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SPECIAL PERTURBATIGNS OF THE J-CPERATCR*)
BY

F. H. VASILESCU

1. Introduction. In the present work we shall describe the construction
of a certain operator-valued integral kernel which occurs naturally in the
study of the analytic functional calculus for commuting systems of operators
in Hilbert spaces. This construction depends strongly on the structure of
the g-operator, regarded as a closed operator on certain Hilbert spaces of
vector-valued differential forms. We do net intend to present the above
mentioned construction in detail ; a complete version of this work will
be published elesewhere.

Let X be a complex Hilbert space and €(X) (LL(X)) the set of all densely
defined, closed (bounded) operators acting in X. FFor any T €€@{X) we denote
by D(T), R(T), X(T} the domain of definition, the range and the kernel
of T, respectively. In this paper we shall deal mainly with operators
T =@(X) having the property @R(T)=X(T); such an operator will be
called exact when one actually has @(T)=2X(T}.

Let us consider a system of indeterminates §=(s; ,..., S). The exterior
algebra over the complex field C generated by sy ..., 8. Will be denoted by
A[s). For any integer p, 0< p<n, we denote by A?P[s] the space of all homoge-
neous exterior forms of degrec p in s, ..., s,. The space A[s) has a natural
structure of Hilbert space in which the clements

(1.1) Sy A NSy, (1< <psn; p=0,1...,n)

form an orthonormal basis. We consider here that 1 €C= A°[s] is in the
family (1.1). Let us define the operators

(1.2) SE=s,AE (EcA[s}ij=1,..,m).
Then the adjoints of the operators (1.2) are given by the formula
(1.3) S3E 5, AT =k (=1, ),

where E; 45, <&} 1s thq canonical decomposition of an arbitrary clement
£ =A[s]. Note the anticommutation relations

’ * Lecture presented at the Romanian-American Seminar on Operator Theory and
Applications, 20—24 March 1978.
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(1.4) SSeh 68, =0 S,Si4+SiS,w e (Aol ... m),

where e, ts the Kroncecker symbol.

For an arbitrary complex lincar space L, we denote by A[s, L] the
tensor product L@ As]. If « is any endomorphism of £ then the action
of a2 is extended on Afs. L] by the endomorphism a®@ 1. We identify the endo-
morphisms o and 2@ 1 and keep the notarion « for both of them. Analogously,
i 0 js any endomorphism of A[s] then the endomorphism 1 ® o, acting on
Afs, L] will he denoted also by o,

In the case of a Hilbert space X, the space Afs, X is also a Hilbert
space. The action of any T €€(X) will be extended in A s, X] by T®!l,
denoted simply by 7, defined on D(1)® A{s]= A[s, D(T)). '

Eet L be an open set in €% and C={Q, X) (A(Q, X)) the set of all
N-valued, indefinitely differentiable {analvtic) functions on . Consider
a commuting svstem o= (=, ..., ,) in AL L{N)). i.c. a svstem of operator-

valued analytic functions such that (=) (w) = a; (w)a(z) for any 7, b= 1 ..., .
noand 2w in L The system a can be assceiated with the endomorphism
(L5) BEE) = (DS 4 - - Faal()SEL).

where EeAfs, C=(Q2, X)) From the relations (14) it follows casily that
(8x)°= 0. \WWe may consider also the usual d-operator

a 1
(1.6) —dZ {T‘Em-
iz, 0z

acting tn the space A[dz, C~(Q. X)], where z==(2; ..., z,,) arc the complex
coordinates and dz = {(dz, ...., dz,) the corresponding  svstem of differen-
tials. Then the endomorphism 3, 44 acts in the space A[(s, dZ), C=(Q, ).
with (s, @%) = ($; ... S, dZ; .o, d%,) and has the property (8, -+3)*=0.

The aim of this work is to studv the exactness of the operators of
the type 8 +3 in certain Hilbert spaces of squarc integrable exterior forms.
We shall emphasize the role played by the operator T+ 77, where T €@(X)
15 an operator with the property ®@(7) < X(T). It is such an operator which
leads us to a natural kernel vielding integral representation fermulas in
Hilbert spaces (sce also [S]) .

2. The d-operater in Hilkert Spaces. From new on, X will be a fived
complex Hilbert space. Let Q be an open, relatively compact subset of €™
and L*(Q) the usual space of all (classes of) complex-valued square integrable
functions on Q, with respect to the Lebesgue measure. Let us denote by X

the completion LY@ N of the tensor product L¥Q}®X with respect to
the canonical hilbertian nerm. In other words, X is the space of all (classes of)
X-valued functions, strongly measurable on Q and whose norm is square
integrable [4]. N B o B
Let us define now the operator 9 in A[, X ], whcr(it_ = (L1 e’ )

is a system of indeterminates. We denote by /D(8) < AL, Xg) the set of
those § = A[{, Xg) such that there exists an 7€ A(Z. Xq] satisfving

RPN ep(z)n(z)dx<z)=—55 -g-i (T4 2 (z)i,,.) A ()N (Z),

0%, 0z

i
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t:()r any = Loy, v.']u.r{- diis the Lebesgue measure and Co(Q) is the
sub_spn_r_f of Co() (=C~ (A2 C) of compactly supported functions. We
define g% = and the formula {2.1) shows that the opurator gis a weak exten-
sion of the operator (1.6) (we prefer to use svstem f(fl o, L) instead
of dz= {dz, . dzy,) Inorder to stress the independence of this system
on the points in Q and its orthonormality). As in the scalar case. the operator
] 1%?1135&1 and denscly defined, From the formula {2.1) 1t follows that @(3) =
=X{d). Let us denote by 3, the | scalar” aperator §, i.c., the operator 3
obtained for X =C, . ’ : ’

2.1. Fheorem. The operator § s the closure of the operator 6, ®1. Analo-
gousiy, z‘hg operator §* 1s the closure of the operator 3 @ 1.

Ouzline of the proof. It can be shown that anv = PD(g) there is a scquence
g, E@(()_,)@A such that =0 and (3.®1){,— 5 as joeo, inAlf, Xg). Shmi-
1.11:1_\-', it 5 =D(§") then there s a sequence Z, SD()®N such that £, -7 and
(8@ 1T, =g as j—co, in A[L, Xq].
B Theorem 2.1, suggests that many significant properties of the operator
8. can be reformulated and proved for the operator § too. In particular,
from the deep theory concerning the Neumann problem developed by J. J.
Kohn [1] we may obtain that if Q is a strongly pscudoconvex then the
range of the g-operator is closed.

3. Special Perturbations of 3, Let U be an arbitrary open set in €
and se={x, ..., %) (U, £(X)}) 2 commuting system. We denote by ag e, X)
the set of all points - = U such that the system afz)= (a,{3] , ..., x%,(2)) is
singular as a commuting system of lincar operators [3]. [5]. The set ¢ (¢, X)
15 closed in {7 (it may be either empty or equal to U), therefore U/ gy (a,.X)
1s open [31 [510 We associate the system a=(x, ..., 2,) with the system
of indeterminates s=(s,,...,s,) and the system of arcolar derivatives
((?/8?51 0 0)0%,) in U with the system So(Q, .0, Ga). 18, is given Dy
(1.5) and Qc Ujoy(x, X) is an arbitrary open set then (8,q) + 8.,.,)7" is 2
function in Ce°(Q, L(A{s. XD) [5). When Q s compact and contained in,
U/cr[,-(oz_.' X} we mav consider the operator §,-- 3, acting in the space
Alls. ) Xl _

Let us start with the unbounded variant of a result in 5L
) 3.1 Lemma. Assume that T = @(X) has the property R(T)ya K(T).
Then T is exact if and only of T+T~ has a bounded inverse on X.

- This is a simple but useful characterization, which leads us to the

mamn result of this section (Theorem 3.4).

3.2. Corollary. If T is exact, then we have
(TH+T) Tx=T(C+ 1)y (xe D(T))
and
(TH+ T Ty=T(T+ 7Yy (y=D(T).

3.3. Lemma. Consider an open set Uc €™ and a commuting  system
@ = (a,..a,) c AU, 2(X)). If Q is an open, relatively compact subset in
Uffy («. X). then the operator D, = 8+ isexact in Al(s,7), Xl
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Outline of the proof. With some moditications due to the unbounde ness,
N - = =Y. . N . {5]-
of 8, the proof is similar to on¢ In ¢ ) .
Consider a form 7 =D(Dg) cuch that Dgyn=0. With no loss of g_cncra{lt}r
one supposes that 7 is homogencous of degree jas_ft L min sy ..., Sa, (P
Then 7= 1g - ... 4 g where wy is of degree 7 in ..., Lm zmdv of dcgrc_c
p—i irjl s ! . One looks. for a solution § of the equation D i=m, where
- T i1 T 54 » g
E—F, .. +5, . B, being of degree jin Zi oo U and of degree p—j 1
in so s ﬁ]‘?’»_v identifying the forms of the samce type, onc obtains a Sys.tcm
of c1 um(;lns with supplementary conditions, which can be solved step
by ?u by ‘using Corollary 3.2 and the specml' structure of the operator 4.
- \.I\;c can state now the main result of this work, Bv a smooth_form we
mean any element of A[(s, 7), Xqo] whose cocfficients are in C=(€2, X). .
3.4. Theorem. IWith the conditions of Lemma 3.3, the op_emtor D.+Dy
has a bounded inverse Ry in the space Al(s, 0), Xq). Morcover, if {15 a smooth

K¢ is also smooth. . '
form (t)szgmf\ﬁf the proof. The invertibility of Dy 4-1 follows from Lemmas

T ssertion 18 ; he problem of regularity of

and 3.3. The second asscrtion 1s r‘elattd to the p : 1347
?hle ;rt;lutions of the elliptic differential operators. In order to apply \j.cll-
known results of this type, we have to reduce the problem to the sc?slar._t):tse.
yme fi : s £), Xalisas th form such that (3, -+8)5=

Assume first that { €A{(s, §), Aqlisasmoo at (2 =
_0in Q. By Corollary 3.2 we have then (3, +3) RL=% and (3, + 79 YR C=0.

It will be cnough te prove that for any {Cg(Q) the form 7 PR 15

smooth. Since R eM(3") we have also n =D(3") on account of the formula

ad <. W = a*
. (5§A+---+5;Z~) R L4473 R,
1 m

7, i i ith T, by (1.2).
/ 77 is the opcrator associated with g, by -
“here_\"éxt we sl?ow that if y=3§"» then we have the equality

S ot ixe) =\ % 2%2;) n(z) dAG).

JU =1

An induction argument is then used in order to get that the functions

: . Sobolev space, where n, is a coefficient of v and
fgi‘(\xz‘: f\.ﬁ)llt)r(‘:{??g tt?]izn%rgfczmre ig inspired by somc .results from (2L
;l"hc‘n the cocfficicnts =, are themselves in C=(Q, Als, X7). .

When L=A[s, 2), Xal is an _arlz_itrayy smooth formf theg,__(% +1<;
previous case, 0= (8" 4-gq) Hal= Ra(a—lia)t is smooth, thtlejre orelica—in ;rdgr
RI=(—C, is also smooth, and a sm‘ula.r procedure can be app
to obtain the result in its full generality.

1f £ =A[(s, T), Xq) is arbitrary then we
set Mc Q in the following way: o B .

Denote by C, the part of { jof degree m 10 C‘,’""CT and 13} C"'htlhe
form obtaincdvfrom ¥ by substituting Ty ooy L with dZy 00, dZm- en
we put, by definition

define its integral on a Borel

-
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(3.1 S L) Adey peoo dtm*—'s Calt) Adzip - Adz.

The right side of the formula(3.1) makes sense and it is an element of Als., X]

The Integral given by (3.1) is not enough for our purpose, We need
a more complicated concept, valid for smooth surfaces of real dimension
2m —1. Assume that K< U is a compact subset, where U = €™ is open. Take
then threeopen sets V', Vand Vysuchthat Ke Ve M e Ve Fe V,eV,cU
with V", compact in U, such that the boundary ¥ of 1 is a smooth surﬂfacc.
We say that X is an admissible surface surrounding K in U(s].

_ Define (= I’z\l=’1 and consider L € D(d) in Af(s, {), X]. I ¢ Ce(U)
1s such that supp $cQ, ¢=1 in a neighbourhood of ¥ then % =713(3) and
¢% has an extension in U7 as a compactly supported form. Then we define

(3.2) SC(:) AT A B, = SB'JJC(:) AL A e po 2y,
T v

where the yight side is given by (3.1). Plainly, the formula (3.2) is suggested
by the Stokes formula. If we approximate the form £ with smooth forms
then one can easily sce that (3.2) does not depend on the particular choice
of the funtion ¢.

Let us denote by X% the space of all X-valued locally square integra-
ble functions in U<C™ Denote also by Zg[(s, 1), A% the subspace of

A(s, L), Xg°] of those forms v of degree <m(= pn) such that (8, 4+8) =0,
which can be approximated with exterior forms X,7,x,, where the coefficients
7 are smooth functions with values in the commutant of the set {«,(z)
#.(z) ; z= U} in L(X), x;€ X and (8, +3) v;=0 for all j.

3.5. Theorem. Assume that a=(a,,-.-,a,) is a commuling system of
operators in L(X) and define ay(z)=z,—a,, j=1,.,n, s=(z .., z,)eC"
awd a={a) .., ). If UcC" is any open sct containing on(a, X) then there
exists a continuous linear map u, from Zys, {), Xge] into X such that for

any feA(U) and neZ,{(s,0), X we have p (fr)=p(Sf) un(n), where
5=5,...5,.

Outline of the proof. For any v €Z,((s, ), X¥%°] we define

yravy

(3.3) ) -—-S RenAdny p- - A dz,
z

where T is an admissible surface surrounding g¢n(e, X) in U. The integral
{3.3) does not depend on the particular choice of the surface X. The stated
property is a ,,Fubini type” result which follows by adapting some techniques
from {3] and {57.

4. Some final Comments. The most important consequence of Theorems
3.4 and 3.5 is a new canonical formula for the analytic functional calculus
for commuting systems of linear operators in Hilbert spaces, which can be
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derived from {3.3) (see [5] for another canonical formula). However, Theorem
3.5 is an extension of what is known as the ,multiplicativity property”
of the analvtic functional calculus. In fact, for commuting systems of lincar
operators, the map (3.3) is an A(U)-module homomorphism. As one can see,
actually for » = I, Theorem 3.5 gives more than the wsual analytic functional
calculus,
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