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1. Introduction. In this lecturc we use the Banach fixed point theorem
to discuss the global existence, uniqueness, dependence on data and re-
gularity of solutions of the abstract Cauchy problem for the functional
differential equation

. dy .
{(FDE) ;‘—'4 Av aG(v) (0<t<T), v{0) = v,
at
where T = 0 is  arbitrary, A is a m-accretive (generally unbounded and
possibly  multivalued) operator on a real Banach space X, G:C[0, T
D{A)=LY0, T ; X) is a given mapping, and y,= D{A).

‘The motivation for the study of (FDE) is two fold. First, the Volterra

integrodifferential equation

% +mAy+ \alt— <y Ay(z)d= s f{t) (0<t<T)

S

(1.1)

»{0)= o

where m >0 is a constant, and a : {0, 7] =R, f: [0. T]-.X are given functions
can be transformed to (FDE) with Ay and G(y) replaced by mAy and mG(y)
respectively under suitable assumptions by introducing the resolvent kernel
7 associated with the kernel a (sce Proposition 3.1 below) ; the mapping
G is defined by

(1.2) G(y)(t)=%‘—) A + ﬁ’ w0+ 73— 2=3) arta).
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Second, the abstract Volierra eqguation

i
(V) W)+ g bi— =) A=) dz s F(1) (0 <i< 1),
;

where 0 [0, T -»R and F: [0, T7=X are given functions, is cquivalent
to (1.1) (and subscquently to (FLE) via (1.2) and Proposition 3.1 below)
if b is absolutely continuous on [0, T]. o(0)=m >0, b'(y=a(Ha.c., F el
(0, T, X), F'(y= f{#) ac., vo= F(0)e D{A).
1t should be noted that the mapping G arising from (1.1) or (V) depends on
the restriction of v to the interval [0, /). 0<gig T

The outline of this lecture is as follows @ in Section 2 we recall some
facts about evolution equations and use them to deduce the basic results
for (FDE} ; in Section 3 we apply the results of Scction 2 to obtain a general
existence, uniqueness and regularity result for (V) (and for the special
case (1.1)), and we discuss how our results for (V) relate to the existing
literature for (V).

Our cxposition follows closely that of a forthcoming joint paper with
M., G. Crandall [7] to which the reader is also referred for further
details of proofs and other comments.

2. Discussion of (FDE). We begin by recalling some facts about the
evolution cquation

(L) %-I—A'U ag (0<i<T), o(0)=u,

(see Barbu [1], Benilan [4], Brézis [5], Crandall [6)).

Let 4 be a nonlincar operator en a reai Banach space X with norm || ).
A is acerelive Hf [ =(I +1A4)""is a contraction on X for 220 : A is m-accretive
iff A is accretive and K{I 424)=X for x>0. Let g= LY 0.1 ; X). A strong
solution of {E) on 0, I is a function v: [0, T]-X such that z{0)=y,,
veC([0, T); Xyn W0, T ; X), v(t)y =D(A) a.c. on [0, T7, and there exists
weAdv such that w(fy = Av(f) and o(¢) fw(t)=g(Hae. on [0, T].

Befinition 2.1. v: (0, TN s an intcgral solution of (E) en 0, T)]
if vel({0, T],X) and

{2.1) [ 2(#) — vyl — llw{s) — vl < S [v{x) — vo, gla) — ]+ da

&

Jor t =5, (s, 8= [0, 1), vo [!(A4), and we= Av,, where

.1 o1
[p, q)e = tim — (I p+ 21l =1 pll)= inf = (1p+2)= I o).

for p, y= . _

Note that || p+xgll 2 ||pil for 220 iff [p, ¢)+20; thus A is accretive iff
[P1=Ps, gy—¢:]:20 for gy=dp. 1=12. Since 1[p. ¢l+| < ll¢gll, and since
g L0, T; X) the integral in {(2.1) is well defined, Benilan [4] has
proved the following powerful result about integral solutions of (E).
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Theorem. Let A be m-aceretive, v,= D(A) and ge N0, T:X). Then

(If) has a wniquee infegral solution v e C{[0, T D{A)) on [0.T]. If = " dre
wtegral solutions on (0.1} of (F) correspanding respeciively io initial daia

vy, Vo and forcing levims g, g then

(2.2) ey — v (1) < [ — 5 ) +S Ig{(s) =g ids (0.< 1< 7).

Morcover, if g= BV([{0, T); X) and v, e DAY, then

(2.3) I2(2) = 2l < 12 — w1l g(0%) —wfi + var (g2 [0. )}

Jor w =dv, and 0<E <t T, I'n parficular, v is Lipschits  continous on
O, T If, iwaddition, X is reflexive, then v is a strong solution of (EYon [0, T].
We shall use Benilan’s theorem together with Banach’s fixed point
theorem to establish the existence, uniquencss. and regularity of solutions
of (FDE) on [0, T]. Let v=H(g) denote the unique integral solution of
{E) on [0, T).
Definition 2.2. A solution of (FDE) is a funclion ve C(lo. 70 D(AY)
such that v = [H{G(y)). )
____ Theorem 1. Assume that A is m-accretive. vee DA, and let G : C([0, 7
D{A)) =LY 0, T ; X) satisfy

v

{

(2'4) {1 G(e) — Gile, i m < g (s}l tt—vilpe 0,5 xy d5
0

Jor some v& LN0. T:R*), 0<i<T, and . v eC([0, T); D(A)).

Then (FDE) has a unique solution reC([0, 1) D(A)) on [0, T).

We remark that assumption (2.4) implics that the value of G(y) at
t &[0, T depends only on the restriction of y to [0, #]. The idea of the proof
Is very simple. Let v=FH({g) denote the unique integral solution of (E) on
0, T], gLY0, T; X). We seck a fixed peint of the map KN : C([0, T];
D(A))-C([0, T]: D(A)) defined by K{(y}=H(G(3)). By property (2.2)
of integral solutions ,

K600 — @01 < {16006 ~Ceas 0 e 7)

for w,v=C({0, 77; DAY, #(0)=v(0)=y,. Applying assumption (2.4) it
1S now an easy matter to show that some iterate of the map K, say AV, is
strict contraction on C([0, 7 ; D(A)) for J sufficiently large ; thus the map
K has a unique fixed point. For details sce [7]. )

Under further assumptions one can apply the sccond part of Benilan's
theorem 1o obtain greater regularity of solutions of (FDE).
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Theorem 2. In additton fo the assumptions of Theorem T assume that
there is w funciion ko 0, 00) = [0, o0} such that

var {G{v) : [0, 1]} < B{RY(1 - var (12 [0, £])
and GO < k(R) (0<t< T).

(2.5)

whenever v C([0. 11 ID(A4)) is of bounded variation and ||ypww, r.x) < B.
If vo € D{A), then the solution v of (FDEY is Lipschitz continnous on [0, T).
If X ds also reflexive, then the solutron v is a strong solution of (IF'DE)Y on {0, T).

A strong solutron of (FDEY on [0, T is a function y : [0, T]—X such
that v(0)=yx,, v=C([0. T X)n LY, T ; X)), such that v{f) eD(A4) a.c.
and there exists we=Ay such that w(/) € Av{) and 2'(2) -bw(t) =G{v{£)) a.e.

on [0, T
For the proof of Theorem 2 one defines vo: [0, T] = X by y ()=,
and 1o =K{v,)=H{G(,)}). n=0,1,--- - These iterates converge uni-

formlv and are uniformly bounded on [0, 7']. By Benilan's theorem and
assumption {2.5) onec shows that therc exists a constant ¢=0 such that

i
var (Ve 2 0,1 < ol 4 S\'zlr (v, 1 [0, s]) ds)
v

for 0 ¢ < T so that var (yva,, 1[0,4]) € cexp(cf). Thus {var (y,: [0, T}
and by (2.5) {var (G{y,)): 0.7 } arc both bounded. and {3}, and hence
also v = unif lim v,, is Lipschitz continuous on [0, T). For more details
see [71.

" Finally, tee solution v of (FDE) depends on the data 4, G, x in the
following sensc :

Theorem 3. Let the assumptions of Theorem | be satisfied. Let m-accre-
tive operators A, in X, mappings G, : C([0, T3, X)-LN0, T ; X), and yun <
= D(A) be given for n—=1,2, --- - Assume that the inequality (2.4) holds for
G replaced G,, with the same v, for n=1,2, -, and u, ve C([0, T]; D(A)).

ForueC{[0, T1; D(A)) assume that lim G,(1) =G(x) in LY{0, T ; X), lim Non==
=\ & D_(Z) and

{2.6) Hm (4 rd,) o= (I +2d)'z (e XN, A > 0).

Let voe C([0, T, D{AL)) be solutions of (FDEY on [0, T] with A replaced
by A,, G replaced by G, vy replaced by vy, and let veC({0, T]; D(A)) be
the solution of (FDE) on [0, T}. Then lim y,=y n C([0, T7; X).

The proof of Theorem 3 follows from the observation that under our
assumptions the mapping K(A4, x G}y)=H(A4, x, G(y}) of Theorem 1
has the property that in the iterate K7, which is a strict contraction for some
4, both j and the contraction constant depend only on the function y of
(2.4), and the latter is assumed to be uniform in n ; for details see [7].

5 ON SOME NONLINEAR VOLTBRRA FUNCTIONAL DIFFERFMNTIAL EQUATIONS 114

3. The Abstract Velterra Equation. We shall next apply Theorems
1,2,3 to study the nonlincar Volterra equation (V). Let b= (L0, T R),
Fe LV0, T X). We shall saxy that v is a strong solution of the Vollerra
equation (V) on [0, T 1f v e L0, T . X). and if there exists we 140, T ; X)
stch that w(t) € Ay(l) and y(f) 40 w(t} = F(7) a.e. on [0, T7). One can establish
the following cquivalence belween strong solutions of (FDE) with a parti-
cular & and strong solutions of (V):

Proposition 3.1. Let bs AC([0, T]: R), b= BV([0. T];R), Fe W
(0, T: X) and b(0) >0. Let v be a strong solution of (V) on [0, T1. Then v is
a strong solution of the DI
(I %JF BO) Ay = BO)G! V). 3(0) = vo, (0<Cf<T),

with the identifications :

DGO =2 sty 4 @00 100 4 03— stt — (s
(0)
(2.7) (i) f{&) = F'(t)
(iii) y, = F(0)
(iv) a = b’
{(v) r< LY0, T R) is defined by b(0) r - a'r= — a[b{0).
Conversely, let r<BV([0, T);R), felLY0,T:X), yocD{A) and
).

G be given by (2.7) (i). Let y be a strong solution of FDE (15 on [0, T). Then
y is a strong solution of (V) on [0, T, where

(i) F(t)y=y,+ Sf(s) ds

0

"o

(i) b(t)= b(0) +S AR

0

(iii) ﬁo) + aer=— b(O)r

(2.8)

The proof of Proposition 3.1 is straightforward. The assumptions on
b and F permit dcfferentiation a.c. on [0, T] of a strong solution v of (V).
The differentiated equation is then ,,solved” for 4y by means of the resolvent
kernel » associated with a=5" and the ,variation of constants” formula.
A known result about 7 is that a = BV([0, T]; R) implies that » « BV ([0, T);
R}, a fact which together with an integration by parts is used in arriving
at the formula (2.7) (i} for G(»). The converse i1s proved by reversing the
steps {for details see[7]). A part of Proposition 3.1 which motivates our
approach is contained in MacCamy {17] who, however, then studied (FDE)
by an entirely different approach,
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If & and F in (V) satisfy the assumptions of Proposition 3.1 it follows
from the definition of G in (2.7) (i) that «, 0 =C([0, TT; D(A)), then

1GE (O — GEON < (709 - var (2 [0, D —ols i1, (< 1T,

where 7 s the resolvent kernel corresponding to b'=a. Thus assumption
{2.4) of Theorem 1t is satisfied with -{s)==]r(0)] -+ var {» : [0, ). Morcover,
H f=F'eBV([0, T]; X}, (2.7) {i). (ii). (iii) imply

var (G(v}: [0 £y < C(1 -k var (2 [0,4])) (0t 1),
<C

and [IG(y) (04)]]

(F': [0, 1), #(0%). and var (r : [0,T); therefore, assumption (2.5) of Thearem
2 is satisfied. Thus applving Theorems 1 and 2 and Proposition 3.1
we obtain the following result for the Volterra equation (V) (for details see
{7]: there the result is stated somewhat differently).

C, where € 1s a constant depending on F(0), I'(0), v

Theorem 4. Lot A be an m-accretive operator on XN ; let b= AC([0, T :
R), ¥'=BV([0, T]; R), FelW"Y0, T ; X) and let b(0)=0. If F(0)eD{d)
then (V) has a wwique solution y on [0, T) in the sense thai ve((f0,
D(A)) and v is a nnigue solution of the FDE (1) in the sense of Theorent 1
Yo=F(0) and G(y) ddentified in Proposition 3.1. If 1n addition, I’ = BV ([0, ;
X} and F(0)=D(A) then the solution y 1s Lipschitz continuous on [0, 7.
If X s also reflevive then v is a strong solution of (V) on [0, T).

Tt is clear that Theorcin 4 can be applied to obtain a global existence
and uniqueness result for the Cauchy problem (1.1) with

’

T]
with
7]

t !

bty = m —}-R a(z)d=. m =0, and F{f)= _\",—i-Sf(r)dm Vo= D) (resp. D(A4)).

0

Equation (1.1) which represents a mathematical model for heat flow
in a material with memory, wasstudiedby MacCamy [17] byva Galer-
kin method for a particular case of the operator A =do, where g is a parti-
cular convex lower semicontinuous proper function on real Hilbert space H .
The more general equation (V) was studiced in a real Hilbert space sciting
by V. Barbu [2], (3 andby S. O. Londen [I5] for the case A=dg
andby G. Gripenberg [9]for the case of a maximal monotone opera-
tor on a real Hilbert space H ; these studies preceeded ours and in some
cases Included the case of operafor valued Kernels & which our method can
also handle easily. In cach of these papers (V) is studied by the following
approach : (i) repiace (1) by a set of approximating cquations {V;), A>0,
resulling from replacing the operator A by the Yosida approximation
Ay (1) show that the solutions ya of () satisly uscful apriori bounds (in
particular they form a Cauchy sequence) ; (iii) show that as » | 0+ the sclutions
¥ of (V3) converge to a solution y of (V) (iv) establish uniqueness. Qur
approach is simpler and yields miore gencral results.

We may, however, establish a close connection between Theorem 4
and the alternative methed used in earlier papers as outlined above by
appealing to our Theorem 3. Let >0 and define the Yosida approximation
A, of the m-aceretive operator 4 on X by

ON SOME NONLINEAR VOLTERRA FUNCTIONAL DNFPERENTIAL EQUATIONS 121

-

dyomin (= J3), frm= (1o 2A)

2
Ayt X =X s Lipschitz continuous, so a simple contraction argument shows
that the approsximating problem
{175) Wby F

has @ unique stropg solution 3y on 0, 7|, wnder the assumpiions: b e
€ L(0.T:R). and Fely0,T;X) By Proposition 3.1 1, is a strong
solution of

(FDI) %:—’ + &0) Ay v B(OIG(y), a(0)=F0).
r
One alse has im (I 4 pd,) 2= +pd) 'z for u>0, ve \,

xlo
Let 3y e this strang selution of (1753) on [0, T1; by Theorem 3 and Irepasition
3.0 the vy converge to yas 2] 0 in C([0. 7, ; X). where v is the selution of
(I} in Theorem 4.

We also remark that if the Volterra equation (V) has a strong solution
yon {0, T under the assumptiens of Thecrem 2. then from Theoren 2 and
Proposition 3.1, lim v, = v in C([0, 7] ; X) exists, where 1y 1= the strong

Lo

solution of the approximating cquation (175). However, under our assumptions
the solutions v, of (175) converge to a limit y as 7| 0, whether ov not (1)
has a strong selution. For this reason we refer to the solution v of (1) has
a strony solution. For this reason we refer to the solution v of (17) of Theerem
i as the generalized solution of 17 on [0, T7. This generalized soluticn is
a continous function of the data b, 4, I via Theorem 3 5 an explicit estimate
of the continuous dependence of the solution of (1) on £ is given in [7,
Theorem 3.

We should mention how the case A =do, where o H SR is convex,
bs.c, proper, is treated in thic present context. It follows from Theorem
4 and [5, Theorem 3.6] that the soluticn v of {I7) satisfics ' LY0. T ; 1)
if only [(0) & Do) and F' = L* (0. T ; H). I, however, one only has F(0) =
€D(p) and "€ L0, 7 ; H), then £y e L0, T ; H). This remark casily
gives theresult of Gripenberg {12, Theorem 27 and similarly a variant
of it [12, Theorem 3].

We refer to the remarks in (7] en how the case A{f) an m-accretive
operator an X for almost all [0, T, D{A(f)j=2D constant a.c. is handled
in the present context, and with the same proofs. These remarks give casy
gencralizations of Gripenberg [9, Theorem 2]; he subsequently
obtained such results independently Dy the alternative methed in {101 We
note also that Gripenberg [11] has obtained some existence results
for (I} in the case of seme special operators A (4 with 2A(A) nonconstant ;
these results are apparently not motivated by physical examples and appear
tather artificial ; sce alse Gripenberg [13] for a discussion of cvolu-
tion equations related to such operators by the methed of Evans [8).
. There are several known results for (1) in the case A4 —do where o
152 proper convex lIs¢ function : // —(—oc, o] which are closely connected
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to Therorem 4, and which wiakon the assumption ' = B1 [0, 7| concerning
the kernel b, S0 O, Londen and O, J. Staffans [16] show that
this assum tion may be replaced by the frequeney domain condition: there
exist constants «, £, such that

T
(.og sin (of) 0'() di < 2, @=R*, T<T,,
o
without altering the conclusions, The kernel

by =1+ S Tﬁin—l.[’.

1+
satisfics this frequency domain condition, and clearly d'(f) =¢ :sin—I & B1[0,T)
y :

for any T>0. Earliecr. Barbu (2, Theerem 37 used the assumption that
b is a kernel of positive tvpe on [0, 1] for T =0 sufficiently small to deduce
existence of soluticns of (1) on {0, ). In a different direction Gripen-
berg [12, Theorem 1 shows that the assumption 6" = K1I[0. 7] in Theorem
4 (also only for the case A=idp) can be replaced by o there existe 7,0
such that &' C{0. 7)) ;R) and & is nonnegative and nonincreasing on

. : . : . !
{0, Ty) with the growth of &' restricted by the inequalitv 8'(4) < ¢, log ;

on (0, 74} for some constant cy>0. I ane takes o(0)=1, &/} = — log ¢
(0¢<1}, '(7)=0 (/= 1}. onc sces that hm, b'(f)~ -Foo and it is also cary
{0

to show that the frequency demain condition of [16] is not satisfied. The re-
sults of [12], [16] are obtained by the alternative appreach.
Finaly we remark that our miethod can be used to study the nonconvo-
lution version of (17):
!
V() + Sb(f, sy Av(s)ds= F{) (0<t< 1),
0

where o, I are as in Theorem 4, and the kernel b defined on {(7, 5) 1 0<s<i<
< T}, with b, ) >0 and & sufficiently smooth. For details see [7) and the
thesis of C. Rennolet {18 ; similar results were obtained G. Gri-
penberyg [137 independently by the alternative approach.
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