132 NICOLAE H. PAVHEL and IOAN 1. VRABIE 8

and contained in F(s, 1(s)) for all s=[a, T]. Now, choose a subsequence
of {f}e., denoted again by { foetin, weakly convergent in L*a, T;X) to
some function f,

Then, as F is convex valued, W(s)eF(s, x(s)) for all s<la, T, it
follows from a technical result due to Kato (see [7], Lemma 2.7.) that f(s)e
€F(s, 2(s)) ae on [a, T)

To complete the proof we have only to remark that :

a(ty= S{t— a) xy 4 SS(t s) f(s) ds

and also that for cach t&(a, T'] x(1) =D, These last two relations follow
from standard arguments involving the properties of the weak limit and
from the construction of the sequence {x {=
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W. V. PETRYSHYN**)

In this talk, part of which is based on {13, we show how the theory
of operators of «-proper type ** is used to establish the solvability of abstract
and differential cquations

. Lx+4+-Nx=f (veX, feV),

for a given fin Y, where X and Y are real Banach spaces, 7 -'-—:L(_-‘}', l'_) 15
~-proper with the null space N{L)#{0} and ind (L) =0 and N: X —+Y is
a nondincar map such that -\ s weakly A-proper, ||\ Al =0 as x| =0
and N satisfies various asymptotic positivitv conditions which have their
origin in the existence result of Landesmar and Lazer (2] and
the subsequence papers of |3—11] and others. 1t will be indicated 1n N
{tor morc details see [17) that the class of weakly sl-proper maps T=/ +N
1s not only well suited {or the problem at hand, but it 1s also large enough
so as to allow us to extend and unify the abstract results of (3] (including
some in [4, 5. 6]} with some of [7, 8] (and [91if the linear part is bounded).

Using our abstract results obtained in [1], some of which are stated
in §1, we show how one cstablishes the existence of strong or weak solutions
for elliptic cquations when the nonlinear part A depends on the highest
order derivatives (without being Lipschitzian with Irespect to them as in
.7, 8} or the underlyving domain in B* is unbounded so that N is neither
compact nor set-contractive. In this talk we are primarily concerned with
applyng our results to those Boundary Value (BV) Problems to which the
abstract results of other authors need not apply (sce [1] for other cxamples).

In §2 we discuss briefly the existence of strong solutions for two eiliptic
Boundary Value Problems which have been treated in detailin [I]. Problem
A, which is of the form

*| Lecture presented at the Romanian-American Seaninar on Operator Theory and
Applications, 20—24 March 1978, 3

** Supported in part by the NSF Grant MCS 78-02717, )

“* See § 1 for the definitions of varions notions, FExamples, the precise statement s
of the results mentioned here and their relation to results in this area obtained by other authers
when N s of a particular type.
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[£%3

—Au—g(x, Vi, Q) +Hh(a) (1) (x<=0)
(A} du 0 (x=d )

i,

was {irst studied in [81 by means of the degree theory for condensing mappings
We inclnde this example here to indicate the differences in assumptions
on the function g(x. Vi, A} for the respective abstract existence results
(8 and in [ 1] to be applicable. In Problem B the abstract result is modelled
on situations which arize when one attempts to treat semilinear elliptic

problems on unbounded domains in R* which are of the form
(B} Au—nu +Nuf (= D(A), fell, nek),

where A s a Hilbert space, 4 a densely defined, positive definite, self-
adjoint operator whose cssential spectrum 6,(4) is bounded below, and

NoD(ABY I is sueh that N=N, 4N, with N,

compact and N, monotone. Detailed proofs of the results snammarized in
§1 and §2 can be found in (1], Theorem 1.5 in §1 is new.

Section 3 contains new results in the sense that using the theory
of weakly A-proper mappings we are able to establish the variational sol-
vabilitv w.r.i. a given subspace 7 of WHOY (12 WMQ) of the elliptic
BV Problem

(C) Y, (=D ialD¥(axp(x) D) + Y (= 0ED%ba(x, 2, ..., D™n) = f(a)

‘xaBgm 2l gm

under conditions on the functions b, :Q><RS’"—>I\’ for |x|<m which are
different and. even in special cases, are weaker than those imposed in
7] and {10 We also show that the main result for Equation (C) obtained
in [7, Theorem 3] and in somc the result in [10, Theorem 2] follow as special
cases of our Theorem 3.1 but the theories used in [7, 107 for the more restricti-
ve maps N determined by the nonlinear part in Equation (C) cannot he
applied to the more general situation treated in Theorems 3.1 and 3.3.
See the second half of §3 for more details. Let us finally add that our results
for Equation (C} gencralize those in [2, 3,6, 11] and others to the case
when the nonlinear part is also of order 2m. This is shown in Special Cases
of this scction.

Finally let me make a general observation concerning the abstract
results for weakly A-proper mappings stated in Section 1 which we believe
provide sufficient motivation why mappings of A-proper type should be
studied. We do not agsume that the generalized inverse of L or the resolvent
of L is compact nor do we assume that N is compact, monotone or condensing.
Consequently, from the point of view of applications where X and Y are
usually separable spaces and a set-contractive map V: X =Y is also ball-
contractive, our thecorems in Scction | are proper extensions of the corres-
ponding results of the authors mentioned above and, as will be indicated
in Sections 2 and 3, in some cases they are applicable to PDE’s under conditi-
ons on .V which preciude the applicability of the abstract resultsof the other
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authors. Morcover, their arguments cannot he applied to the solvability
of Equation (1} when L 4N is weakly A-proper,

¥ Let §X. ¥} be real Banach spaces with a projectionally complete
scheme P={,, P Vo, ), e Al eX and Y,le ) are sequences of
oriented finite dimensional spaces and 7, NN and 0, : Y =¥, are pro-
jections such that dim X,=dimY, for cach neN, P v—>x for cach 1=\
and Qpy — v for cach vin ¥. When X and ¥ are Hilbert spaces the projections
{9} and {Q,} arc assumed to be orthogonal,

It was shown by the anthor in [1] that the following class of maps
is not only well suited for the study of the existence of solutions of semilinear
cquations of the form (1) but it also large enough so as to allow us t6 extend
and unify the abstract existece results of [3.4,5, 67 with some of those of
7, 8. 10] obtained by these authars for special classes of maps satisfving
different conditions and using various types ol arguments. We also indicate
the extensions of some results in (9] when the linear part is hounded but
its generalized inverse is not necessarily compact.

Definition 1.1. T : X =Y 45 satd lo be weakly A-proper (resp. A-proper)
wrd 'if T,=20,T|X, : X, =Y, 15 continuwons for cach ne N and if {.\',,J] Va, S
e X, .} s any bonnded sequence such that T,,I(.\'ﬂj)—rg Jor some g in Y. then

5 i . AT e ‘e (1
fhere exist a subsequence npps and x 1 N such thal Yoy~ X EN (rusp.

Ny ¥ in N) and Tx=g, where .= and , = denole the weak and strony
convergence vespectively.

We restricted ourselves to projectional schemes since these are the
ones which we shall use in scctions 2 and 3. However, the resulis obtained
in (1] arc valid for the more general admissible schemes (see [17). The gene-
rality of the class of weakly A-proper maps is illustrated by the following
examples (others and the definitions of some of the notions used here will
be given later).

Example 1. All A-proper maps. This class includes compact and ball-
condensing vector fields, P-compact maps, maps of type (8) and (KS) as
well as of strongly A-monotone or accretive type (sec [12, 13]). Extending
a recent reselt in [14], it was shown independently in [13] and in [16] that
the class of A-proper mappings also includes the maps 7 : X - X of the form
T I —F 4-M 4-C, where Fris ball-condensing, M is accretive and continuous,
and C is compact. The interesting feature of the Jatfer class is that neither
the theory of accretive nor condensing type maps is applicable to equations
involving the above class of maps. We shall sce in §2 that Problem B leads
to the equation involving such maps.

To state further examples of weakly f-proper (but not A-proper)
mappings, we need the following notien which is due to [17] when Yo\
We say that 77 : X =Y is of £ype (KM) provided the following conditions
hold :

() If vy}—xin X, Tx;—gin Y and lim (1'x,. Nx)<(g. Ka), then Ty—g,
where for the sake of simplicity we assume that K eL(Y. ¥*) and K(R)
Is dense in ¥

(i} 7" 1s continuous from finite dimensicnal subspaces of X into ¥
cquipped with weak® topology.
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Exampie 2. Let X be reflexive and I' such that QR x=~Kx forall v=X,
and cach n=N, If T: X =Y is cither weakly continuous or bounded and
of {vpe (KM}, then T is weakly A-proper wot. I' and T(B(0, ¢)) is closed
for cach p=it. As a special case we see that when V=X" and K=/, then
T: X=X is weakly A-proper whenver 1 is of type (M) and, in particutar,
when 77 is either monotene, pseudomonotone, semimonotone, or weakly
continuous (sce [1]). '

Our next example indicates the class of semilincar weakly f-proper
mappings which appear in sections 2 and 3 in our applications of abstract
results from section 1 to clliptic BV Problems,

Example 3. Suppose X is reflexive, I' such that O Kv=Kx for v X,,
Lel(X.Y)is d-proper w.rt. I,V X =Y bounded and of type (KM)
or weakly continuous and € : X =Y completely continuous. Then [ 4N ¢
is weakly .4-proper w.r.t. I provided o{x)= (Lx, Kv} weakly lower semicon-
tinuous on X. The latter holds, for example, when K=, A, with A, A, =
eL{XN.Y") such that {Lx. A4,x)20 for x=X and ., compact (sce [1]).
) To state our results we recall that A €L(X, Y) is called Fredholm
if d=dim N{4} <oo. R(A) 15 closed and its codim d*=dim N{A*} <. The
index of A is defined by ind (4)=d -d*. A ncnlincar map N : X -V i3
asvm ptotically zero if | Nx||f|| x[i=0 as || x]l—oc or, cquivalently, N{x)=s
=0(lx]) as ||a) —oc.

The proof of the basic existence Theorem 1.2 helow for Equation (1)
when N(L)# {0} is based on the following result which has an independent
interest fsee [L]).

Theorem 1.1. Suppose A=L(X.Y) is A-proper wrt. T and tnjeclive.
If N X =Y is asymiptotically zero and T=A +N 1s weakly A-proper w.rd.
U, then the equation )

{1.1) Ax+Ny=/f

has a solution tn X for cach f in Y.

Employing a perturbation method used in similar situations by other
authors (e.g. (3,9, 21}) and Theorem 1.1 we first proved in [1] the following
general existence Theorem 1.2 below for (1) with N(L)# {0} and then used
it as a basis for obtaining cxistence results for the general class of weakly.
A-proper maps T=L +N with N satisfying certain positivity conditions.

Theorem 1.2. Suppose L =L(X.Y) is A-proper w.rd. 1" with ind (L)=0
and N :X =Y is such that T—=L N is weakliy A-proper wort I, N(x)
=0{||xl) as x|l and T{B(0,¢)) is closed for cach p=0. Then we can
construct a compact map C=L(X,Y) such that

(1.2) Ly+Nx=f (seX.feY)

ts solvable for a given fin Y provided that

(A} Either the set St={x, € XjLx, +MCx4+-Nae—f=0, 104 or
the set Sp={x, e X|Lxy +0Cre—[f=0, %—>07} is bounded by a constant in-
dependent of k.

The map CeL(X,Y) mentioned above is constructed as follows.
Since ind (L)=0, i.e., d =d*, there exists closed subspaces X, of X and Y,
of ¥ with dim Y,=d such that X=N(L)®X, and V=Y ,®R(L). Let M
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be an isomorphism of N(L) onto Y, [’ a projection of X onto N(L) and
act C— AP, Note that since [ is 4-proper and C e/ (X, Y) compact, [,
=1 11C is A-proper and injective for cach 20 while LA4ACH-N romaing
weakly _f-proper for cach 2#0. Thus, for each k=N, the equation

(1.3) La4mCri +Nx=f (=07 or %=07)

has a solution for cach fin Y Ly Theorem L1 and so the test of Theerem
1.2 follows.

It was shown in [1] that the boundedness condition (A} 1s satisfied
if in addition to the growth condition N(x)=0(lv]) as l¥]| =0 one also
assumes that N satisfics cortain asympiotic positivity cenditions. Such
conditions have their erigin in the existence result of {23 for PDE’s, and
have since been considered by many authors including those in [3--11].
For numerous other contributions, where the solvability of kquation (1)
is studied when A(L)#{0} via the Lyapunov-Schmidt or the Alternate
Mcethod, sec the supplementary bibliography.

The basic consequence of Theorem 1.2 obtained in | 1] is the following
result which. as was shown in [1], extends abstract results of [3.4.5, 6]
and some results of [8] and of [9]. In preparing this talk we also found
that the recent result of [107is included in [1] and the relation exists between
those in [7] and [1].

Theorem 1.3. Suppose Y 1s a Hilbert space, Lel(X.Y) is A-proper
wrd U with ind (I)=0, N: XY is suck that T=L+N s weakly A-
proper wr.t, I and T(B(0, g)) ts closed for cuch p>0 and M is as above.

Then, for a given feY, Equation (1.2) 1s solvable provided one of the
following conditions holds :

B (1} N(x)=0(al) as ||x||»co and

(2) Either im (N, ; My)>(f. My) o lim (Nx,: M) < (f. Mx) whenever
{:} e X is such that || Jt—c0 and x| =y € N(L).

CY |V ¥ al|xf* b for x =X and some «= 0,1 and a. beR*.

(2) Either Him (N (fye i), My) >(f, M) or lim (Nitiye e, My) <
< (f, My) whenever v sN(L)noB (0.1} and seqitences $hye R, {w) e N(L)
and {53 X, are such that y,—y n X, tio oo and |z)|€c for all keN
and some c= R,

b (1) Condition C(7) holds and

(2)  Either lim (Nxp, My)>(f, My) or lim  (Nx. A0v) <(f Ay
whenever {x}c X 1s such that ||Px;lj—ew and PxifiPx )=y sN(L).

It is shown [1] that either the set SF or the sct S is bounded by a
constant independent of & if onc of the above positivity conditions holds,

Remark 7.1. 1 N is also continuous and 1=/ 5N is A-proper, then
Theorems 1.2 and 1.3 hold without the assumption that T(510, £)) 1s clused
since. as was shown by the author (see [12]), cvery conlinuous A-proper
map is proper and, in particitlar, T{3(0, &) is cosed in Y. o

Kemark 7.2. Assuming that X <Y and Y =N(L)@R(L) the conditions
B(1)—B(2) (with B(2) in the cquivaient form B(2)": lim (N v)y>(f. v)or
lim (N, ) <(f, y) whenever |[x]|—o and aflv)—ve N(L)) were used
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in (8] to ecstablish the solvability of (1.2} when N: X—1Y is such that
N({L+O) ' Y-V is condensing.

When X is a Hilbert space and Y=.X, conditions C{t)—C(2) were
used earlicr in [3] as extensions of the hypotheses used in [4, 6] with N
compact. We add that when N satisfies (C1), then the positivity conditi-
ons imposed in [6, Theorem 2.3] and in [8, Proposition 2.5] imply {D2) of
Theorem 1.3. The positivity condition in [10, Theorem 1] when =0 in
(C1) also implies (1D2).

To indicate the gencerality of Theorem 1.2 we state an extension to
weakly A-proper maps T =1 +N: /[ =/ one (for others see 1) of the
numerous results obtained in [97 for a different but related class of maps.
We assume that # has a projectional scheme T'={X, P} and following
[9] we denote by a0 the largest number snch that {Lx, a)z —e Y[|Laj?
for xell.

Theorem 1.4. Suppose L =L{H, H) 15 A-proper with N(L)y=N(L"),
T=L4N is weakly A-proper, Nx=0(x]) as |rfi-co and T(B(0,p)) is
closed for cach g >0. Then, for a given fe | Equation (1.2) 1s solvable provided
that

e

E (1} (Ny—Nyv, 0)z - [Na[P—=C(») Vx, veH und some positive v <a,
where C(v) 18 independent oj" X,

(2) lim inf (N(t), ©)>(f. %) for x&BE=N{L)n 2B, 1).

Theorem 1.4 is related to [9, Corollary 1. 7] where it is assumed that
L D(Lyc Il - H isunbounded but (A L)™' H—-H iscompactand N : [{ -
- /4 1s monoteone.

As the first consequence of Theorems 1.2, 1.3 and 1.4 for special maps
N digcussed in Example 3 we state the following corollary which includes
a number of special cases mentioned in the Introduction,

Corollary L.1. Suppose X. K and ' are as in Example 3, LeL(X,Y)
ts A-proper wort. T with ind (L)=0, N: X =Y is such that Nx=0(ix]}) as
||| =00 and one of the following threc conditions holds:

{(H1} N is compact,

(H2} N s weakly continuous,

(H3) N is bounded and of type (M),

Then Equation (1.2} has a solution for a given f<Y provided condition
(AY of Theorem 1.2 holds or Y is u Hilbert space and either (B), (C) or (D)
of Theorem 1.3 holds. If X=Y=H, the assertion is also truc when (E) of
Theorem 1.4 holds.

Corollary 1.1 is proved by showing that in cach of the above cases
the map T=L+N is weakly A-proper and T(5(0, ¢}) is closed for cach
& =>0.

Special cases. If Y=X* and X is reflexive, then the natural choices
for K and " arc K= and '={X,. P,; Py{X,), 7} (or ' is an injective
scheme {X,. V,; X5, Va} as in {1]). In this case ¥ in (H3) is of type (M)
in the sense of [ 17]. This class includes all monotone, scmimonotone, pscudo-
monotone and weakly continuous maps. Hence Corotlary 1.1 is vaid for
these maps N 0 A X"
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In case ¥Y=X=1/, Corollary 1.t cxtends essentially Theorems 1,
2 and 3 of [3] as well as the corresponding carlier results of [4, 67 where
N is compact.

If Q is anv bounded set in X, then th ball-measure of noncompactness
of (0, x{Q}, is defined by y((Q)=inf {r>0]Q can be covered by a finite number
of halls of radiigr}. A continuous map F : X > X is k-ball-contracitve (resp.
ball-condensing) if y(F(Q)< ky(Q) for all bounded ¢ < X and some k=0 (resp.
1(F(0)) < 7{0) whenever %(Q)#0). For the survey of the theory of these
classes of mappings sec [24].

It was shown in [1] that if {X,, £°,} is a projectional scheme in X,
LelL(X,Y) is Fredholm of inf (L)=0, Y,={L +C)(X,) for each neN,
where C & L(X, Y} is compact map appearing in Theorem 1.2, and Q,: Y — Y,
a projection with [}Qn]l = 1 for cach u, then I is d-proper w.r.t. projectionally
complete scheme I'p=={X,, P, ¥, U} for (X.Y). Moreover, if N is
such that N(L+C)™':Y¥ =Y is ball-condensing, then L +N 1s A-proper
w.r.t. I',. Consequently, Theorem 1.3 includes (8, Proposition 2.4 and 2.5%.

We note that Theorems 1.2 to 1.4 are also applicable to Equation (1.2)
studied in [7] when F:X =Y is k-ball-contractive with k<0, ¢[0. (L}),
where e(L)=sup {r> 0|y (Q)< y (L(Q)) for cach hounded (=X} since,
as was shown by Hetzer (sce [7,22]), ¢(L) =0 and, as we shall sce m {3,
L+N is A-proper w.r.t. I') under these conditions.

Finally let us remark that [10, Theorem 1] follows from Theorem 1.3
when Y=X=H, with H scparable, since the assumptions in [10] that
I and T=L 4N are of type (S) (i.c. if x,mxin H and (Tx,—T'x, ¥y~ x) =0=
=x,—% in H) imply that they arc A-proper {scc Example 1), while our
condition (D)) with =0 is implied by the conditions in [10] that R(V) is
bounded and either e(w)=(f, w) {or e(w)<(f, w)} for we By, where e(w)—
—lim (N{u-+tw), w) uniformly for w = Bf and |jull<d for cach given d=0-

[ By

In preparing this talk the author noted that Theorem 1.1 admits  the
following nontrivial and useful extension. To state it, first we recall that
a continuous map N: X =Y is called guasthounded with the quasinorm
N f [N lim  sup {||NVaflfiafl}] o0,

& |- = ) .

Theorem 1.5. Suppose AeL(X.Y) 1s A-propor w.rd I and injective.

Then there exists a constant >0, such that if T AN X Y g5 weakly
A-proper and |N| <<y, then the equation

(1.4) AxdNo=/

kas a solution 1n X for cach fin Y. . .

The proof of Theorem 1.5, its application, and its possible use in the
study of the solvability ef (1.2) when N{(L)# {0} and N is quasibounded
will be given elscwhere, ‘

$2. In this section we indicate how the recits of {1 arc used to cstablish
the cxistence of strong solutions for two tvpes of BV Problems studied
in 1.

Let Q< Kk be a bounded domain with sulliciently smooth boundary
#() so that the Sobolev Imbedding Theorem holds on (. Let WRQ)=WE
be the Sobolev space of all real functions #(x) such that u and its genceralized
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devivatives D% = LXQ) for [al< m, where D*=DM e - - . M0, a=(x, . «

5 . 5 i 3 A )
Is the multiindex with jaj=a, - Ja, WP isa separable Hilbert space
with the inner product and norm

<, 0= Y, Sf)“ui)“z'd.r, i = -=a, u (1,0 1P,

e L]
W
Lct_lt'g' be the subspace of 1P, which is the completion in the H-norm
of Cé (©), the sct of infinitely differentiable functions with compact s_uppcn't
in Q.
Probiem A, To cempare our existence result [1, Theorem 3.1] with
that of [8, Theorem 3.7] we {first discuss the solvability of

—Au(x) —g(x, Va{x), Au(x)) +h(n(x)) 1) (xe=0)
(2.1) O (=0 (x<00),

a7y

which was studied in [8] wnder rather restrictive cendition on g and the
Sobolev Spaces. We present it here in order to contrast the applicability
of our Theorem 1.3 for A-proper maps with the results in [8] for k-ser-
contractive perturbations. To state the conditions en g and % under which

(2.1) has a solution in 1P for each £ in LYQ) we let X = {ne Wp . ou

Y

for .‘l‘EaQ} and Y= L¥Q). Let L1 X Y be defined by Lu=—Au for u e Y,

It is known that N(L) consists of constant functions, R(L) consists of those
functions whose mean valuc is zero, ind (Ly=0, Y =N(L)}pR(IL)and K=] &
+1: XY is a linear homcomorphism, where I:X5Y is the inclusion
map which is compact by Sobolev Imbedding Theorem. In what follows
we use |'ll, to denote the cquivalent norm in X given by [e)]lg = || & 2|, ..

Let {X;}e X be such that dist (4, X,) = 0 for each #= X and
let Y,=~K(X,) for neN. If P,: A-X, and Q,: Y=Y, arc projections
then I'y={X,, P’,; Y, (,} is complete for (X, Y). Since '

(2.2) © {(Lu, Ku) 2 ||0|f —|[e]}. for all weX

and " is compactly imbedded in L2, it follows from (2.2) and the assertiun
(1]3) of Theorem 3.1] in [12] that L : X =Y is Ad-proper w.r.t. I',. Assume
that

(al) g: QX R"X K —R is continuous and there are w<[0, 1) and p e L?
such that Jg(x, 7, s)|<o(x) for (v, 7, s) QX R*x K and (g(x, 7, s;)—g{x. 7,
Sol) (Si—$2) 2 —utls,—su|* for (x,7)€(Qx E* and s,,s,€R.

{a2) h: R—=R is continuous and there are a, b€ K+ and $<(0, 1)
such that |h(s}|<a--b)s/® for s€ R and lim k(s)=cc, while lim 4(s)= —co.

If we define C,G: XY by Cu=h{u(x)) and Gu—g(x, Vi, Au) for
# =X, then (a2) implics that € is compact and NCull s Mot —0_ as |zl — o,
while (al) implics that G is continuous, R(G) is bounded and for «, v e X
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(Gut ~Gu, Ku— Kz) 2 — ul|A(u—vfffa— 2|\t —2l| 1o +-
g(v, Vu, Ap) —g{x, Vv, Av),  An—Avy),
where p=|g|l . From (2.2) —(2.3) we get
(L +G)u— (L 4G) v. Ku—Kvyz (| = w)ju—v§—lln—vli—
(2.4 —2pliu—l) s Hglx, Vi, Adv)—g(x, Vo, Av), Au—2v) for u, 1=\,

In view of (2.4), {(J3) of Theorem 3.1] [12] implies that L +G is .1-proper
w.r.t. I'y and so is the map 7 =L 4N with N=0 +C because C 1s compact.
Since (Nu,, ) —o0 as n—oo whenever {u,fc X is such that |24l -r00 and
w, — i/t »w = N(L). Theorem 1.3 implics the validity of the following
improvement of [8, Theorem 3.7] established in [1]. _ B

Theorem 2.1. Suppose g and h satisfv (al) and (a2} respectively. Then
Equation (2.1) has a solution 1w X for each feL*

Remark 2.1, In [8] the selvability of (2.1) for cach felL” was proved
by means of the degree theory of condensing vector ficlds under the more
restrictive and cssential conditions that p>n, |e(x,7, s;)—g(v, 7, INIES
s uls;—s, for some pws(0,1) and all {v.r) QR sy 5. .=)]\" and that
g(x, 7, s) is continuous in r & R* uniformly w.r.t. (v, ) =@ K.

Kemark 2.2. If we assume that g is Lipschitzian with respect to the
derivatives of order 2, then instead of BV Problem (2.1) we could similarly
treat the problem

~An—g'(x, u, Vu, D) +h(n(x)) =f(x). r e,
(2.1) Qg(x) 0, xe=d(,

7

(2.3)

if instead of (al) we assume that g’ satisfics
(al) g QX R R" = RN is continuous and there exist p.>q and

wel?® such that |g(x, .7, s)| < o{x) for (¥ L7, ) SQXRXR"XR ¢ and
for (v, 2, r)=Qx R= K*

' : )85
(2.5) g(x, tor, 8) ~g'(x, 4, 7, s |€ulsi—s.ll, Vsi.s: @ R

where the vector space K%t ={t,||x|=2} and D= a|=2} and u is
such that pc<1 with ¢=>0 being the smallest positive number such that

(2.6) ( % D=y e<dKulls Ve
|l =2

If we define 6': XY by Gu=g'{x, n Vu, D) for ueX, then
essentially the same arguments and the Holder inequality imply {2.4) with
G’ replacing G and g’ replacing g. Conscquently T=L +N': X —1Y1s A-proper
wrt, ', with N'=G"+C, N ul| afllzlle =0 as [fallp >0 and (\r iy, wlr—;oo
whenever {u,b = X is such that o= and wyflule oo = N(L). us
we have the following’ ' ‘ .

Theorem 2.1." Supose g’ and b satisfy (al)" and (a2) respectively. Then
Equation (2.1} has a solution in X for cach fin L.
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Problem B. As a sccond application we consider the abstract problem
that is modelled on situations which arise when one attempts to treat the
semilinear elliptic problems on unbounded domains Q in R*, i.c., for a given
S in a separable real Hilbert space H we consider the solvability of

(2.7 Au— 24 4+Nu—f (ne=D(A), f=H)

under the following hypotheses :

(b1} A is densely defined, positive definite, self-adjoint operator
whose essential spectrum g,(A4) is hounded below, i.e., there is vy =0 such
that, for cach £= 0, o(A4)n (— o0, y— €) consists of a nonempty set of
isolated cigenvalues, cach of finite multiplicity, with xg < a, =+- <+,

{b2} A is an cigenvalue of A4 such that [Aly 1< |

(b3) N : Hy—[Il is such that N=N,+N, with N,: Hj—H compact
and N;: H,—H continuous and monotone (i.c., (Vyu— N2, u—2)2 0 Yu,
velly) and || Nul|flu|,—0as lu|,— 00, where H, is the completion of D{A) in
[t]o=(Aw, u)V* with [u, vi=(Au,v) Vu,v<D(A).

It is known that M, is continuously imbedded into H, A7 : H—oH
is bounded, self-adjoint and positive, its square root A= H - H is also
self-adjoint, positive and bounded, and A, considered as a mapping from
H, to H, is a linear homeomorphism. Moreover, it follows from (bl) that
A~ H-H is y~'-ball-contractive and S= 4"V H > H 1s v "*-ball-contrac-
tive (see [19]). This and (b2) show that ad~' is k-ball-contractive with
k=|aly"'<1, the operator L=J—xA4""' is self-adjoint with N(L) # {0}
and # = N({L)if and only if Au—3x=0. Furthermore, F= SNS: H — Hissuch
that F=I,-F, with F,=SV,S compact and F,=5N,S monotone and
continuous by (b3). Note also that # €D(A)is a solution of (2.7) if and only
if u=AY and v is a solution of

(2.8) Lo+Fv=S(f) (veH, S(f)sH).

. . . . . t

We are now in the situation where we can apply to the equivalen
Equation (2.8) the results of §1. To do this we set Y=X=/1, I')={X,, P,}
and T==L +F, Example 1 shows that L is A-proper w.r.t. I'; and therefore
Fredholm of ind (L)Y==0 (see [12,207), whilc T'=1L4F is also A-proper
w.r.t. I} {see [14]). Moreover, the last part of (1b3) implics that |Fof|fllvf] -0
as fvl —oo.

The above discussion and the d-proper mapping version of Theorem
1.3 imply the validity of the following result in [1].

Theorem 2.2. Swuppose that (bl), (b2} and (b3} hold. Then (2.7} has a
solution w € D{A) for a given fin H if the following condition holds :

(h1) Either lim sup,(Nu,, wy) =(f—ue) or Hm inf,(Nu,, o) <{f. )
whenever {w,}c Iy is such that lig|g—00 and s f|uy|g— 1y in Hy with ity =
N{A —2xl).

§3. To discuss the weak solvability of the BV Problem (C) we must
introduce some further notation. In what follows we let R¥» be the vector
space whose clements are {=1{E, : [a/<m}, v=1{rg: |B|l<m—1} & Rny and
cach T in R we write as a pair {7, ) with < R%-, and {={l,: |al=
—m}e R (= R¥nSmy). We also set {(u)={D%: lx|gm}, wnu)={D%:
lal<m—1} and {(u) = {D*: |a|=m}.
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Let 17 be a closed subspace of lni"g' such that l" 2.”'2"'. I'*‘u.r agiven fin
L2 the BV Problem corresponding to 17 for the elliptic equation
(3.0 Y (= DD (x) D) 4 N (- )ED(a, o, DRy ==f(x)
o, B <m %P

is the problem of establishing the existence of an clement <17, called
the weak solution of (3.1), such that

(3.2) Y (agDPu. D) Yo (ba(x.u oo, DRuy, Deo)=(f.vy Fove ¥,

) B m % <P

. : 1 e . r

assuming that p<m and the integrals in (3.2) make sense for cach nel
with {.) denoting the inner product in L= . )

To formulate the above BY Problem, as an cquulcn[ operator equa-
tion in ", to which Theorems £.2 and 1.3 are apph'cahlc‘ we impose the
following conditions on the functions aeg(x) and be's o

(H1) dus(x) € L=(Q) with agg—ap, for all 1xj|Bi<m and theve exisls a
consfant wy >0 such that

2 = "q:n.
(33) Z aaﬁ{-\")CaCB?‘}ln 2 |t.u._ vy EQ’ z =R
lee]= B =m s =m
(H2) For cach |aj<p, by Qx RéSp—= R satisfies the Carathcodory condi-
tions and there are constants co =0 and o< [0,1) and h&1.* such that

(3.4) |bo(x, Dged B [P +h(y)  (Le RS vea, o))
|8l <p
To define the ,variational BV Problem w.r.t. V¥, we note first that
by virtue of (H1) and {H2) and the results on Nemytskii operators (see[18]),
the generalized forms
alu, v)= Yo (age(x)D%u, D),

a8 <m

b, v)= X (Bulx, w0 o+, DPu), D%)
|al. <P
are well defined on V and there exist bounded continuous maps, LN T =V,
with £ lincar, such that

(3.5) L, v>=alu. vy, <Nu,v>=b{n,v) Vu,vs 1.
Further, to cach f=lL? there exists a unique wy =V osuch that (f, v)=<

<w, v> for all vel’, Thus nwe I’ is a weak solution of (3.1) if and only
il 7/ is a solution of the operator equation

{3.6) [u+Nu=w, (vl w1}

In order to apply Theorems 2 and 1.3 to Equation (3.6) we [nl'!st
note that since ¥ is a scparable Hilbert space there exists a pro)lcctlcmnd ¥
complete scheme I'={X,. /,} with respect to which the following holds.

Lemma 3.1. If ({11) holds, then L e L{V, V) is self-adjoint and A-proper
wrt T. Furthermore, there exist ¢, >0 and ¢;>0 such thal



1.44 W. V. PETRYSHYN 12

{3.7) IVl el +c. for w17,

Aroof. The fact that L s self-adjoint follows trivially from {H1},
In virtue of Example I, 1o show that 1 is A-proper, it suffices o prove
that I is of type (S). i.c., if {u,} = 17 is such that w,—u in ¥ and Hm 2, —

1
Lu, u,—1u>=0 thenw,—unin V. Now. L can Le writtenin the form L=1,4
-+L1, where
(3.8) <L == Y (da{x)DPu, D) (4, ve V)
‘x| B e m
and L is compact in view of the complete continuity of the imbedding
of WP into IP" (see [18]). Now, let {u,) < I be such that w, —uin 7 and

(3.9) Im <L, L, tr,—u>=0

Since D%, ~D*¢ in L* for laj<m, to prove that a, —wn in 17, it suffices to
show that D%, »D*x in L% for |a|=m. It follows [rom (3.8}—(3.9) and the
compactness of LieL(V, V) that lim </ a0, — L2, 1r,—u>=0. This, {3.8)

n
and (3.3) imply that D%, D% in L? for |al-—m.

Finally, using the Holder’s inequality, we obtain (3.7) from {(3.4).
Q...

Now, when pem—1 then N : =1 is completely continuous and in
this case the solvability of (3.2) or (3.6) for a given fin L2, under the assump-
tion that .N(L)s {0} has licen studicd in [67 (sce also [3] and the references
cited there), under various growth conditions some of which will be discussed
later, by using the Lerav-Schauder fixed point theorem or the
degree theory for compact vector ficlds. Since in this case T=L +X is
trivially A-proper and, in particular, weakly A-proper with T(3) closed in
V for each ball Be I, it is obvious that our Theorems. 1.2 and 1.3 apply
in this casc.

When p=m, then N: F =71 is not compact and in this case the
solvability of (3.2) or (3.6) has been studied by Hetzer [7], by the
coincidence degree theory for set-contraction maps, under the hasic assump-
tion that the fnnctions .(x, (), Ci)) are Lipschitzian w.r.t. the highest
order terms L(u). A slightly different version of (3.2) when p=1n was studicd,
under certain monctonicity conditions, in a paper [10] which the author
received from Necas while preparing this talk. We shall diseuss more fully
the conditions and results in [7, 10] at the end of this section.

In this paper we study the solvability of (3.2} or (3.6) when p=m
under conditions on the functions b,'s which are different and weaker than
those used in [7, 10]. In view of our Theerems 1.2 and 1.3, the basic preblem
is solving (3.2} or (3.6), when N(L)#{0] and f is given, consists in providing
concrete (and practically meaningful and variable) analvtical assumptions
on the functions &,{x, Lu)) = b,{x, 2 ,- - D"u) so that i1 following holds:

(H3) T'=L-pN: VoV 45 weakly A-proper word. U and T(B(0, ¢))
1s closed 1 17 for cach p=0.

We shall first prove the basic existence resuits, Theorem 3.1 below,
fer the weak solvability of (3.1) in 17 under the assumption (H3) and then

13 SOLVABILITY OF SEMILINEAR ELLIPTIC BOUNDARY VALUFE PROBLEMS 145

indivate a number of sufficient analyvtic conditions on &,'s which will imply
the validity of (H3). In addition to new results for (3.1) as a special casc
of Theorem 3.1 we deduce [7, Theorem 31 as well as indicate the generali-
zations of the results in (2, 3.6, 11,25 and othurs {o the case when p=m.

To state Theorem 3.1 and its consequences concerning the variatio
nal solvability of (3.1) when V(L) {0}, asin 7 we assume the following
additional condition,

(H4) Lor cach ‘x|, there s o wmeaswrable finction g1 Qo S'= R
where S'e i€ RS0 2oty and kL0 0(0) with b (v D))< he(x) for
e (ac) and E&5 such that 1f (£} c S and {r,) < R are any sequences

with 0 —% € SV and 7, =00, then K bg{x. ni@™) 15— h, (x.%) for x=0 fi.c.).

n
Assuming that N{L)# {0} we can, in view of (H4), define the functional
c:Bi={weN({) ||lw/=1}>R by

(3.10) )y - Y ‘ I (v, E(0) ()] E(e){(v) ) E(w) (2 D*w(x) dx.
a m
a QoL Ty
where for any o Q=N we set Que)={ve(: v(x)£0}. We are now in 2
position to deduce from Theorem 13 the following existence results
for (3.2) or Equation (3.6).
Theorem 3.1. Suppose {H1) —(HA4) hold, N(L)#£{0} and ¢ (w) is given
by (3.10) for we BE
(AL) If o= (01} and e(w) =0 for we Bf, then Fquation {3.0) with w,=0
has a solution in 17,
(A2) If a=(0,1) and o{w) >0 for we BE, then Fguation (3.6) has a so-
Lution in V for cach [ in L7
(A3) If =0 and e(w)>{f, w) for we By then Eguation (3.6) has a
solution for such f's inm L°
Proof. (A1) 1n virtue of Lemma 3.1 and Thearem 1.3, to prove (Al)
it suffices to show that

( ) lim < Nu,, w> >0 whenever $u,} =7 5 such that

([t]] o0 and w, =, f]|it,)| —w = B
Now, if (3.11} were not true, then we could find a sequence {u,} = F such
that £, = (|1l =0 and w, = u,fi, —w in " with w < Bf but lim, <Nu,, w> < 0.
If this is the case, then to any given € >0 there corresponds an integer
1.2 | such that

Ny, w = Sf)x(.\‘, i) D¥wel(x) dage for nzw,,

a gm

or, cquivalently,

Y 5 S bl X, E(21a)) D™w(x) dagiz% for azn,.

|,

(3.12)

By going if necessary o subsequences, we can assume that D¥w,(x) - %e(x)

10— Matematica
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ac. on O for all jx|<m and so we find for almost cach fixed _A'FO.,(D“w)
an inlcgkcr #o(¥) &N such that D, (x)s£0 for n?'ﬂD( Y)‘.HC“C: _;(w,,)(.r)l -0
for almost every e Oq(D*we) and all n=a,(v). Now, since (1) (x)] =00
far xeQ (D) (ae.)

B () _ E) () ) W)

win _— - w :

T T (0 R (0] B ()
for vach fixed veQu(D%e) (a.c) and 1i=0 E(aw,) %, wo use (H4) to conclude
that for cach such x and all to| < e

b';ll 1‘-1 Z.(“!l) (\)) =liln bfll.'\' ?’"Z_.("J) .:.;(-w'n) (_\’) =°

i':: L ¥a

(3.13) him

ol x, )5 () ) B (@) ().
On the other hand, by virtue of (H2), we have
ba( . St} (¥))
i
with the right-hand side being Feunded by an I.ﬁ—fllxutztiorl._ This anyd (3I.1:"$)
imply that {£;%b(x. Z(u,))} converges weakly to ho(x. E(w)f &) ]) [E(w)° in
LHQy(D*w)). Hence

gc—: (1915 wa)} 1 -+h) for |a|<m

n

1.° S ba(x, B(itay} D¥w{x) dx converges toS ho(x, E(w)E(w)]) &(w) (oD% {x)d ¥

Q
Qol D%t

for cach o <m. It follows from this the passage Lo the limit in (3.12) that

Sha(.t‘ 2 (w) 15 (0) E ) [P D0 (%) dx <0,

in contradiction to the assumption that e{w) >0 forallws B I'his establishes
the validity of (Al).
(A2) We claim that if s =(0.1) and ¢fw) =0 for we BY then for any
1 i . Ay 1 PR N
given f=L* we have lim < Nuy, w> <w. o= whenever {u,yc 17 is such
that 7, =il =00 and w, =i, fa—tw & DY ' i
Indeed, if for some / in 12 {his were not the case, then we \\ould___m
L 1
a scquence {1’ such that ¢, =lifl —oc :md.w,,_ -u"./.f,,—rw e 37 but 11!11'<
< Nu,, w>< (/. w) wy, >, As above, this implies that to any given
e 0 therc exists n, =N such that for nzn,

(3.14) Y, Sz,-,oba(,\, 2(u,)) Dowls) dxstzo(e Hf w))-

ja <m

Since 6 >0 and £ =00, as in (Al) we obtain from (3.14) the relation (’(IFJ)EB
with w e B, contradicting our assumption that e(w@) >0 for all we by,
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(A3) When o=0 and e{w) =(f. w) for a given fin L? and all we B,
then by the same arguments as in (42}, one obtains from the contradictory
assumption that lm (Nu, w)<(f, w) for some ju,j <17 with [u,l|~w :m;]
ufllttall = w = By the relation

¥ S ho(x, E@) | E(w)) Dow(y) dx< e (/. w)

a Zm
g

with @€ B]. Since the above inequality is true for any given = -0, we
have the contradiction to the assumption thar fin 2% is such that e{w) = (f, w)
for all w in B, Q.E.D. '

Special Cases. We shall now indicate some sufficient conditions on
bye(x, E(1))'s which imply the validity of (H3).

Theorem 3.2. Assume n addition to (111). ({{2) and (H41) that

(H3a) There exists w0, u,] and a continwous function ¢ of K+x R+ to
R+ such that for each ball B(0, ¥y IV and u. ve B(0, r) N (alx. E(0)) — bolx,

la’ =

2wy, DPu—D*)z —u E e —o) F—clr, lu ="y, where ||}

lah=m

some k<m and c(r, 1)/t =0 as {1 —=0* for any fixved v and ¢.

Then the assertions (A1), (A2) and (A3) of Theorem 3.1 hold.

Proof. In view of Theorem 3.1, to prove Theorem 3.2, it suffices to
show that (/{3a) implies (H3). The latter fact follows from

Lemma 3.2. If (H1), (H2) and (H3a) hold. then T=1L +N VSV
salisfies the hypothests (H3).

Proof of Lemma 3.2. It will be shown in Lemma 3.3 below that when
0< 1 <y, then under condition which is weaker than (H3a) the map 7T
—1 +N is A-proper and thus satisfies (H3). Thus, it suffices to treat the
case when g u,.

Now, if u=uy, then, since L=1IL,4+L} with Lie (X, Y) compact,
(H1) and (H3a) imply that for w.veB(0,rjcl’

wTu—To, u—v>2 <Lju—Lj u—o>—c(r flu—o).

| 01
Iw{; .f ¥

In view of Example 2, to establish (H3), it suffices to show that 7 s of tvpe
(M). So let {i,b= V7 be such that w,—ug in V. T, =g in I and lim sup, <
=Ty, > < <g. >, We claim that Tuy,=g. Let rz0 Lie such that g

and {u} lic in B(0, r), and note that for all & in S3(0, 7
<Tuy—Tu, wy—u>2 <Ly, — L, w;—u > —e(r, o, —ull').
1t follows from this that
<Tuy n> +<Tua>< 2T 0> e(r, oyl =
A T, s> — < Ljty— Ly ap—u >

Since 4, =, in V, Tuy;—gin V and hm supy <Ly > g, My it follows

that lla,—u|| =0, <Lj,—Lj, uy—u>— < Lqag— Ly, =it and thus
taking the limit superior in the last inequality we get for all v s B{0, 7)
the relation @ <g, # > -+ <Tu, 1> € <g, i, > +e (7, g —1e])'} 4- = Lot, 6> —
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= Lig— Lyt ng—it > 1t {ollows [rom this that <Tuw—g. w—ty>=z <l i, —
L s —1—c{r g —ull'). This incquality implies that Tu,=g. If not,

then there exists w, <17 such that <Tuy—g. w,> <0, Let {{je= l\f' be _su_ch
that ;=0 and 1, —{w@, & B(0. r}. Choosing ity —{ 10y 45 10 the last inequality
we obtain

=T (ag—taoy) g We > 2= Liwe. wo= —17clr, 1wl Vje N,

Since T is continuous, passing to the limit as j »oc we get the relation <11, —
w, =20, which contradicts our choice of w, ©Q.LE.D.
As our next consequence of Theorem 3.1 wu have
Theorem 3.3. Lef (H1), (1{2) and ({14} hold and assunie (hal
N
(H3b) There is w=[0, o) s0 that for x €Q and < K'm

— OF
(=14

Y (bl D —bal v 6 ) (L= T3 —p 2 [La— LPVE T E RO

@l =1m lafe=m
Then the assertions (A1), (A2) and (43) of Theorem 3.1 hold.
I’voof. Since. by Proposition 1.1¢ in [12], T(B) is closed in 17 whenever
T . 1”5V is continuous and A-proper, Theorem 3.3 follows from Theorem

3.1 and .
Lemma 3.3. If ({{1), (/[2) and (H3b) hold, then T=1L 4N s A-proper

w.rd. T -
PProof of Lemima 3.3. In virtuc of Example |, to prove the «-properness
of T=L 4N wrt. I, it suffices to show that 7 satisfics condition (5). So,
let {u,} <17 be any scquence such that u, - in 7 and
(3.15) lim = Tu,— T, 1, —1>=0.
Since Do, = D% in L? for |af <m and by(x, £(u,))’s arc bounded in L% it
follows that

im [ Y (ba{r E(ra)) —bal, E(21)), Dau, —D*1)1=0.

n @ <m

In view of this and the fact that L(u,) = Li(2) in i”, it follows from (3.15)

that
lim [ % (awDP(ea—1), Do, — D) -

a=Bl=m
{3.16) Y (a1 ((1a), Tlata)) —bal, (1), T(1)), D%, — D) 1=0.
Since (i) = n{n) in L2 by(v, (1), T(1)) > ba{x. ). L(a)) in L* and Dy, —
D%y in LY for |al = m (sce [18]), it follows that
T (bale, 1(0a), L)) —bal, ne), L), Daty = D7) 0.

This and (3.16) imply that
lm [ Y (gD (ta— 1), D%, — D)+ Y (b(x. i), Cla))

2 a (E=m loef=m

— by, (), L)), Dy —D¥uy]=0.
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Since, in view of {1 1) and {H3b), the expression i the brackets is 2 (g, — g}
I? Dy — Drg® it follows that D%, — D% in L* for Jaj=m. e T=L 4N
xi=m
is of {tvpe (S) and so A-preper. QE.D.

Remark 3.1, Note that (H3b) holds il for example. S(x, g0 0) s
Lipschitzian in % for |aj=m with small Lipschitz constant. Indeed. for a
given o and m, let ¢, 21 be an integer surh that

(3.17) (Y 1Lsonl X b
jat=m igt]=m
and suppose that the following condition helds C
(H3) There is £>0 such that for vel{ae) and &R

(3.18) 1By(x. 5. D) bals. 0 DYk (X [ — L9 VL /= ko
Bl=m
If w,—hel2 =0, where g, appears in (H1). tiien (H3b) holds with
w ke Note that one can easily determine ¢,, for given o and m. Thus,
for example, if # =3 and m=1 then oy =3 and if n=3 amd m==2_ then ¢y, =06.
Remark 3.2, The condition that e(w) >0 for all w e B} certainly holds

if the following assumption uscd in [7] holds :

(H6) g ho{x, E(w) [)E(w) | HE(e) " D*w(x) dx= 0 for we B oand jxlsm

Qo( D%
and for at least one a the integral is strictly greater than 0.

Assuming the more restrictive conditions (H5) and (H6) and using
the coincidence degrec theory for set-contractions, it was shown by Hetzer
(7] that (A1) and {A2) of Theorem 3.1 hold provided

(H7) The constant k in (115) is such thal k<inf {i]: neo L)}, where
(L) denotes the essential spectrum of the self adjoinl operator L.

Let us now show that Theorem 3.1, includes as a special case, the
following slight gencralization ol [7, Theorem 3].

Theorem 3.4. Suppose (M), (H2). (H4). ({I5). (116) and (HT) hold.
Then the assertions (A1), (A2) and (13) of Theorem 3.1 hold.

Proof. In view of the preceding discussion, to deduce Theorem 3.4
from Theorem 3.1, it suffices to show that L and L N are A-proper w.r.t.
a suitable projectionally complete scheme for (17, 1) when instead of (H3.)
one assumes (HS5) and (H7).

To prove the atter. we {irst note that the argaments as tlose used
in (7] show that, in view of (H5), N is A-ball-contractive and. as was shown
in 7], e(Ly=inl {|%|: n=o.{L)}. where el)=sup {rore Ry (M) < (L)
for cach bounded M c I} further, ¢(L) >0 since L is Fredholm [see also
[221).

Now, it was shown by the author in [1] that if {X,. Pujis projectionally
complete for (V, V), L=L({V, 17) is Fredholm with ind (£)=0, ¥,=(L4C)
(X,) for cach €N, @, is the orthogonal projection of I¥ onte Y., where
CeL(V, 1) is any compact map such that L +C 15 bijective, then Lois A-
proper worit. [y={X,, P, Y, (). We add that at least onc such € exists
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since ind (L)~ 0. We claim now that, since N 18 k-ha]]—contra‘cti\'u“( \\;il}h:
k<e(l) the map L 4-N is A-proper w.rt. 17, Indeed, tet {xvq)xs € my Dt
v be Ny (x, )—g 5 o
any bounded sequence such that g“iEQ"j({' +N) (g, g for somu_bumh(.)
O L) () s — O N (X ) A Q0 Ca, and O (L +C) (xp) =LA
Since Qu(l-+C) (G)) =ga, =g nd TR0 L 0, N (%) +0n,C X
{x,) for cach ie N, it follows that l..l',,j=—-(,‘\,,j-}-g,,j— n N (X I, ny
or i The ality : prec actness of the scts {Cxg i 2 i
for cach j. The last cquality, the precompactiess 2 _ ;\ S
{g j>l}.:1nd 10, Cx jijal} and the fact that -\({Qﬂ,-"\""n;})é‘\({""w('*
gl f= Lo} ﬂ' ~ i e L 4SS tion k<e(l
< kX ({xn,}) imply that .\({I.x,lj})gk.\({,\,,J_}). fhis and the assump <

= ¥ 1as a con VETHEC 1t .";“])SC(]UC“CL. I t now
i [ b . as « 0 ¥
ln]pl\' that ‘\ (;:..'.ﬂjl) 0 dnd 50 {A"n_) l E o . -

follows from the continuity of L andr;\" aéu}t%])c projectional
{ T, that L-+N is A-proper w.r.t. by .10 L .
’ Ll\’(’mark 3.3, For the case when o=0 1n (H2), {="1, :1;(1 % 11:1.:01[32
u=0 in (H3b). and hy(p, 7)= k() in (HA4), the assertion {4 .)d?r IRt
33 is relatcd to [10, Theorem 2] which 1s proved in {10'] unlgqe o it
conditions on by(x. 7, {) that are somewhat different than t 10_10 cod m
(H4). At anv rate, as was noted in Rm_nark 1.2, [heon_)m 2 in [10]
deduced from Theorem 1.3 since in this case (D) holds. o
Rewmark 3.4, H V= Fl"!_,"(Q) and ¢=0, the asse}"tlor'm (.4_3) rf()‘fs,uilrwo(]cc? ,

ides a seneralization of Landesman-Lazel FEatrc 16 Ly
11)1]‘0)\1;1:31‘& oti:crs (see [7.9, 8] for further references) to the casce when N
is neither compact nor set-contractive. I
¥ ne]i'lc(;;a;k 31.5. 1 b, depends only on ¥ and the e-th derivative D
(we write bu{x. D%}, the hyvpothesis (H4) reduces to:

i Z(x I : im b,(x, &
(H4)' Therc exist functions It (x), bz (xye LE° such thatzl:_l.n*wa(x ni

JE I =h2{x) for x=0Q (a.e.) and all |a|<m. In this case the functional ¢:
al - e . 4
B, Ris given by

efw) = Y}, [ S h;(x.)'.Dw(.\')|‘+°dx— S h;(x)ll)“w(x)l“"d.t],

loe| 0 N
& 0 (D%
Q¢ D7 _

where O (D%w)={ve Dow(x) >0} for all af<m.
' ‘ (<) . . .
lt(:ﬁould be added that in this case condition (H3b) takes the form

A O A

. o e -
ve and L. ek and some w0, o)

(H3b)'

It is clearly implied by the assumption ’
’ ' . b . 35
(H"-))' bz(x~ Zz) - (h(1t Ca) < .U']za_* ?:.-alv =as C.a & Kou
imposed in [71. The condition ¢(w) >0, is certainly implied by the assumption

HO) it i ' in (H2) with by={(x.E}= b (¥, &)

Note also that if e=0in (H4)' (and in (H2) with by={x. )= i*.
and i (?I;h;' holds. then it follows frem (A3} of Theorem %”5 ihrllt Equation
(3.1} has in this case a solution in V for a given fin L7 providec
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e(w) | has) Drafa) da Sfd(r)l)“w(.z‘.d\ (/)
fo gm .

QD% O ib%u

holds for all w = Y. This result extends 16, Theorems 3.2 and 3.4] (when
p=m—1) to the case ol Lquation {3.1) when p=m {see also [T, Remark 37).

Remark 3.6, Finally let us obscrve that if p—m in (3.1), N V=17
determined by the nonlinear part in (3.1) is compact and so L+ N s obviously
A-proper. Conscquently, in this case Theorem 3.1 is valid il (H1), (H2)
and (H4) hold.

We conclude this section with the obseivation that (H2), (M4} and
(H6) appear in [23].
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§1. Stateme fe

§1. Statement of the probles  last ten

have appeared which ¢ .l['.l e In the last ten years. many papers

haves pp ‘b establish various fixed point theorems for self-mappings

! Ld imn,u]xtzsspac,c. For example, only in the paper of Rhoades IS‘

I L IELT) o . e R = : e N ¢ ' )

o tgi., :‘u-]-l o s h t}}unuub: A great part of these results are generalizations
ic well known fixed point theorem of Banach (1922): ' .

Let (X.d) be a complelc melric g
. . : ole space. and let [ XN =N be '
with the properiy that there 1s o= 0,1 /:;uc‘/z tf.!:z(f i T b mapping

[’l‘) d{f{x). ) Sad{v. v). Vi, v X,
Then . —

(1) Fye={a*}

(i) e lim ffay), VapelX

(I‘}uilgcn.('mhzatyms mentioned above refer cither 1o the substitution
I the ‘(omluctym condition (I} by some other conditions, or considering
\(moulf generalized metric spaces instead of (X, d) h )
“urther, we present some ¢ B iti hat ¢ i
dition (1) I som: of the conditions that appear instead of con-
(1} (fdelstein (1962)). For cach x, 3y, €X, v#v
d{f{x). f{v)) <d (x. ).

- (1) (Gaseman (1970)). There exists a number « = 0,17, such that for
cach x & X, there exists an integer p(%), such that for cach ve X

d((flxyp, (flape) g ad(x. V),

(it} (Yen(1972)). There exist positive integers p,.¢ and a number

e<]0,1] such that

df*(x). AW sad(x, V), Vi yveX.

(iv} (Rakotch (1962) ; Bovd and Wong (1969) ; T
A ; Do g Vo Browder (1968). There
exists 9 1R, >R, such that o) <<¢ for £ >0, o Is increasing, :'ominu)ous and

*
Lecture presented at the Romanian-Amcerican

Applications, 20—2+4 March 1978, Seminar on Operator Theory and



