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1. Introducticn. The main purpose ol this paper is 1o present sume
existence results obtained by the authors in the arvea of semilincar and
nonlinear evelution eqguattons, using fow-invariance techniques, results
extending those of Martin [3), Pavel [0]and Pazyv [9] Our paper
is very closely related to the works of Attouch 1] Grandall A
and Schiaffino [101. As we shall give a short sketch of proof only
for one of our theorems, we refer the reader to [7] and [8] for further  details,
examples and applications,

We begin with the basic notations and defliniticns we shall use in the
sequel. Let I be the set of real numbers. a, b, c.d. T € R, X a real Banach
space with the norm denoted by |- and ™ its dual with the corresponding
nerm || || H x =X and r =0, then S(vr) is the open ball with center v and
radius » and B(x, r) is the closed ball with center x and radivs r. If Be X
denote by B the closure of £ and by d(x, 53) the usual distance between x
and B, If BcX and Cc X are two nonempty and bounded scis, denote
by (8, €) the Hausdorff distance between 5 oand C) ieo: (5, C)=ini
{r>0; BA_S(v, 7): Ce\_S{x, n} It is well known that ¢(B. C)=0 iff

vel TEH

B=C. Let ®: X = X" be the duality mapping of X, Lo ®(a)={x"s X*
2*(x) = ||x|*= |x"|3} for all x €X. For cach pair (x, v) X = X let us define *

<N, x> =sup{<yv,w > wed(v}

In the definition above -<v, @ > denotes the value of s at v le, <y, w' > =
=w'{v) for yeX and w' X",

Definition 1. 4 set D X 1s calied locally closed. if for cach x < 1) there
exists v =0 such that B{x,ryn D 1s closed.

Definition 2. .1 set G X is called semi-locally closed if there exist
e,de€R, c=d such that

() G=\ D,

e €e, d[
e —
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(1) For cach x &G, there exists r>0 such that By, ry(\De ts clused
SJor all e [c, d.

(i) For rach vz 0, gp&{e.d] and x& Dy, there exists 820 such that
the mapping e—B{x, r)\D, is continuons in the Hausdorff melric on =z,
Ep ‘|‘sﬂ:(‘. d[

It is obvious that cach locally closed set is semi-locally closed but
the converse is not true. Morcover, all open sets and all elosed sets are semi
tocally closed. _

et & be a semi-locally closed set, G=\_J D and supposc that for cach

g E[a, b
t=[a b, F(¢,"): D= 2% is a nonempty, convex and weakly compact va
lued mapping, while D, D, c.X and \ =G,
e € a.d]
Definition 3. The wmapping I is callcd demi-closed if for cach sequence

{(ta, x}} 2, from D={{t, x)=[a, bl X xe D), strongly convergent to
(to, ¥y = @D and for each sequence {v.}e . with v, F{t, x,). weakly con-
vergent {0 e, 1f follows yo< Flf, x,).

Definition 4. The mapping F is called locally bounded. if for cach (4,
(x0) €D there ¢ xist 8, >0, 8,50 and M>0 such that /(1. X< M for all
(!, xye D with |t — 1< 8 and [|x — x| € Hfa-

Here we have used the notation:

(i.1) [ (6 )= sup il >l : y = F( 2}
Let us consider the following problems :
(1.2) )y s Ax(B) +F( {(0), a<i<T; xa) = x,.

where A : X - X generates a strongly continuous semigroup of lincar opera-
tors 5(4) and:

(1.3) )= A() ¥{t), a<ta< t<ty+ T x{ty) = xo ve= D(ty),

where for cach ¢ = [a. [, 4(¢) 1s a nonlincar operator from (¢} to X.

Definition 5. The continuous mapping x @ [a, 1| —G 1s a mild solution
Jor Eq.(1.2).if there exists a strongly measurable function f:[a, T[—X. such
that f(s) €F(s, x(s)) a.e. on [a, T and tn addition.

(1.4) (1) = S(t—a) x, I-S.S(t—s)f(s) ds. a<t=T.

It is obvious that when F is single-valued. our last definition vields
to the classical definition due to Browder [3]

Definition 6. The function x:{a, T{=X is a strong solution for Iq.
(1.3) if x is continnously differentiable on [a. T, a(t) D) for all t<ia, 1]
and x satisfies (1.3) on [a, T,

The next Section is concerned  with the hypothesis and the formulation
of the main results.

e e —
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2. Statement of the main results. We supposce that the reader 1=
familiar with the basic propertics of linear semigroups in Banach spaces
and we refer to [2] for the background material relevant to this subyjuect.
We hegin with the hypotheses we need throughout this paper.
(H) X is a reflexive real Banach space. _ .
(Hy) A:N—=X generales u strongly conlinuouns semigroup of lincar
operators S(t), with S(f} com puct for all 10, )
(H) G=\_D,1s a semi-locall v closed sef in N,
€ EM0.10 ] o
(Hy) G=\_JD 15 a semi-locally closed sef in X,
te € [a,b[ . .
(H)) F:[a, b[xG—2% 1s a nonempty, conved and  weakly com pact
valued mapping. Morcover, I' is demi-closed and locall v bornded.
(Hy) For each t = [a, b, F{,): D, —2Y s g nonent pl v, convex and weakl
wact valued mapping. Morcover, I is demi-closed and locally bounded,

oM _ _ ‘
= (Hg) For cach x =G t=a, b and == [0, 1 with x= Dy, it follows:
i i+k
(2.1 limlld(S(h) x—}—S S(e+ h—s) fli. 2y ds, Devsand |10,
RO

i
where Al denotes an upper bound of 17 in a fi.\cd‘nciullbc,lu:lmod of (1. 1),
while $= sup {IS@) . t=(0,b—al} and f(t, 1) is an arbitrary clement
in I'{¢, v} o o .
((Hg)) For cach x<=G, ta,bf for which x=lu Jollows :
£+h

{2.2) lim d(S(h) x—|—SS(f.+h —8) flt, Xy ds. D)= 10

hi0

where f(t, Xy 1s an arbitrary element in F(f, x).

We need also the following conditions

(1,) X is a real Banach space and X7 is Us dual, _

(1,) For each t ={a, b, A(t) : D(f) > X and the funclion (f.x) - A, v s
continwwous from D=4, xy=la, b[xX | x= D(N)} to X. '

(1) For each ({y. x) €D, there cxist v =0 and 10 such that the mapping
t=DHNB(x, 7) is nonempty, closed valued and continuous in the Hausdorff
metric on [fo, ta+7T]. ‘ N

(1,) For cach (t, x) =D and {{, ¥} €7D the following condition :

{2.3) <A{)x— Ay v, x—y=, < Ly G

holds.
(1) The mapping (f, x)=A{)x 1s compact from ) {0 N
(1) For each (1, x) D the following condition :

(2.4) lim d{x 4+ kAd{t)x, D{t-+h)h =0

hlO
holds.
Now, we are able to forinulate our main results.
Theorem 1 — Assume thet (H)), (Hy), (Hy), (Hy) and (Hy) hoid.
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Then, for cach xg &G there cxists '@V a, b sueh thal the problem (1.2)
has af feast a wild solution on [a. 1],

Theorem 2. — Assume that (H Sl (H o (Hy) . (HY) and (Mg hold. Then,
Jor cach xy€ D, there exists T e{a, b such that the problom (1.2) has af least
a wild solution on a1 .

Theorem 3. dssume that (1), (1), (1,) and (1,) are salisfiod.

Then, (1) holds if and only if for cach to=a, b and x,€D(t,) there
exists T >0 swch that the problem (1.3) has an wnique strons solution on T4,
ty--17.

Theorem 4. — dssume that (1), (1o}, (1,) and (1)) are safisfied.

Then, (L) holds if and oniyv of for cach {,= a bl and \OCI)(I..) there
exists 1 >0 such that the problem (1.3) hus af least a strong solution on
To. fo4 ol

Remarks. (1) Let us remark that if ¢ i< aper and (H)), (H.), (H,) and
(H,) arc satisfied, then (H,) is also satisfivd.

(2) Tt should be neted that if X is a Hillert space and D, in (/) are
open convex and bounded for cach ¢ = (o, UL, thien (), (H.). (Hg} and (Hyg)
implics {/15). A simple proof of this fact may be obtained by using Lemma
2.1, and Lemma 3.1, from 11

(3) 1L () in (1) are open. cenvex and hounded for cach i & (o, b[ and X
is a Hilbert space, then, using the lemmas cited before. one m: ay casily
deduce that (1)), (1) and (I;) implics (Iy).

As the proofs of the theorems 1, 3,04 may be found in (77 and 87
we slm“ indicate in what feliows only a shert sketeh of pmc 1 for theotem 2,

. Proot of Thecrem 2. — Lot x, <D, From (H}) (see also dedinitien 2
(i)}, it fu]l(m'_s that there exists # 0 such that 13(\0 r)ﬁD,, 15 (lused. Using
(Hg). namely the locally closedness asumption on 7, one mav assert that
we can choose 1 -0 small cnough and a-<i<b such that the restriction of
o De-={{t, v) ‘a.f xX: xeD,} is bounded by a constant denoted by
M —t. Mere precisely, one has{|FF(/, Mi< M — Horall (/. x) = 7. Choose

T e 1a.¢[ such that:

(3.1 a4+ Mo and max ||S{(H vy — x|l - W Ty <

LED, Ty)
where Ty 7' —a. Let us remark that 7 may be chioosen small enough such
that in addition for each t=a, T7, B(x,. r)(D, is closed and the mapping

t—I3(x,. YD, is continuovs in the Hausdorfl metric on . 71 One may
supopse without loss of generality that :

(3.2) sup [[ S st

LE[M To)

IFix a Ildtllldl number 2 and define the appm\lmduon of the solution
x,. as follows;. Put #ea, a3+ v, and suppose that we have (onstmcted

x, on [a. ] wherc V(i) = an, with ate D for all j==0.1 ., 7. If p<T,
then choose the largest number P €0 Hfn| which for:
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(3.3) d(5(d?)xr4- S S{-t- d} —s) fliP, A7) ds, Dinsup) < 2201,
‘ﬂ

§
and f--di=t0, < T

In (3 3) fU7r, «f) is an arbitrary element of F(?, +2). The existence
of such o7 is ynaranteed by (H;), Now, we are able to define vhyoas a fixed

clement of Dpyge (Whose existence f()!lm\s from (3.3)) which for:
+ L}

no.an
t'--rdi
n

! I
(3.4) ‘}'il S{dr)ap +§ S -RdP — sy FIP, AP ds— 17y, f, = dFn
i . ]

i

It is easy to verify that for cach ne.N and re N, v = B(x,, NNDe.

t"‘ £t
Denote by pr a% (x4, —S(dP)a? S S(er 4+ df — ) (i, ap) ds) and
i "_n
define :
]
{3.5) Tty = S{{— MNP+ s St s) f(tr, xPyds + (¢ — 1) p1
7

for f=[2,4%,]. Let us remark that x,(/} = &7 and thercfore x, is conti-
nuous on its domain. Morcover, x, may be rewritten under the following
form :

i1 g
lt) = S(t—ua 1[,—}—28 (t —s) f{n, a2 ds+5 S(t — ) flip, x®) ds &
(3.6} s o
=1

+ E (ij+l = _1‘ (! !}‘+1)P1 ( f\n) P?

for f= [, {7,]. Define the step functions a,(s) = 2 for se [P, 8, [a ()~ T
and let us observe that from (3.6) we get :

t

(3.7 ¥alt) = S(t—a)ax, + 3 S(t—s) fuls) ds + g, (1),

where fo(s) /{7, a2y for all =2, 3,0 and the function g, is defined by :
i—1

Elty="% (B — 1) S(¢ — 2} P31 (¢ = 1) 2. It is casy to verify that
i=0 _
[ #2ll<1/n and consequently ||ga{) < (¢ — @)/n for all t=[a, T').

% MMatematica



130 NICOLAE H. PAVFL and TOAN 1. VRABIE i}

Thus, we have constructed the approximation of the solution x, given
by (3.7) and we shall’ prove that for sufficiently large », x, is defined on
the whole interval [a, 7 1. First of all ene has to prove that for n =N, large
enough. the sequence {a?l=, is strongly convergent to an clement x* = AL

I'o this end, let us observe that the sequence (27172, 1s a Cauchy sequ-
ence. This simple fact, the proof of which we left to the reader, follows di-
rectly from the boundedness assumptions and from the fact that{— 5(¢) 1s
conttnuous in the uniform convergence topology for ¢ -0 (as 5{f) is com-
pact for [ = 0).

Now, we have to verify that for n e, large enough, the sequence
{tM =, converges to T, ie., that by the construction above one may cover
the whole interval [«, T']. Suppose, by contradiction. that for a fixed neN
for which lim »P =" cxists, one has:

oo

Ydj=d<T, ie, aty d=<T.
4=

i=1

Let us consider the sct W of all weak cluster pointsof {f{(ff, a?}a,

which is nonempty as X is reflexive and {f{f, a7}}2, is bounded. Morcover,
from (Hj) one has WC F{a +d, "). Let us choose fla -+d,x") in 1" and consider
k small enough in ]0,1/a]} such that:

e+d4h
(3.8)  d(S(h) x"+55(a+d,+ B s} flatd, ") ds, Dyraen) < hfdn,
a+d
and a-+d - h<T. Let us consider also the SequUences ;

o,
“"!h

o S(h) a2 +85(z;= Fh—s) S, xP)ds,

n
4

thoh-e

rP(e) = S(hjxP + SS{{;‘ + h—s) [l 27} ds.
5
Then, one may easily deduce that

t?-?-h -
wp(c)— S(h) x{'-{-S(s)SS(l}‘ ks —e) fl, AP)s
18

and therefore, as S(g) is compact and {f{#f. af)12, is bounded, we con-
clude that {of(e)}z, is precompact in X. By a simple evaluation, we
get also Jo? —uP{e)< (M — I) «. relation that, in virtue of the last remark,

implies the precompactness of {vflf,.
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Then, there exists a convergent subscquence of @8l desizned by

{3 ey, such that in addition {f(e2, ¥} )2, converges weakly to fla 44, ")
Faking into account the unigqueness of the weak hmit we get
a:dvh

lim of = S{h) 1" +S Sla-t-d4-h—s) fla--d, ") ds.

k -+ w0
a4d
On the other hand, as £ — B{x,, ) N1, is continuous in the Hausdorff
meliric, one may assal that (3.8) and the relation above imply

S eh
(3.9) A(S(h) a7 + g S(p 4 h— ) f(t2, 87) ds, Do) < Bj20.
"
for infinite many ¢ =V,
But let us remark that (3.9) contradicts the maximality of d% and there-

fore d <7 cannot hold. Then, we may conclude that for cach n €N which
for {«7}2, is convergent, im =1

=
Now, we shall prove that {x”}:‘_l given by (3.7) is relatively compact
in Cla, T;X) for a<T<T. As {g )= is strongly convergent 1o 0in Cla, T3
X), it suffices to show that one may apply the infinitc dimensional version

of Arzela and Ascoli’s Theorem for the scquence {v 1=, where

Vol =\S{t— 5) fuls) ds.

SR TN

It is easy to verify that {ya= is uniformely bounded and equi-
continuous on [@, T1. We have only to check out the precompactness of
{v.(O}z, for cach t=]a, T]. Let £<]0,(—af and define:

(Sl ] i—e

{(3.10) VE{l)= ‘S(t— s} fa(s) ds= S(s)SS(# —s5— g) fa(5) ds.
As S(g) is compact for 2 =0 and {1~ is uniformely bounded, (3.10)

shows that {y¢(#)}; ., is precompact in X Let us observe now that |[v, () —

v (< (M —1)e and therefore {ya(f)}2,, 1s precompact in X.
Finally, we shall prove that one may chotse a subscquence of {x}r_,

strongly convergent in Ca, T ; X) to a mild solution of Fg. (1.2).

To this end let us consider a strong cluster point x of {x,1=_, inCfa, T X)
and let us observe that { /1= is relatively weakly compact in L¥a, T .X).
Let fx e be the subsequence of {v 1=  that converges to x and consider
(s} the set of all weak cluster points of {£,(s)}7_,. Therefore, (s} isnoncmpty
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and contained in F(s, x(s)) for all s=[a, T). Now, choose a subsequence
of {/ 1, denoted again by {faetieys weakly convergent in L¥a, T;X) to
some function f.

Then, as F is convex valued, sy F(s, x{(s)) for all sela, T, it
follows from a technical result due to Kato {sce [7], Lemma 2.7)) that f(s) =
€F(s, 2(s}) a.e. on [a, T

To complete the proof we have only to remark that ;

()= S(t— a) x, S.S(t s) f(s) ds

and also that for each t€la, T'] x(1) =D,. These last two relations follow
from standard arguments involving the properties of the weak limit and
from the construction of the sequence {x
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SGLVABILITY OF SEMILINEAR ELLIPTIC BOUNDARY VALUE
PRUBLEMS AT RESONANCE VIA THE 4-PROPER TYPE GPERATOR
THEQRY")

BY

W. V. PETRYSHYN"*)

In this talk, part of which is based on (1], we show how the theory
of operators of A-proper type ** is used to establish the solvahility of abstract
and differential equations

(1) Lx4Nx=f (veX, feV),

for a given FinY, where X and Y are real Banach spaces, L "——"'L(X, i) 15
A-proper with the null space N{L}#{0} and ind (L)=0 and N: XY is
a nonlincar map such that L +N is weakly A-proper, ||\ TR (B asg f|xff —o0
and N satisfies various asvmptotic positivity conditions which have their
origin in the existence result of Landesmar and Lazer [2] and
the subsequence papers of [3—117 and others. It will be indicated in §1
(for more details sce [1]) that the class of weakly /-proper maps =L 4-N
1s not only well suited for the problem at hand, but it is also large enough
so as to allow us to extend and unz/v the abstract results of [3] {ind luding

some in [4, 5. 6]) with some of [7, 81 (and [9] if the linear part is bounded).

Using our abstract results obtained in [1], some of which are stated
in §f, we show how one establishes the existence of strong or weak solutions
for clliptic equations when the nonlinear part -V depends on the highest
order derivatives (without being Lipschitzian with respect to them as in
7. 8) or the underlying domain in R is uuboun(lgd so that NV is neither
compact nor set-contractive. In this talk we are primarily concerned with
applyng our results to those Boundary Valuc {BV) Problems to which the
abstract results of other authors need not apply (sce {13 for other cxamples.).

In §2 we discuss briefly the existence of strong solutions for two elliptic
Boundary Value Problems which have been treated in detail in [1]. Problem
A, which is of the form

*) Lecture presented at the Romanian-American Scuninar on Operator Theory and
Applications, 20— 24 March 1978,

** Supported in part by the NSF Grant MCS 75-02717. )

** See § 1 for the delinitions of varions notions, Examples, the precise statement s
of the results mentioned here and their relation to results in this area obtained by other anthors
when N is of a particular type.



