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ON THE CONNECTION OBJECTS OF SECOND ORDER

BY

ELENA N. PUSCA$

In the mathematical literature there are numerous works dealing
with the notion of connection of first and higher orders. Among these we
mention thoscof Ehresmann, Kobavashi, Oproiu, Pohl and
others, in which therc are presented also the prolongations of the first
order conncctions.

It arises the question to examine the general geometric objects to
which lead these connections of higher order.

In this note we deal with the definition and study rescarch of several
properties of the connection of the second order, without imposing restric-
tions on the symmetry of first order lincar connection w hich enters in its
structurc and without requiring that these conncctions come out from a
(first order) connection.

On this occasion, we try to make evident the subordinate geometric
objects of the second order connection to characterize the considered objects
and to define the notion of generalized parallelism.

1. Consider M an n-dimensional, differentiable manifold and in
every point of it a collection of fields of pairs (I'k. I'ia). defined on the
domains of local charts which with respect to a coordinate transformatoin
¢ — % satisfy the relations:
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Proposition 1.1. The collection of pairs (I'f. Ula) with the fransfor-
mation rule (1.1} is a linear unhomogencons geometric object, of minimal
class 3.

Proof. Let %% = %' (x%, ..., x%), Y= X¥Y(x' ... %" be two succesive
coordinate transformations.

According to (1.1):
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Using again (1.9) and the chain rule of differentiation one has:
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Definition 1.1. 1/hv ¢-H...-’f1f object (Vi Uy ) given by the /)uvio:ﬂ;
proposition s culled {h u[ ol uf the sencialized con nectic: of sccend arder,

To give an example, we shf!]l u=c the ohjects of connection of second
order obt: ined by Oproiu in (4. but without condition of svmmetry
of lincar connexion.

Proposition 1.2. [/ L is a lincar conil vien on M and
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is Oprotu’s geomelric object on M. then the pair (. Tha) is @ geonclric
0
object with the transformidion rule {(1.1).
Pmof On can see without difficulty that  under a change of voordi-
nates T4=7* (1" vt ... v7), the object T, has the transformation law (1.1.).
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Finallv. another L\dll]})lt, is the object of connection of the second

order given by 771 namuly, (Th, Tia). where:
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Theorem 1.3. The puwrr (Ui Ulgn) oo frone

connection of sccand order if and anlvoaf for ceer

given by
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is a pair of contravariant veclors, where, b
curpe e M.
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Proof. Supposc that (1 I !}*.,‘) s a4 weometrie objecl with the trans
formation” law (1.1). Then as i s known, we have:
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We have, also
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Replacing in {L7) and taking into account (1.1), it follows ¢
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Conversely. supposing that  {Dvi/dr, %)
contravariant vectors, then from (1.6) it folle
(1.1), and from {i.9) we find :

#17) ziven by (1.5) define

vwaoat once the first relation
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Taking into account that:
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substituing in (1.10) and identifing the coefficients of fdx/dt. dx*|dt
the second relation (1.1) follows,
Definition 1.2. A pair (<%, Tha) with the transformation law :
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is called « differenirable, linear, homogeneous geometric object of second
order with the ftransformation law subordinated to (1.1} of the object
(e, D). _ ‘ ‘
Proposition 1.4. If (I}, Tha). {a = 1.2) define two generalized con-
a [
nections of second ovder, then the pary

(7;:15- ’-fkh) (ijk r:"kv I‘,‘;,. ) th)
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is a differentiable, linear. homogeneous geometric object with the fransformation
law subordinate to the rule {1.1}.

The proof is clementary . it follows by writing the transformation
taw of ', Tds and getting their difference.

a a4 . - 3
Remark. If T4 = T then (0, Ty — T} defines a tensor field of
1 2 1 £

type {1.3).
For instance. let us consider Oproiu’s connections of second order
(TS, T, (Il Lia).: then their difference is (Th. 7h). where:
01 o1 L1}
i f‘) [i'k

Jak

(1.13) LETL =T T ETR .

Proposition 1.5. The pair (T}, Thy) defines a lincar, homogemeous,
o1

geometric object of second order with the transformation law subordinated to (1.1)
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Remark, The geometric objects (Pfy. Tind, (I, i) give the tensor
01 01

field (0), Rk}, where Ay is the curvature tenser of the connexion I,

Theorem 1.6. Given the components of un object of generalized second
order commection Ulg. there exists a linear conncction 15y so that the  pair
(Th. i) is the Oproiu’s linear connection of the second order, if and onlx

tf, in the svstem :
Ains,— Afjan = 0
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there exists a rank N, so that the system of the first N equations from (1.14) is

com patible with respect to Tl and the solution of this svstem verifies the cqua-
tion of the order (N 1) of the system (1.14).

Proof. Consider the system of cquations with total differentials:

alY .. .
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Applying a well-known theorem of Eisenhart, the conditions
of compatibility of this system there are, as itiseasily scen, the conditions
of compatibility of the system (1.14}).

2. We shall deal further with scveral questions suggested by the-
orem 1.2,

ong - | R
Proposition 2.1. For the pair (I'}, 3 (Vi + Tha)) and every wvector
0 o1

along a curve C, the vectors (Dv'[d!, D |de?) coincide with (Dv'fdt, Dt jdit=
Dldt (Dv'|dt)).

The proof is a question of calculus.

From the theorem 1.3. it follows the possibility to consider several
types of parallelism of vectors with respect to generalized connection of
the second order.

Definition 2.1. A veclor field v' is a pavallel vector field of second order
along the curve C tn the manifold M with respect to the generalized connection
of sccond order (I, Tl), 1f:

2,4
(2.1) Lt e 0,
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Reeall that the veetor ficld o i parailel of fiest order if

K
{2.2) .]_33_ —
i
Remark. Fhe case of diclds of{ad) for which Latidr = o, 73215‘/(1'!:; 0

may be either trivial or leads to an impossibility, because these ficlds are
characterized by {2.2) and by the linear, hemegencens systam of 2 equatien
with o unknows : '

1 . dak ok
(1 ‘ f Y .
Tt - (Dt Ui &/ — - — —
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It is obvicus that this system of cquaticns bas geemetvic character,
hecause :
1 -
(i N ‘
= l(l'jkh + I,nuif"—'-l on I k)
2 o1 0

Vs an tensor of tvpe (1.3). . .

The extstence and unicity theorem for parailel vector ficlds of first
order is known. For the paraliclism of second order we have:

Theorem 2.2. Grien a curve (C), 2P =2'i) = fa b)) and in (he
point a* (1), e (., b ). the pair of wvectors (i}, (Dwtldi)y) there ds an
fderval (uy by e (u b ) oand o pnigue wector field defined along the curve
ab=at(t) tefuy b)), paraltel of second order along C and so that ' (i)
=g (Lvtfdl ) (1)~ ( Detldi ). :

The proof is usual from the theery eof ordinary differential equations.

Similarly, one can define the geodesics of the first and secend orider,
taking into the precedent considerations, of = Jr
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A CONTROL PROBLEM RELATED TO A VOLTERRA
PREY-PREDATOR SYSTEM

BY

ADOLF HAIMOVICI

Introduction. As it is well known, the cvolutien of a Volterra prey-

predator svstem s deseribed ([60 chap. 1) by the differential equations:

dNy

di

( dN,

df .

where N, M. are the numbers of individuals of the prey - respectively

the p:udntor—populmiom and a,. d.. by, by are posiuve ("onsg;mts,' the ko

lution of this svstem is periodical ; in the phase-space (V1. NVy), ca('h‘o(,ur\_oe

N,=N, (). N;=N,{) determined uniquely by the initial values NN,
is closed : its cquation is

(.7.) ‘\.;—dl f_b'N‘l (_.‘A\-;l (’_blN) ;

Nofui—b, Vo),

No(—wg2by M),

the constant € is determined by the initial values. By increasing £ the pf)mlt1
(N2(0). Nu(f)) moves in the direct sense on the above closed curve; a
these curves include in their interior the point Efaufb,, ailby). The time
necessary to cross cach curve is finite, but depends on the curve.

We shall denote by (1) the family of curves described by the solu-
ions of (1), i.c. (2}. o
! SLl}()p)osc no(w) that in the ccosystem (V). .N,) is u%troducm-l‘ z‘xhhuntcr
population and that the number ol hunted individuals _fm.m eac thp()}-m-
fation is proportional to the number of all individuals cﬁistt’ng in the T-CS;
pective population. Denoting by # the proportionality factor and supposing

{3) Ogsugl<a,,
the differential svstem deseribing the new ccosystem is
{—!i-l — N (a,— =0y Ny),
d!
¥ o\
bk No{ —ay—u by Ny
di

3 — Matematica



