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RESULTS AND PROBLEMS IN THE METRICAL FIXED PGINT THEOQRY !
BY

[0AN A, RUS

B \_Rl- §tf1,te1nept o‘f 'an. -prct!)l_gm. I.n the !;1st ten vears, many  papers
we appeared which establish various fixed point theorems for self-mappings
of a metrie space, For cxample, only in the paper of .R ! : ! —]Jn‘am)nllga
are given 125 such theorems. A great part of these results are g e TS ; 9‘
of the well known fixed point theorem of Bana ¢ h .(;927‘59]“:l pations

Let (X.d) be a complete metric s ¥
. . efe ace, and let [ XN =N be 4
with the properiy that there is o= 0.1 i:;m‘/z ff.r;:f JiX =X bedmapping

.f’l‘) d(fle) ) gad(x. v). Vx veX.
Then —

(i) Fye={a®]

(ii) o lim fv). VrgelX

(I‘}uilgell('r'ztllzzlt'y)lls mentioned above refer cither to the substitution
I the contraction condition (f) by some other conditions, or considering
\(umuI:: generalized metric spaces instead of (X, d) - )
“urther, we present some of the itions that i
dition {1y, I ¢ conditions that appear instead of con-
(1) (fdelstein (1962)). For each x, y,&X, v#)
d{f{x). f{)) <d (x. v).

(11_) (Guesenan (1970)). There exisls a number x & 10,1, such that for
x=X, there exists an integer p{x), such that for cach v& X

d(( A, (S gad(x, ),

{(iii} {(Yen(1972)). There exis dtive integers :
«=70,1{ such (th:at)) exist positive integers pog and a number

d(fr(x). ) <ad(x, 3}, Va yed.

(iv} (Rakotch (1962) ; Bovd and Wong (1969) ; T
O ; ) g y o Browder (1968). There
exists o R, R, such that o(f) <t for { =0, o is increasing, vontinu)ou:-'. and

cach
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[

A(f(x). Fongsld(x. vh. Yo v, €.
(v) (Kunnan {1968)). There exists a number 2@ 10, 1/2{ such that
tf(f(.\').ff_\':"rf.::Ot:_r{(,\'.f'::.\'.]._ﬂ.\'.::: d(v. SNl Ve veEX,
(viy (Reteh (1971), Rus (1971, There exist a. GeER, 24231
such that
AU f< il v, ¥) FBLL f0) (s fD)] ¥a, v =X
(vii) ((".-'rz'c: (1971)). There exist a, BoyeRa o208 2y~ 1, such that
a9, SO < (. ) L. f0) el N A f0) 5
(v ). Y ve X,
(viil) (Bianchini (1972)). There oxists e J0. 0. such that
d(f(x). f(y]) Samax {d(~. fl0)), dv. (N Vr v E A\
{ix} ((f'irh’: (1974)). There exists x< 0.1{ such that
d(f{x). S = e max fd(x. v), d{x. f{x)). d{x. fivi)
dix, fQ). div. [l Yoy S

For a bettor understanding of this ace umulaticn of results, we pru.pc’sc(i
ourselves to analyse the position al the conditions from the .t.'.\ljtcm}cl ‘.mf
unicity metrical fixed point theorems. relatien with the fvll(:\\'m%_- prg ) L]‘]"I.Ht.'

Problem 1. (sec 10) Let /@ AN d) = (Y, i} be a '11111%;]111;5?. A .p(im‘
xeX is a periodic point of fiff there is an teger # =\ such t{mtf (\)[ = ).1
What are the conditions en f such that every pericdic pomnt « fs a e
pon Problem 2. (sce [217) Let f: (X, d) (N d) he a mapping that :au:ns{l,u:
the conditions of scme existence and unicity fixed point ﬂ.“.'{..l em, and altll(;‘d
the fixed point can be ebtained by the surcesive ;1I:I]afc.r‘:\111_11‘<:;_1ic>f1]sf11m;mx\.i—
(F jmm {2}, X lim S (v). Yo X} Let g A X be a mapping which appro:

- o

mates the mapping [ More precisely, we assume that
d{f(x). g(x)) <%, with given & R, VaeX
Lot v, = g"(¥y). The problem is to give an cstimate of d{x". va).
' LIS : (N d) = (N.d] be

Problem 3. {(sce [61. [77. [9]. [141. T1a 0. Let /o fa (. . - 4] b
such that Fj # @( and[i“,={;\'*}. If £,/ and . =F . which are the condi
tions to be satisfied by f so that 1, —x ? o _

Probiem 4. Let (NU[IH))} be a Banach space and f .\ ?‘\ a1 mapping.
\What are the conditions on f such that L=—r1s s,ur]cc.tn'c. '

Problem 5. ([14]. [20], [23]}. Let (X, d) be a metric space. Y a topolo-
gical space and f: V¥ =Y. Let us assume that the mapping f(.. x) has
a unique fixed point. 3. for every ve Y. We define the mapping

PoY =X, v
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Whai are the conditions for the continuity of the mapping P’ F

For example, analyvsing in this perspective Banach’s theorem we obtain
the following.

Theorem 1. fn the condiirons of Buawach's fixed poiit theovem we have

(i) Fe=la=v]. Ve AN
(i) v hm [T, Yo, =X, and

"
A3, )€ =2 d(xe 1),
| =z

(iii) Let g: X=X be a mapping which approxinales the mapping f.
If d(fix), pla)j<r, Vael and v,—g"(x,). then
H
div,. 2")< A a
g o 1—2

d(x,. 1),

(i'\":l 1f f"jf I:a"_’é Q Y, & ]"f,, ”h.”’ Yy \.“

(W) Lf (NI s @ Banach space and d(v, v)y=[1— . then /y fis
surjeclive.

Theorem 2. Lot (X, d) be a cont plele metriv space. (Y. <) a topological s pace
and let [ X =Y =X be a continuons mapping. If there exists a< 01, such
that

d(f(x V), flxa M)Sad(xy x). Yo e, vel,

then the mapping P is conlinuous,

Therefore, in the conditions of Banacl's theorem we have a positive
answer to all the five problems formulated above. The problem which follows
to be analysed is

Problem 6. \Which of the existence and unicity metrical  theorems
iave the qualities of Banach's theorem?

§2. @-contractions. Let (X, ) be a metric space and o Ri—= R In
this § we will analyse fixed point theorems, where the contraction condition
is replaced by the following one

(2) A(f). JON<ldlx, ), Vr. e X

A mapping that satisfies the condition {2) will be named @ p-contraction,
From the fixed point theorems for p-contraction we mention

Theorem 3. (C.S. Wong [25). Let (N.d) be u complete meivic space
and [ X=X a mapping. Then the following conditions are cquivalent :

(i) There exists 2 R+ —Ru such that o(l) <t for { -0, 2 is hicreasing,

continuons and f is g-confraciive.

(i) There exists o : Reo Ry such that oty <t for { 00 o 15 upper semi
cortinuous on 0, +ool and [ 15 g-conlrachive.

(i) There exists @ mapping Wi Re—=Ro such that W(s) o s for s=0,
W is fucreasing, continuons and

WA (). f() <d{x. v). ¥x. v =X
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; ’ e . \n
(iv) There exists 4 mapping W R:—Ry such that W(s)=s for sz,
W s fower senticopthiiens and

wld(f(x). )< d(e 3),

If any one of (i), (i), (i) or (i\) is savisficd, then

v, veN.

20
(a) =1{x%,
{1h) (f{x))ney. ¥ =M, converges umimmi\ to +* far any baunded suliset
} rEN.
X,
e i { Problem 6 we have

In the perspective o o
Theorem 4. Lot (X, o) be a complet miefric space, o - Ro = Roand f: N =X
such thal _

(a) @ is increasiug,

(b) @ 7s continious,

(c) r><p() Wy >0,

(d) r—o(r) moo for r—,

(e} [ is omnnmlw:

e (i) Fy=Fpe—={x, neN,
(1) fo{x) = a7 vy, e N and.
d(x,. ¥)<7"(72)-
where r,=sup {rlr () <dlx,. F{&7 0},
(i) 1f olntrd<a(n) +a(r) and
d{g(x), flx) <
hen ) )

Ay, ¥ boln) o
(iv)y If L3 ) F#0, x el then x, — 1"
{(v) ) If (X.I'}) is @ Banach space and d(x, ¥)

surjective.
: Proof. (1) rum’ (#4). Sec Browder 3

1 £) *
). e e e P (e %) (5 ).

y=ljx =2l then Ly--f 18

On the other hand |
B l)-f(_\'n l)) +d(f(‘\',, 1),,[('\'" 1))"{’] -{'-;)([f('\',,_,. 'h:—l)g

A{ v, v,) <d{glva g
<, 4ol Hold( v o Xu )} toln) 4 A" ()

(iv). We have
(. ) =d(falrn), SN S Afulxa)- S Sy +(f(x), f)<
| < Ul fxa)) +old (5 1.

Hence  tim [d{ .. ¥7) ~p(d(x,, ¥ =0

fior @
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and by (a)—{d) lim d{x, *)=0.
{v) Let v })L’.ni_l'[:) clement of X For /e N X v=d(x) - f(0) + v we have
d{A(x), h(s))<o(d(x, 5}), Va.seX.

Theorem 3. Lel (X, d) be a complete mictric spuce, (Y. %) a lopological
space and lel [N Y o X be u confinuous mapping such that

d{ f{xy, V), flxa, V)

where o is as tn theorem d, Then the mapping I is confinuvons,
I'roof. We have

d(xy,, %) =d( fx5, i), [, v A3 ). (5,0 v) (U, x0).
A, va)<2(d(xg,, ) +d(f(xg,, 31), f(xg, v

sold{yy, 1)), Yy, =N vel

Hence

dixy, xy)—old(x,, x; ) =0 when vyi—y,

- -* ' '
d(xg,, x5,) =0 when yy— vy,

and

§3. Another type of contracticn. In this & we will analvse the following.
Theorem 5. Le/ (X, d) be a complet metric space, and {2 X =N a mapping
Jor which there exist a, BE€Ry, a L2R <1, such thal
), ) <ad(w, ¥) +BL(x f0) +d(r S Vo ve X

Then [ has u unigue fixed point. Moreover, for cach vo&€.X, {(fMxe)ley
converges lo the fixed pornt of f.

IFor this thecorem we have

Theorem 7. In the conditions of the theorem 6, we have

(l) F]=F,n {l"}, YneN,
(i) SH(x)=x" Vx,=X and

TN

dix, x*)<

- d{xg, 1),

where K= fi.?’

i—8
(iil} Lef g: X=X be a mapping which approximates the mapping f.
If d(f(x), g, Y eX and va=g"(x,), then

B

K d(xll! xl)-

{3, ¥) €0 T £ E(2) he e () 4
. ~

(V) If i3, Frt @, 30 F,,, then x,—x"
(v} In ga neral 1x—f 1is not surjeciive.
]’mof (i) -(ii). See Reich {t7]

(

i), See Rus '21° (iv) See Rus [201, {v) Wetake X = R, d(x, y)= [v— 3
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and

JiR-R 1= —me il e
3
3 (N d) be fef metric space, (Y. 7ha to-
Theorem 8. (See 14 . Let (N d) be a complel 0 ,
po!rwicallu;pmm cm(d let f: XY XN he a confinious mapping. If thers
e'.ws? x, 3Ry, x-23-1 atch that
Qe 3 (e 3)) <ad (e, 52) +BIA(¥. J(9) v [
Vi, r,eX. vel.
: ; pping I’ IS continuous. o
then 5?; 'ﬁttﬁfﬁ:ztﬁ witlrl two meirics. Let N be a noncmply sct. d zpul\h .l\le)
mctrié& on X and f: X >\ a mapping. For such mappings, M. G. Maia
(137 has given the following.
Theorem 9. [f
(a)  dlx, )<3(x ). Yoy =\,
by (XN.d) isa com plete mietric space,
(¢) [fi{N.d)—=(X.d) is confiniuous,
() there exists a= 0.1] such that

Bf(x), flr))<ad(x, y). V¥ =X,

Then f has a unigue fixed poinl. .
In the perspective of Problem 6 we have the following

Theorem 10. If
(a) there extsts ¢>0, such that

d(f(x), fly))<edx. x), vx yEX,

(by (N.d) is a com plete mcetric space.
() f{XN.d)—=(X, d} is conlinmuous,
(d)  there eaists o 01 such that

3(f(x). S < =8{x. ¥ Yy, veEN,

b (i) Fy=Fp={x}, YneN,

™

(i) f{xg) =27 Yy, =N and d{x, ¥)< — 3{xg. X1).

] — =2

My v R S AY
(i) If there exists ;=00 ¢ ¢ 1 gzu‘h that 3(x. VI<o,d{x, ¥). VX,
and g1 X=X approximales the mapping [, then

18(';(,_ 1)

o

(g XY g{V —cen) T l

{iv) Lot f\‘_;ff F @, xo=hp If there cvists ¢,~-0, coy =1 such that
\ 0 n ’ g )
3(x, v d{x, v}, Yy, ¥ =X then x,—0
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(V) I (N ) ds e dinear space swith fwo nors and d(x, v)
=llv = 18(x, V) =[]y =l then Yy —f is surjechive.

Theorem 11, Let N be a noncmpty sol. d aid 3 fwo medrics on X, and
le Y be a topological space and f: X > Y =N such that

(a) the mapping f(..3) sutisfies the hypotheses of theorom W, where a
and ¢ are nol depending of v

(bY the mapping [ (x.) is continuons in {N. d) _

(c} there caists ¢y =0, cyce=1, such that S(r. V) e d(x. v) v, ve _,'1

Then the mapping P Y (N d) is continnous. For the proof f the
theorem 10 and theorem Ll sec Rus 22
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STABILITY PROBLEMS FOR SOME VOLTERRA EQUATIONSY)
BY

DANIEL F. SHEA

We consider some problems that arise in the study of stability properties
of the integral cquations

[
(m m{t) = — | gllt—s)) K(s) ds +/0), (o<t <),
and L

(2) 1 (f) == — Sg(u(l 5)) K(s) ds +/(8)  (#(0)=1,, 0<£<c0).

We assume the given functions g, K, f are real valued, though some of the
methods to be discussed are well known to carry over to certain more general
svstems {compare [15], [26]). Throughout, we require

(3) fel o, Ty for all T(0=T <),

K{f)e*eL0,00) for all x=0.
Define

K= Se‘"K(t) dt, (Rez>0),

]

0+ K (f) = 5 o{t—s)K (s) ds.

1. The linear case g(u)=u. \When (1) and (2) are lincar, these equ-
ations can be inverted and are respectively equivalent to

(1) u(t) =f(&) —ter,(8),
(2') w(t) =tery(t) +f5r2l8),

*} Lecture presented at the Romanian—American Seminar on Operator Theory and
Applications, 20—24 March 1978.
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