Theorem | and

(8) lim {max |A(t. x)}=0 (VK =Rv)
{— o [ﬂ<x
implies thit

'l_i.m (x(t) —6()] =0 ¥ solution x, of {1).

] This type of results is usually referred to by saving that (1) and its
linearized form. (3), arc asymptotically equivalent as f—oo if & gets small
as {—oo (uniformly with respect to x on compact sets). It follows almost
trivially from (5)

When (8) isn’t assumed, the analysis of x for large ¢ is more interesting.
Instead of (7) we now impose the somewhat more stringent condition
(9) { {keC, A{t,0) =0, Ve 0 33(e) =0>

[¥1]<8(e), |x,|<8(e), t=R* = [h{t, 2))— h(t, x,)| < g|x, — Xal.
Thus,{9) implies (7) with y=20. Of course, (9) implies that the solution of(1)
guaranteed by Theorem 1 is unique. The key tool is the auxiliary equation
(10} .\'(t)-f—gr(s)ﬂ(! s, ¥(t—s)) ds =t} (-0 =1 = c).
0

Notice‘that, unlike (1}, (3}, and (5), (10) is defined on R', not R~

Concerning Hf we assume that
(11) { {H :R'xC¥ o C¥ is an extension of h =

f satisfies (9) on R'=C*,

For any % satisfying (9}, setting

{ H(t, x} ~h(¢, ¥) (t<R+*) and (for example) any of
H{t, x)y=0, H{t, x),=hk{t, x} H(t, x)=—h(—1¢ x) (1<),
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defines an #/ such that (11) is satisflicd. Thus, (11) is not an additional res-
triction beyond (9).
In the important special case
h(t, x)=h(x) (t=R*),
the most ,natural” definition of 1 is
Ht, x)=h{x) (t=R").
Other special cases in which there is a natural extension of & are described by
(12) (11) holds and H{Z, x)= H(t|-p, x) {— ¢ <t 0),
where p = 0, and by
(13) { (11) holds and H{¢, x) is almost periodic with respect to ¢,
uniformly with respect to x, for x in any compact subset of C¥.

The forcing term ¢ in (10) will, ultimately, be related to O and, there-
fore, to ¢. However, it is convenicnt to first regard it as an independent
function.

Concerning (10} we need the following result which is established by
a straightforward succesive approximation argument.

Lemma. Let (6), (11}, and

o —

- ‘8(—‘] (i 17> 0)

(14) N¥lle <
hold for some a>1. Then (10) has a solution vy, with

e

&

Ivelle <
a — 1

Moreover, y = vy ts the unigue solution of (10) such that

1
e '--..8 —1
LA (aurnl)

The asymptotic relationship between (1) and (10} is given by
Theorem 2. Lef the hypotheses of Theorem | and the Lemma hold for
the same a>1, Also, let

(15) lim [6(t) —d(e)]=0.
Then
(16) lim {x(9) —4(t)]=0.

Hypothesis (15} is not an additional restriction on the prescribed
functions a, #, and ¢ of (1). For if the assumptions of Theorem 2, excluding
those relating to ¢, are made, then (first by (4) and then by the hypothesis
of Theorem 1)
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0l < I, . o — 1 1 =a—l |
100 < -+l gl < = { ) s( }

ol 71l « Relir|l,

Hence, taking w=0, yiclds a & which satisfies the conditions of the Lemma
and Theorem 2. The praof of Theorem 2 is quite elementary.,

Tl o 5 = 3 . o
) \fmou:: known results concerning the asymptotic behavior of x follow
immediately from the Lemma and Theorem 2. For example, let

(17) ot)=v(f4+p) (—w <t <o)
where p <0, and let

0s(t) = wlt) — S rsholt—s) ds (= oo < 1< co).

0,(8) = f (1) — S r(s) flt— s} ds -{-S r(s)o(t—s)ds (0 << o).
Then, g= w7, (4), (17), and f{eo)=0 imply that
0= 0(t) +0,(0), 0at) = Oule + p), Tim 0,(5)=0.

—m

Corollary 2. Let the hypotheses of Theorem 1, the Lemma, (12), (17},
1 — 1
el < = o]
PHlrll o« a7
lim f{{y =0
= o

and

hold. Then
e, (1) = Yo, (£+¢)
and
(18) lim {x(2) Yo, (f+p)]=0.

{or o0

~Thus, x is asymptotically periodic, of period g, as #—»o. The proof

consists sunply in observing that the successive approximations for (10)
with &= 0,, arc. in this case, periodic, and that

lim [0{#) — &(f) 1= lim 0,()= 0.
b—s o

{sm

El

) A campletely analogous result, with essentiaily the same proot, holds
in the almost periodic situation,

In Corollary 2, x is the unique solution of
) x(z’)—|—Sr(s) H(t—s, x(t—s)) ds=0g(t) +- 0,(¢) (0 < ¢ o0)

L]

?

n

(

-1
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as well as of (1), and vy, is the unique solution of

w

(10) _-.:'f]—}—Sr(s) H{t— s, y({f— 8)) ds = 0,() (= o0 = £ ).

[{]

The same periodicity of /1 and 8, 0,(c0)= 0. impiv that (1¢) is the limit cqua-
tion associated with (3). Given the uniqueness of vy, from the Lemma, (18)
also follows from a general result of Levin and Shea (37, However, il in
(5), by and H are only almest periodic, then (10) is onlv one of a family of
limit equations associated with (3). Thus, the results of 30 dou't quite do
the job. In the general situation of Theorem 2, there is, of course, no limit
equation possible. Thus, the auxiliary equation. (10). is, at least for the
problems studied here, a more adaptable tool than the limit equation, This is
particularly true in the nonconvolution situation.

Corollary 16 may be regarded as providing sufficient conditions f{ur
the asymptotic equivalence of (I} and (3). In contrast. Theorem 2 only
gives sufficient conditions for a partial asvmptotic equivalence of (1) and
{10). That is, for cach appropriate ¢ there exist, as has been shown, appra-
priate ¢’s such that (15) and, thercfore. (16) hold. However, under the hy
pothesis of Theorem 2, this procedurc can not, in gencral, be reversed.,
That is, starting with a & which satisfies (14), there does not. in general,
exist an appropriate ¢, This can be shown by simple examples.
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