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STABILITY PROBLEMS FOR SOME VULTEREA EQUATIONS)
BY

DANIEL F. SHEA

We consider some problems that arise in the study of stability properties
of the integral cquations

[
(1) w(f) = S glu(t—s)) K(s) ds +f(t), (0<t <o),
and g
{2) a'(f) —S_g(u(t’—s)) K(s)ds +f(t)  (u(0)=up, 0<i<0).

0

We assume the given functions g, K, f arc real valued, though some of the
methods to be discussed are well known to carry over to certain more general
systems (compare (15}, [26]). Throughout, we require
(3) fel(0, Ty for all T{0<T <),

K{fy e =L 0,00} for all x>0.
Define

o

Kir)= Se"'K(t) dt, (Rez>0),

Q
¢

v K () = 5 o(t—s)K (s) ds.

1. The linear case g(s)=1u. When (1} and (2} are lincar, these equ-
ations can be inverted and are respectively equivalent to

(1) w(t) =f{t) —txr\(2),
{27 {8} == g7, (t) +fry(2),

*} Lecture presented at the Romanian—American Seminar on Operator Theory and
Applications, 20—24 March 1978.
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where the resolvent kernels ry, 7, are defined by

- }z'(z) ~ 1

)= el p (1) ——— (Rez> 0).

C1aRE T 1 4R()

We seck conditions on K that imply r,=L'(0,cc), j=1 or Z.
If K €/.'(0,00), this is a Banach algebra problem and the necessary
and sufficient condition for r,=_L* follows from the classical Wiener-

ILévy theorem: N _ _ )
Let ¢(w) be analvtic on {K(2): Rez» 0}y {0} with (0} =0. Then there
extsts r=L'(0,00) such that

r(z)=o(K(z)) (Rez0).

Thus, the choice g{w)=1w/(l-+w) yields
r e L0, o) iff K(z)# —1 (Re220).

The Wiener-Lévy theorem does not apply directly to r,, but the expected
result is true: .
r,=LY(0, o) iff K(z)# —z (Rez20);

for thissce Grossman and Miller (5], {22, Theorem 2], or Theorem

1 below . o o
In some applications using (1) or (2), it is not realistic to assume
K =1(0,00). For example, equation {2) is uscd in [13] with g(#)=u and
K({t)= Sc""h(x) dv, (h=L)(0,c0), hz0),
o
so that il h(0 +)>0, K(f)~Ct™7 (¢~ +ec). Nevertheless, using the fact that
these kernels are completely monotonic: {(—1) (K" ()20 for all nz0,
Levin and Nohel proved that r,{t) =0(t"¥*) at +oo, thus again

ry = L0, o). . :
A generalization of the Wicner-Lévy theorem that viclds r,= L for

certain K L' is given by o )
Theorem 1. Let K{¢) =C(t) +h(t) where k =L'(0, ) and € 1s nonnegative,
nonincreasing and convex. Define

R’(t_v) = lim R’(x 415},

(RS

Se={(K(1), 1) : Re 220}

and assume ofw, ) 1s analvtic on S U {0, o)}, and that (0, a0)=0.
Then there exists reLY0, 0) such that

(4) o(lK(z), 2)=7(z) (Rez20).

For proof and further discussion, see {22] where however an additional
technical condition :
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(5) th{f) = L.40, o). or clse C(f) = constant

is imposed on A (5) is eliminated by Jordan and Wheeler in (9],

Weapply Theorem 1 to the linear case of cquation (1) ur {2) by choosing
p-w/(l+w) or o=1/(zw).

The convexity hypothesis in Theorem | cannot be dropped ; this
follows from examples of Ibragimov [8] and Gripenberg {4
For further discussion on this point, sce Scetion 11T below,

Recently Hannsgen has used a variant of the method of [22]
to obtain results for certain lincar Hilbert space valued equations, by
studving the linear case of (2) with K=K(t, 2)=r(f}, € as in Theorem |
and 7 a positive parameter; see e.g. {71, where he finds necessary and sufficient
conditions for the associated resolvent r,—r.{f, ) to be uniformly integra-
ble; the kev condition here involves

(6) Re Cliy)> —— (—o0 <y <o)

for some € >0, Condition (6) was introduced by Halanayv [6 asasufficient
condition for asymptotic stability of equation (2).

I1. Nonlinear g(x). Equations (1) and {2} can be studied 1n the ,necar-
linear” case g(u)=1wu 4o(u), (#—0), sce [17] [18] [16] [12]: here the per-
turbation theory rests on knowing #,{f) €/.'(0, o¢) for j=1 or 2, and for this
Theorem | can be applied.

For global problems invelving strictly nonlinear g, (1) and (2) have
been treated using cnergy or frequency-domain methods | further references
to the large literature here can be found in [10] [19] (23] [14]. We wish
to stress some recent work which depends on the frequency-domain methods
introduced. bv Popov, Cordunecanu and Halanay For
(2}, the key hypothesis on K is that it be , dissipative”, in the sense

(7) Re K(1)20 (Rez=0).

This condition, used for (2) in Halanav’s fundamental paper [6], yields
global existence and boundedness of solutions on 0<¢-<oc. The usefulness of
(7) stems from the fact that it is equivalent to

T
(7" Sv(t) K #o{t) dtz0, (0<T <0, v=C[0, ),

a comndition exploited by HMalanay in [6].
Neither (7) or (7') is easy to check, in gencral. A simpler condition can

be stated in terms of the boundary values of K : Let

w(iv) = lim sup Re K(x4iv), u,(iy)=lim inf Re K(x+iv),
T4

a2—0+

m(x)== inf Re k(x 41y), x= lim inf x*m(a}.

- Y e a0+
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Then (7), {77) are equivalent to
(7") w(iv)20  ae. w(iv)>—oo (o0 v<oo), Azl

That (77) implics (7) follows from recent wor kol Dahlberg [3]compare
also [19, p. 280][25, p. 230]. ) o ‘ N
Simple examples show that [7] 15 not sufficient for asyvmptotic stability,

what is needed is 2 sharper frequency-domain condition that forbids Re K{fv)=
0. A simple but elegant refinement by Staffans [23] of Halanay’s

method in [6] viclds a precise condition for asymptotic stability © A satisfies

(7") and

(8) wu,(iy)>0 (—o0 <y <o),

(Here we have weakened {25, p. 231] by using Theorem 2 in [3].) If we com-
bine the results of [6][25] [19], we obtain a simpue, fairly sharp, stability
result for [2): ‘

Theorem 2. Assumie (3), (7). f= L0, 00} and g&C(—c0. w0).

(i 1f u u
{9 lim \g- o0, g(u)=0( Sg) (1t -4},

Iy ; ;

then (2) has at least one solution u{t} on 0<t <o, and all solutions of {2} are
bonnded. . i

(i) Assume K also satisfies (8) and K e BV [1,00), and lef u(ty be a
bounded solution of (2). Then

lim g{u(t)) =0,

toseo
Hm [2'(8) —f(H)]1=0.

For some interesting variants, see Levin [10], Londen [l4],

Staffans [25] o e
An analvsis for (2) with f{¢) replaced by f{t. #(1)) is given in [20};
the proof involves a study of the energy functional

witl t ¢

Eui) = &) dt 5§ fatulode (@{s—Eh a2
Q 0o 9
When g(u) =0 iff x=0 and g'(0)>0, we can combine Theorems ! and
2 to obtain estimates on the rate of decay of ={f) in terms of that of KAt
and f(#), thus extending a result of Mac Camy and Wong [16]. -
Equation (1) has also been studied extensively by freqm:ncy—donmm
methods, see for example Popov [21], Corduncanu (27, Londen
141, Staffans [24], and [19].
" " III. Kernels K(/) for which Theorem 1 fails. Theorem | would have
some interesting new consequences, to rencwal theorv for example, 1?_ ‘tl}e
convexity hypothesis on C(¢) could be dropped. However the analysis 1n
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{221 depends cructally on this convexity, and indeed the theorem fails for
certain positive decreasing K{t)—C(f). Examples constructed by Thra-
gimov [8] for a similar problem can be readily adapted to show this,
and we sketeh the argument below, Ibragimov constructs a nonnegative
sequence {g,} such that Xg,<o,

(10) K- % 5,4 L0, 0), Kin)#—1 (Re:30),
-1
(1 K (iv,) =0 for some 3= 1 0.

Thus ;llf_z] R’l(:)[(l i.f{,(z)) satisfies

;1(())—- lim Rl(.r).-(l —}—?\',(x))= 1, lim ;,(1'-\,.) =),

-0+ P
so that r,& LY0, o).
Further, r,(z)=(z - K {z})"! satisfics 7,(0)=0 and r,(12),) »oc{p—oc],
so that also r,& L',
This example can be modified to yield a kernel K, satisfving (10) and

A

(12) K (iyp)=>—1 (310},

thus again K,/{1 +K,) &L’

Independently, Gripenberg 4] has found an example satisfying
{10} and {12)..

A positive result, involving improper Ricmann integrability of ry,
for positive decrcasing K<€ L' is given by Levin in [I1]

One can ask for conditions implying (4) for interesting classes of K
other than one given in Theorem 1, and the examples K, K, above suggest
a study of kernels satisfying (8). However, the method of [22, p. 338] shows

that K,()= cos (*)/{1 +¢) for B=(0, 1} satisfies K,/(1 +K,} € L', although
Re Ky{z) =0 for Rezz0.
We sketeh the construction of kernels satisfving (10)—(12). Following
[81, let
p=1 e
Ny=2" log N,=8(v+ p N,) (p=2;v=Ilor2y;
=1

here and below logarithms are taken with base 2. For cach p>1, chose T,
to be the number nearest to (log N, )¥3/log ¢ such that N, /T, is an integer.
Then consider the disjoint sets of integers

Iy _{j__“k-'\rp_zl\r:»/Tp ISR N (p2 ),

and define g, =1 ; g,=1/j if jel', for some pz 1, g,=0 otherwise. Then for
vee 1 ar 2,

K, ()= ’E‘g . vp=nfN,

satisfies (10)—(12).
To see this, observe that
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A . 1 — .\ . 1) .
Ku(iv) == % g;sin iy — 2 Yy, gy{t— cos iv)  {y#0).

Vi=t Yi=1

If we write
g; sin ty, =2 +%, +2s,
i=1

with

) ) p=1 o

Ny=gysin Yy, + "Z_;l (’g;m g Slnj}',,) .

Y.= Z g sin jy,. Sy ( E )
,-el-p m=p+1 \JEL
then the estimates of (8, p. 175] yield o
p—3
21=,"IP (l + E J\Ym)—i_o(.\",u)! E3=0(}'13)‘
m=1
. log vV ) L
Y= — 3, p————| J-o(¥ =_\-)—-y(v+ 1\‘,,,)-|—0 Vo).
,,,[z(logcm (= =3 =3|v+ B ()

Thus

A, A8 =y (v—1) do(y,) (p—oo;v=1 or 2),
and similar, simpler, estimates yield

Y, g1 —cos jyp) =B +Zs +Ey=0(3)
-l
so that ’

R (iy,)=—(v—1) +0(1) (p=0 ; v=1or 2).

REFERENCES

1. Barbu V. — Sur wune équation intégrale non-linfaire, Ann. st. Univ. Al 1. Cuza”
Iasi (1964), T. X, 61—63.

2. Corduneanu C.— Sur une équation intégrale de la théorie du reglage automatique,
C. R. Acad. Sci. Paris 256 (1963), 3564—3367.

3. Dahlberg B. — On the radial boundary values of subharmonic functions, Math. Scand. i
40 (1977), 301-317. |

4. Gripenberg G.— A Volterra equation with nonintegrable resolvent, Proc. Amer. Math.

Soc. (to appear).

5. Grossman S. I, and Miller R. K.~ Nonlinear Volterra integrodifferential systems |
with Li-kernels, J. Difi. Equations 13 (1973), 551—366.

6. Halanay A. — On the asymptolic behaviour of the solutions of an integro-differential
equation, J. Math. Anal. Appl. 10 (1965), 319—324.

7. Hannsgen K. B. — Uniform LY behaviour for an integrodifferential equation with para-
meter, SIAM J. Math. Anal. 8 (1977), 626—630.

8. Ibragimov L A — A remark on the ergodic theovem for Markov chains, Verojatnost. M.
i Primencn 20 (1975), 175-177 (translation in Theory of Probability and its
Applications 20 (1973)}.

9. Jordan G. S and Whecler R L., — A generalization of the Wiener-Lévy theorem
applicable to some Volterra equations. Proc. Amer. Math. Soc. 57 (1976), 109—114.

STAPRILITY PROBLEMS FOR SOME VOLTERRA EQUATIONS 167

10. Levin J. J., — On some geomeiric structures for integrodiffevential equations, Adrances in
Math. 22 (1976}, 146— 186.

Il Levin J. J., — Resolvents and bounds for linear and nonlinear Folterra equations, Trans.
Amer. Math, Soc. 228 (1977), 207222,

12. Levin J. J. — Some perturbation problems for Volterra cquations, these Proccedings,

3. Levin J. J.and Nohel J. A — o systom of integrodifferential equations occuring in
veactor dymamics, J. Math. Mech. 9 {1960), 347 - 368,

1. Londen S. O. — On the variation of the solutions of e nonlinear integral equation, J.
Math. Anal. Appl. 52 (1973), 430 —449.

15. MacCamy R.C.and Wong J. S W. — Stability theorems for some functional equations,

23,

24.

235.
26.

Trans. Amer. Math. Soc. 164 (1972}, 1-37.

. MacCamy R.C and J. 8. W. Wong — Frponential stability for a nonlincor functional

differential equation, J. Math, Anal. Appl. 39 {1972}, 699—7035.

CMiller R, K. — On the linearization of Volterra integral equations, J. Math, Anal. Appl.

23 (1968), 198 —208.

.Miller R.K., Nohel J..\.and Wong J. 8. W. — Peturbations of Velterra integral

eguations, J. Math. Anal. Appl. 25 (1969), 676 —691,

. Nohel J. A. and Shea D. F. — Frequency domain methods for Violtevra equations,

Advances in Math, 22 (1976), 278 304.

. Nohel J. A and D, F. Shea — Stability of a nonlinear Volterra squesfion, Boll. Un. Mat.

Italiana (4} 11 (1975}, 498—3510.

. Popov V.M. — Dichotomy and stability by frequency-domain methods, Proc, TEEE 62

(1974), 548 562.

.Shea D.F.and Wainger S — Variants of the Wiener-Lévy theorom, with applications

to stability problems for some Volterra integral cquations, American J. Math. 87
{1975), 312-343.
Staffans O. J. — Nonlinear Volterra integral equalicns with positive definite hernels
Proc. Amer. Math. Sec. 51 (1973), 103—108.
Staffans Q. J. — An dnequality for positive definite Volterra kernels, Proc. Amer.
Math. Soc. 59 (1976), 205—210.
Staffans O. J. — Positive definite measures with applications to a Folterra equation
Trans. Amer. Math. Soc. 218 {1976), 219--237.
Staffans Q. J. — Systems of nonlinzar Volterra eguations with positive definite kernels
Trans. Amer. Math. Soc. 225 (1977}, 99— 116.
University of Wisconsin
Madison, Wisconsin 53706
U. 5. 4.



