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Recall that the vector field ¢f i parallel of fiist order il :
it

i3

Femark. The case of fields ef 2 {or whicn Lafidr = o L%‘ju’r”—; 0
mav be either trivial or leads to an impossibithiey . hecause these fickds are
characterized by {2.2) and by the lincar boncgencons svstom of # cquation
with n unknows: ‘

1 . . . . daF i
(Vi) -~ (PPl 9 — - —
2 " ol dt !

It s obvicus that this system of equations has germetrie character,
becanse

Ly - .
AV Fad — (15 + 1))
2 01 1)

Vs an tensor of tyvpe (1.3). .

The extstence and unicity theorem for purailel vector fields of first
order 15 known. For the parallelism of second arder we have:

Theorem 2.2. Giwen a curve (C) 2t = ai) f € fa. b) and in (he
point A (1), tve (da, L), ihe puair of wvectors (i, (D)l ),) there is un
tderval (uy by ) fu b und o wnigue veclor ficld defived along the curve
at=at () tsfay by ). parallel of second order along C and so that ' (1,) =
=y (Lifdl) (L) =(Dv'dt)..

The proof s usual from the theory of ordinary differential equations.

Similarly, one can define the geodesics of the first and second order,
taking into the precedent considerations, of < dafdr

REFERENCES

L Ebresmaunn Ch. — Surles connexions d'ordre sup'rieur. Atti del 17 Congresso dell Unione
Mat. Ital. Roma, Cremnonese, 1956, p. 326.

2. Kobayashi 5. — Canonical forms on frame bundles of higher order. Procedings Symposia
in Pure Math. Am. Math. Soc. 1961, 3, p. 186—193.

J.Libermann P. — Sur la géomélrie des prolongements. Ann. lTnst. Fourier, 1964, 14,
p- 145—-172. =

4. Oproiu V. — Connections in the semtholonomic frame bundle of second order. Rev. Roum.
Math, Pures et Appliq.,, Tom. XII, N. 5, p. 661—~672, Rucarest 1969,

5. Pohl W. - Différential geomelry of higher order. Topology, 1962, 1, p. 169—211.

6. Paohl W, — Connections in differential geometry of higher order. Trans. Am. Math. Soc,,
1966, 123, p. 310—325.

7. Pugscas N, E. —Swrle géomitrie differentielle d'un objet géometrique de clusse 3. Lucr. Coloc.
Nat. de Geom. si Top. din Timigoara 1977, p. 213219,

Recerved 22.X1. 1979 Academy ,Stefan Gheorghiu”

Bucharest, R.S. Romania

Analele stiinjifice ale Universitatii Al L Cuza* lasi
Supliment la tomul XXV, 3, I a 1979
Cu ocazia centenarului nasterii Acad. Prof. A Mvller

A CONTROL PROBLEM RELATED TO A VOLTERRA
PREY-PREDATOR SYSTEM

BY

ADOLF HAIMOVICI

Introduction. As it is well known, the evolutien of a Volterra prey-
predator svstem s described (160 chap. 1) by the differential equations

d_‘}._' .\‘I.(al_' by N
it
(1) iy
il_ Ny (—wgtby V)
el

where N, N. are the numbers of individuals of the prey - respectively
the predator-populations and . a., by, b, are posive constants ; the 80~
lution of this svstem is periodical : in the phase-space (Vi N, cac h‘ocur*toe
NN (7). No=N, (f) determined uniquely by the initial values N3 NG,
is closed : its cquation is

2 A s

the constant € is determined by the initial values. By increasing / thc’ p?mltl
(V). Ny{f)) moves in the direct sense on the above closed curve; a
these curves include in their interior the point Ea,/b,, aifby). The ume
necessary to cross each curve is finite, but depends on the curve.

We shall denote by (1) the family of curves described by the solu-
tions of (1), f.e. (2). o

Sul()p}o::c n(:(\\') that in the ccosystem (V). No) is n%troduccil‘ '11 hunter
population and that the number ol huunted individuals _fm}u eac 1‘hp0}‘)u-
Iation is proportional to the number of all individuals cilstl’ng in the T.CS;
pective population. Dunoting by u the proportionality facter and supposing

{3) Ozugl<a,,
the differential svstem describing the new ccosystem is e
i{—'\—' =N o, — 1 —b N,
J!
) )
AN . :
= N —ay—u b Ny
di
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To the same system (4) Teads the problem of fishing in a region where
two species of fishes exist. namelyv a herbivorous one and a carnivosous one.

Our aim s to ditermine the control function 1 : Re=[00 11, i order
that if the initial values of N\, Ny are respectively N9 N, dfter a time interval
of lengih T

a) the walues of Ny N, be NT AT

b) the lewgth of the time interval T be wminimal.

Analogous problems, concerning harvesting problems can be found
m (1, 2, 3 57

2. Preliminaries. To solve this problem (sce for instanee (1], chap. 1)
we must consider :

a) the adjoint system :

7 . .
= ey —u—by Vo) 0y —ba Ny o,
d!

5

(3) ', L ) .
-—; =y Ny —(—ay— w--by Ny by,
¢

b) the hamiltonian function :

H{N 9 1) = Ny dy (a0 by No) =N b —ay =6, N )= (N D+ N, by).
Denoting

(6) SN 9y =N 9 N, 4y,

it is obvious that the maximum of ff, by given Ny, NV, 4y, b, and Ogugt,
is realized by

=0 if sgn S= 41,
(7) SRS
=1 if sgn S=—1,

froni which it follows that u is a piccewise constant function. Morcover,
since wy. ¥, is the solution of a linear differential svstem, with coefficients
continuous in cach interval where # is constant, it follows that no compo-
nent of a non-trivial solution can vanish in a convergent sct of points 4.},
and that the distance between two consecutive values ¢ where &; vanishes
is strictly positive,

3. Denoting

(8) ANER UM ra= N,

the system (8) becomes :

iﬁ ba N A
df
9) |
d_-\';,' i -bl 'Z\'E _\'lr
df
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i particukar <alution of which 1=
{1} si(i, )by Ny—ay=tr, z{in, £y =b Ny—uty o

Alter knowing this solutton, the general integral of (9) can be found
by quadratures il s

(O =(Cy {0 By o) =y (o, 1),

(11 /)(( - (() it {) ,('):..(”_I)- .._.(_.I._....._‘
AN o (0, uf )
where t
by Ni(=)
g L - P LS S S B
(12) ot = | =

I
We will suppose the initial point (N, V) chosen so that z, {1, 0),
s, () =20, . . . .
( (gh\'iousl\'. the aliove solution is defined only in the interval [0, 4,)
where #, s the first value of ¢, for which (e £ =0. _
To prolonge the solution (11). we remark first that, denoting

i
b, N, ()
| N E S.-_.——,,-df,
(13) ? ) (P
we have
| |

’ —m, (' u )= = - -
(1) 2l =e ) o, ) 2 (o f) 3 () za(u, ),
and replacing in (11) 9, by g, given in (14), the solution is defined in {0, #,),
£, being the {irst value of ¢ where z, (#, £} =0. ) ' |
— To prolonge the solution for {24, we will take a point /' € (/). &), an
then, considering

(15) oo (0, 1 ) =g, (0, 20 87) Hou {7 00 1),
we will replace in (11) 2. (¢, #.¢) by

] !
(16) o (010, 1) -

oy (1, 1) za (e t) v 2o {u Yy o (u ) '

with which (11) makes sense. By the same method, we can prolenge the
solution (11) for cach value of /4
4. Let now

(17) GO N (=N (i=1.2),
and suppose, chosen N9, as we have already remarked, so that

(18 s (0, 0y <0,
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Morcover, suppose chosen ¢§ =0 that
(19) NG NS 0.

It follows from (7), #(0)—1.
Denote by (4) the family of solutions of (4). corresponding to n —1.
It results that the trajectorics of this system are like (2):

|__A) _\vl—a,—-l cb,N, _C‘\-g,—l (’b‘N' ;

let Ay be the trajectory passing through O\, N9). From (11), taking into
account the initial values, we obtain :

l 0 \o 10 \'0 21V
_"'1(];1) l{("r’l A (1, 0) =g NY =, {1, 0)) 9,(0, ]‘f)_e-"_(-l—()) 5 (1,4),
oyt
A
(20) ¥ell, 1) {(-4»;‘\'9:_. (1,0)—48 N8z, (1,0)) o, (0, 1,4) +~AE
9 Mz (1L0)—¢8 Ne =, (1, 0)
:l(lvt)y

the prolongation of this solution being performed as in the previous paragraphe
With these functions. ene can construct

E(]vt! &, B)_ “\'l(l’t) ‘Pl(]!l)'{_*\rﬁ(!:!) {‘fl(]'!):

- “{(Zz (1,0)—=z, (1, 0)) (D(l,t)_i_z‘ (1;1)(‘:‘35)(1, Z)}+

e ,@.{(: 1 (1, 0) $22(1,0)) (D“,!)—i_h - z)(—l'_:(;)(]t)},
wherce o
2a=0¢ N 1018 NS <0
2B=y] N{—d4§ N3
1
Pllg=( (L -+ (L) 9, (0. L, 1) — e =
z, {1, %)

I =z (1-f)+:’(]4t)
=(:3(l’t)+:~‘(]!t)) q)._,(O,l,t)—}——-—-—-—-— l -

% (1) 2 (1,0)z(1,0)
Obviously, a <0 ; we will take a=—1, without restricting the generality

and denote XZ(1,¢, —1, B) by X(I,¢, 8).
5. Our aim 1s now to find the point /= 0{8) where X(1,{, 8)=0. We

will prove the

Theorem. If =z, (1,0), z, (1, 0) <0, it exists a valuc t* of t. " >1,. such
that, for each B, 1t exisls a wnigue value 0<6(B)<t* where X(1,0(B), B)=0
and namely if B (zy (1, 0}~z (1, 0)}{(z; (1. 0) -2, (1, 0}, 6(8) <t 1 being the
value [or which z, (1) 4z, (1)=0, 7, () <O — and for &<z, (10)—z, {}, 0}/

(21 (], 0) —*':2 (lt 0))1 O(Fﬂ) >1.
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Proof. We write 2(1, 7. 8) under the form

N(1, 4, 8) = A(z, (1,!)-{-22(1,1’)3{?[(0, 1, ) —

(21)
t Y }
L0 (L8 +2,(1,)] = (1,004]
for 2, (1, £) 4=, (1, 1) #£0.
where
(22) A= (2, (1, 0)—2, (1. 0)) 2-B(z, (1, 0) -z, (1. 0)).
The funciien
. I L =l4E
Mz (0, 1.0 o (Lfy [2 (1) 2. (1. 6] " (1,0 4
1 ! — 148

el L) T (L) (L) (10T z (1L 0) 2, (1. 0) - s (1, 0) A

is increasing for cach f (this can be proved by considering the derivative
of I') and
-2
Az (1, 0) 42, (1, 0))
F(t—0)=+4ow, F{t+0)=—0.
Suppose now A <0, ie,

F(0)-

z, (1,0)—z, (1,0)
2o (1,0) +z, (1,0)

(23) 8 >

In this casc, it exists a value 0({8). 1, such that F(0{8)) 0.
If =0, ic.
(24) EJ"'-'-.. 22(100)_‘71("0) ,
2 (1,0) 47, (1.0)

taking the prolongation of o,, one sees that FF{{—0)= +ac, { being the first

point where =, (1, £) 4=, (1,6)=0 and z, (1,7} >0 and so it is casily scen
that 7< 0(g) <.
6. Denote by £, a value of 1 where
(1,1 B =0.
Then, if 4,4,
! )

(25) 1 (0.1, fo) — o (0 fo) {20 (0, &) oo {1, 1) | 2 (1L0) A

and of £, 1,1,
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1 144
@, (0.1 [l_l) 1 i — =0
s (Uote) [oy (Do te) e (Lt 52 (1,0) A
, 1 o . .
Since o, (0,1, ) = Is  increasing  with  res-

(L0 e (L0 2. (10]
pect to £ it follows that, il we mentain 8 fixed, and take 7,4, we have
(25') (0.1, ) 4 ] L +& 0

I :?2 Sah)or 1 - = :
:2(1,1‘1) ‘_:1(],!]) -_:‘.!(lrtl)J :'(]‘U].{

Let Py={(N, {#). Na{#4)) be the point of the trajectory A,c(A)s
passing through (M, AY), obtained for ¢=f,. As in this point X (l.7 )
changes its sign. it follows that for ¢ =-f,, « will take the value 0, and the
optimal trajectory will be an arc of the curve o= (I') passing through
(N (1), Nu(8)) 0 ¥ (0.4). va(004) will be a continuous prolongation of
Vi (1,8, va {1, beginning with the initial values

(0, fe) = vy (1) va (0L L) = vy (L, 4y).

(This will imply the continuity of the functions ¢, &,).
These functions are, for =4, :

y(0.0) ={ v (0 te) e (1 te) — va (1L o) 5y {0, L) ] 21 (fo. 0. 8)

1
T Vi (1‘10);:”(—0_,7,)}21 {G,0).

v (0, £) {-'_'-'1 (1, fo) 22 (0, to) — v (L. £o) 21 (0, £6)] 2y (fo. 0, 8)

Vi (] tU) Iy (0» {(l) Ve (!. !n) ~1 (0 fu)
2, {0, 8)

>

1
Ly, (1, fo)m} % (0, 4)

and, as a consequence
2(0.¢ B)y= {'(\'1 (1, fo) 22 {0, o) = xa (1, #o) 21 (0. 40} @y (£0, 0. 8) —

I
Faa (1, 4) m} (z0 (0. ) 42y (0, 8)) +

Taking into account {20}, (22) and (10), it follows:

Vi (1, £} e (0, 20) - va (1. 4a) 21 (0, &)

= — 4 {Ql (0.1, 29) (= (1 fo) =22 (L, £o)) — ————= -+

V(L fo) 25 {0, 80) — vu (1. 49) =, (0, )
z; (0, 1)

y =8 ., .
00 (21 (1. 2o} +22 (1, 20))
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and

; 1.5
vl =4 (_,, {0, 1, 4,) - ————)';, (1, 4o},

and then considering (25), it results

v (1t} 2 (0, 1) — va (1, ) 2, (0, fo)= Az (1, fo) 322 (1, fu})

<o that (27) becomes |
T (0,5 B =A (5, (0,0) +2. (0, 1) {@, (to, 0, £)

{27) 1 !
) 0D T 0] e {00 (21 (0, ) =2 (0 ik

1f we chose f,=1, it follows

i
—
Lo
-

~0 0 L0 0 0y L
— (23 —29) +8(f +4-1) =0.
This time, ¥ changes its sign in £, and his prolengation is

- Vi (1 fo) o . c g T
(0,4, B)= -———Zl 0.1 (zy (0, 8) 2. (0, 1)) 10

this prolongation can also be prolonged.

7. Taking into account the tangents at the two arcs of curves Iy and
A, in (N9 N9 one sves that the arc of Ty passes in the interior of the domain
bounded by A, Morcover, it exists a second  point of intersection, o,
between A, and I%, and this peint is on the line passing through the origin
of the coordinates and the first point of interscction.
Consider now another solution ¢, ¢, of the adjoint system (5), such
that
10N 020 -
CAFERUAY S

In this case w—0. and the trajectory Iy passing through (A§. N9
will Lelong to the family (7). With this solution wv will construct,
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as in the previcus case, the functions v, (007). v, (004 solution of (9), and
then - o -

(0,4, 8 v (0 v (008 = [ofsy (0, 0) =z, (0. 0)) 2.5 {2, (0, 0} -tz (0. 0))]

20 (0.0.0) (0 (0.0) 52, (0,0 — )‘—e- L (= (0, ) 5 (0. )

{0, 0)

AT
SR

NS

To chose between the two trajectories Ty and A, we wiil apply the condi-
tion {or the optimal trajectory to satisfly the condition '

AN, Q) eemax (N, & w) 20,

where .V and ¢ are solutions of (1) and (5) respectively.
I'he result is stated in the .

o Theorem. ['ic optimal irajectory of ihe stated problem is oblained for
Proof. We have obviously :
HIN G ) =0,V (ay— =0V} Ny (—ds= 10 0,8 ,) — vi5, (1, 6)
v () v (e, 0y 2 (0, 0) — vy (0, 0) 2, (1, )
lo (e (1, O) — 2 (u, O))) -3 (=, (1, 0) £z, (1, O)) 1= — A (1) 2 0.
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For a1, o (GN8N 20, and A, 0. we haw
M AL B Tor Uty

and
(1 1. 83) <0 for 0L,

and for =0, 2={LINT +OND/2 =0 and A Lo 0, we B
i Ya

20, fy, B} =0 for (<t t,

and
2048 =0 for 0g4-24,
We denote by g, 6a.. the curves — sets of points where the functions

Y0, 7. 8), X(1.¢, 8) change the sign.

8 If we denote by 1T, the curve belonging to {I') and tangent inf
(0 Ay, then throughe ach point of the domain M, bounded by the arc of
A, between 0 and 4, by I, and I, and the are g, 70, 1t passes an arc
of optimal trajectory belonging to the family (1), through cach point
of the domain M., bounded by this last arc. by ihe curves A, and A, of (A)
passing through 7 and 9, respectively and the are o, 1t passes an are of opti-
mal trajectory belonging to A, and so on.

1t follows that the final point (NTNT) rcachable from (NS, N9 belongs
to the set | M, and the optimal trajectory is formed by arcs of opuimal
trajectories of the above tvpe

The same method, can be used to find the optimal trajectorics,
when the initial values of N, and V, are in other positions then these con-
sidered in the previous paragraph.
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