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1. Throughout this note, we shall use as general notations N={ 0,1, ],

N'=i1,2,.. 0, Re=[0, 400, RY 0, 400 [, Re== [0, Foo], FX, Y}
b fr X=Y ) T (resp. T} the n-th iterate of T eM(X, X)(X.Y
arbitrary sets, #eN), C(X,Y) {feF(X.Y): [ is continuous PN Y
arbitrary topological spaces). A function [ Ri= Riis said to have property
(1) iff f(0)=0 and f*{) =0 as n—-0, for all € k.. The set of all functions
J=F(R+, Ry) having property (P) witl be denoted by 12

et (X, d) be a generalized metric space [21], and let 7:X->X bea
siven mapping. By a (simple) fived point of T we mean a point 7 AN
satisfying t=717. An useful result concerning (simple) fixed points may be
stated  as  follows,

Theorem 1.1. [51. Let (X, d)} be a complefe gm.s.. and let T:XN->X

and feP be such that
(1.1 xore XN, 10 and d{yv, y)<T imply d(F~x. T)<f()
(1.2) X()=fxeX; dx. T'x) = 40 j# @

Then, there exist S X(T)Y=>Xand p: X(T)— Ry such that (for every
e N(T)) @) X{x)={veX; d{x y)<to; is T-ineariant and Sx 18
the unigue fixed point of T in X{x). (L) the iterative process (I"x; meN) XN
converges to Sx in the sense that d (Tx, SO (<), for all w2 p(x) und all
melN.

2. Againlet (X, d) bea gmus., and Jet T N*= X bea given mapping.
By a double fixed point of T we mean a point ==X satisfying + T{z, o).
Lot veX. By a simple fixed point ilerative process generated by v oand T
we mean a sequence (X, meNyc X defined by the recursive procedure

(2.1} v, vy="T{xy, xy), va=T{(r; )

(that is. x, is a simple fixed point of T(x,..}. x. is a simple fixed point of
I'(v,..). and so on}).

_ The main aim of this note is to give some sufficient metric conditions
implying convergence of a simple fixed point iterative process to i double
fixed point on one hand and an evaluation of this convergence, on the other
hand. Under these requirements, the main result of this note may be stated
as follows,
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fep }:";::T.f’fln;f}l. Let (N, d) be a complete gans., and let T2 X2 X and
swch tha

2.2) (v, v (o vy =X 230 and d{x,, v, d{vy. g
imply T (v, V), T(xa, v))<f(2)
(2.3) Jor every x&X there is a veX(x) with d(v. T(v, v)) < .

Then there exist S XX and g0 XN Re such that (for every xeX)

(a) Sx 15 the wnique donble fixed point of T in N(x), (b) the (anique) sin-
ple fixved /Joucz’t r/rrr;!we process (x, . mENyo X{(x} generaled by x and T
converges to Sx and the crror of approximation s eivenbvd(x,,. Sy ' V(=

for all ©3 g(x), meXN, f app L is glven by d(v,. Sx)g f™(z),

Proof. Define a mapping U X = P(X)={Y <X Y£g ] by
(2.4) Uv={veX{(yv);, v=T(x, )}, xelX. -

It is a simple matter to verify that (taking into acc
a simp s at (taking into account {2.3) and theorem
1‘.l \\,lth. 7 rf:placcd by 7 (x..)) Ux consists of a single elcm)ent, for cvery
xeX, So. U is an ordinary mapping from X into itsclf, and., morcover
(2.3) d{x, Ux) < oo, for all xeX (le, X(U)=2X).
(2.6) Uy=T{x, Ux), for all veX.
Now, let x, ve&X, 720 be such that d{r. vigz. F 3 fv. U
- _E such x. vt From (2.5), 4(Ux, Uy
< 4o and thgorcf(_n'c, taking into account (2.2) 4 (2.%), zi(Ui Uy)'\<)
[ (max (=, d(Ux Uy))). which implies d{Ux, Uyv)g f(=). Hence h
roye X w0, d(x, v)gs imply d(Ux, Uy)</(7)
and thercfore, theorom 1.1 is applicable {(with T replac ), ¢
ting the proof. Q.LE.D. . ( LS A G 2
Remark. The above result easily extends to simple fixed point i i
_ asily e: xed point iterative
processes generated by clements of X* and mappinés from ;‘?" into L{’dal;:l
to their corresponding sn-fixed points (n €.V being an arbitrary fixed natural
number). On the other hand, a close analysis of the technical aspects of our
theorem leads us to the conclusion that it may be  compared with some
resits of S B, Presi¢ [3Jand M. R. Taskovid [4].

3. In this paragraph. an important application of the main result
to an asymptotic dosing problem for a system of functional differential
cquat}"ons will be presented. Let # €N be a given natural number and
let (K" | - ) be the cuclidean n-dimensional space endowed with a given
norm |||l \‘)\/ﬂc denote by < (resp. <) the relation in R* defined by @ xgy
iff v—veR} (resp. x<y iff yv—y<=(R})"). Also, for u, bsR" a<b, the
n:chmcnsnonal intervals [a. ] |a. 8], [a.8[1a. b[ are defined usually
I*)l:rthcgmorc, fox: a given >0, denote X=C([0, w}, R"), Y=C([0 m]“
R, Xo=C([0, o], Ku}, Yo=C([0. 0], R+), Xg={g=X,; g7* (R]) is dense
in [0,w]}. For every veX ddine x| =X, by

Il % (=]l x(t) 1|, for all t£[0, w)
and, if geX;. define [-f,: X =R+ by
N xll,=inf {aeR.;||xll<rgt. if {nesRe; x| <A

= 40 i {aeRy; x|l € ag

}# &
<

e Ty
|
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for every x =N, It is simply to verify that (X, ) is a gencralized Banach
space (respectively, a complete gmis,, by the standard construction of its
metric). For every g € X denote also Ap={ x =X ;| ¥ [l +9 e

Now, let xi#{x} be a mapping of X onto itsclf, let =R deR?
and consider the sequence of Cauchy problems

(P) w0 =kn) (0, (=(0.0]; X (0) ="

(P2} w(h—k(x (), (=00,0];  x.(0) =, (0) M
(P.3)  x'(0=k(x) (), (=000 5 (0)=x: (w) +-d
and, in the same time, the btlocal” Cauchy problem
{(BCP) ) =k{x) (&), =0, w] 1 X(0) = ¥{w)-+d.

By an asvmeptotic dosing problem we mean a problem of finding
sufficient conditions concerning e, k. x° 4. in order that the sequence of
solutions of ((£2.m); m<=N') be convergent to a solution of (BCP). The
fundamental assumptions we need in our considerations are expressed
below.

i) A first assumption we make upon our data is that there exist
mappings & —A{x) of R* into X and x - B(x) of X into ¥ such that, cvery
solution of the Cauchy problem

CP) 2 () =k(x) (1), t=0, 0], x(0) A0
is, necessarily, a solution of the intcgral equation

$
(LE) () =A(x9) () +S B(x) (1. 5) ds. 1€[0, 0]
0
and viceversa (the existence of such an equivalence relation in a number
of particular cases will be discussed in a forthcoming paper). If we admit
such an assumption, it is clear that the sequence (¥, ; m < N’} of solutions
of {(P.m); meN'} satisfies the recurrence relation

¢
(3.1) s (B =A (20 () +d) () +S Blxmsy) (8, 5) ds, £ [0, ©)
1}
for every m =N’ and therefore, if we define a mapping T : X*=X by
¢
(3.2)  T(x ) ()=A(x(e) +d) (z)+s B(Y) (£ s) ds. t=[0,0). x, yeX
]

the sequence of functions (x, meN) appears as a simple fixed point
iterative process generated by x, € X, %o ()=2° {(t=[0, w]) and T.

ii) A sccond assumption we make upon our data is that there cxists
a couple of mappings xb-a(x) of R+ inlo X, and vib(x) of X, into Y,
a g=X, and a f& P, such that

=
(3.3) ,veRr =0, fr—yli<~ implics || A({x)—A(¥) |< afT)
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(3.4) yeXN heXN, | y—v|<h implies {| B(Y)— By I<b(h)
(3.5) (o)) (1) Stb(rg) {t.s)y ds<f(=) g(f}, t=[0, w].

In this case. the mapping T defined above is, necessarily, f~contraciive
in the sense of §2. Indeed, let (x. vy}, {x. 1w) € X7 besuch that || x;—x, <
<t and | vy—2y. <o 7 =0 being a positive number. From the definition

==

of 'l vy —x:I€7g | vi—2e |I€ g and then, from (3.3} —{3.5),

I T (. ) (0= T(xa va) () 1< 1] A (x1{w) +d) (1) — A (x, () ©

) () 14§ 1 B ()= B() (05) s < aGseo)) 0+ b (s8) 1, 9) dss
’ < f(=) g(), for all r=[0, ] ’
and so, (again by the definition of |||,)
| Ty, v — T(xa, v} hS(7)
which was to be proved.

itly The last assumption used hoere is that, for everv x =X there
is a v=X such that

(3.6) | x()— v il<sug?), /=(0,0] and
(3.7 | v(t) — A (v{ew) 4} (1) — S' B(y) (¢, 5) dsli< pgll), {=[0, @]

1Tor some 2>0. This is equivalent to saying that, for every xeX there
Is a vey-+X, such that || y=—T(x, v} |l, < +oo.

Suppose now that assumptions (i) —(iii) are admitied. Then, clearly
all hypotheses of the main result are valid and hence, we proved,

Theorem 4.1. Tnder the assumplions(1) — (111}, the asym ptolic dosing
problem formulated above has a positive answer, that is, the sequence (x,, ;
wm =N} of solutions of {({(PP.m) ; m=N") converges in the sense of |||y toa solu-
tion x of the bilocal Cauchy problem (BCP).

Remark. The asymptotic dosing problem formulated here may be
regarded not only as a convergence process but also as a localtzation of the
limit v of (v, :meN') with respect to a given n-dimensional interval
Ja. b [ (where a, he R*, a <b are given) i.e., the question is to find sufficient
conditions implying

(3.8) a <) <b, 1[0, w].

Concerning this aspect, it should be noted that, from a localization of
x(0) we may derive a localization of the whole x by a flow-tnvariance techni-
que [6] for this class of functional diffcrential equations. We also note
that, in the ordinary case, 1.e., a case defined by

(3.9) k() () =f(t. % (1)), 120, 0], v& X

(f: R+ K" K" being a contlinuous function) our asyvmptotic dosing
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problem may be compared with seme results of 1. Capra 1, and. in

the fnear autonomons ordinary case, deflined v

(3.10} flt. x)=Ax, x=h*

(A= || @y |lagn being a nn real matrin) a number of important aspects of
our problem were treated in (71 together with some interesting applica-
tions to general pharmacology.
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