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In order to construct a constitutive cquations theory one may usc
the way developed in 2] by Eringen. For example.in a lincar theory
we mav take the following constitutive cquations:

& (v, .")2-'1ul (x, v) [=eu ()} +zn (v}, EPTIAS v) — A (v,

£y (\) = 1 -’;-S A ,-.,(r, \') €4y (\) dy,

L4

g LX) =g 20 -+ S Copa (£:30) €ie {(v) dY,
v

where = are the strain components and CATE A (x. \) c.”“, i (\',l_\'-)
some coefficients which describe the mechanical properties of the body.
Kemark 1 : In the other nonlocal theories in the central point are the
¢o called localization residuals in the balance laws. Here, the localization
residuals are removed out by the first postulate. The internal body force
g: is analogous to body force residual in the Eringen thcq:_}_ 2 .but,\at
the last, the bodyv force residual in [21 must vanish and this requirement
'8 arise in our description. .
foes ]}‘?etm:lrl;'l.’f 2 fl l(f the hodg opposes internal body forees and internal
body couples the stress tensor will be asymmetric, ¢ven if the body 1s acted
by surface tractions and external body forces only.
" Remark 3: The proposed scheme is convenient for polar a‘md _ll(iat
conducting materials, In a next paper we will present some of these exten-
slons.
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ON THE CHANGES IN THE EARTH'S INERTIA TEXSOR DUE TO
EARTHQUAKE FAULTING

BY

D. IESAN

1. Introduction. In the theory of the fZarth’s rotation. the calculation
of c¢hanges in the Eartl’s inertia tensor accompanving carthquakes is
of major interest. The subject was considered in various papers (sce e.g.
I 6'). In [6], the changes in the Larth's inertia tensor are calculated
by a direct application of the clastic reciprocal theorem. The problem is
reduced to the finding of the stress distribution which results when the
model is steadily rotated about some central axis. Two homogencous,
isotropic spherical Earth models are studied. It is known (see eg. [6], [7])
that the deformation of a sphere is very greatly affected by heterogencity
of the material. In this paper we consider a piecewise homogencous Earth
model and study changes in the Earth’s inertia tensor duc to carthquake
faulting. The temperature variation is taken into account.

2. Reciprocal relation. et £ bhe a bounded regular (in the sense of
Kellog) region with the boundary S.. Let S; be a closed regular surface con-
tained in €, satisfving the conditions : 5, U 5, is the boundary of a domain
Q.. contained in Q, and S, is the boundary of a regular domain Q,, contained
in Q, such that O, nQ,=¢. Q, uQ,=Q.

Suppose that Q, and €. are occupied by two elastic materials, Let
C@,, @ be the thermoclastic cocfficients of the material which occupics
the domain Q, {(x=1, 2).

Throughout this paper a rectangular Cartesian coordinate system
Ox; {i=1., 2, 3)is uscd. Let {e,, e, ¢;) be the corresponding unit base vectors,
We shall employ the usual summation and differentiation conventions :
Latin subscripts-unless otherwise specified-are understood to range over
the integers 1, 2, 3, summation over repeated subscripts is implied and
subscripts preceded by a comma denote partial differentiation with respect
to the corresponding Cartesian coordinate. The position vector to any
polnt in space is r=x€,.
- In this paper we consider the linear theory of classical thermoelas-
ticity, Let u, denote the components of the displacement vector. The com-
ponents of the strain tensor are given by
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{2.1) R N TR = A
2
The constitutive cquations are (see c.g. (87)
(2.2) f i, S0 in

whete ¢, are the components of the stress tensor and ¢ 1s the temperature
measured from the absolute constant temperature £ FThe constitutive
cocfficients have the symmetry propertics

S

(2-3) (—'S}Ir)s '(.(f?p?v "C'ﬁgij- SS;’Z) I?'(J?,'
The equations of equilibrium are

(2.4) oo g0 in L,

where ¢® is the density of the material which occupies the domain €,
and f; arc the components of body force vector,

We assume the two materials to be welded together along  the inter-
face S,. Let (o', be the restitetion of the function ¢ to £, The displacement
veetor and the stress vector must be continuous in passing from one medium
to another, so that we have the conditions

(25) :“i 1= _.H,-_._-, :_f;'[ 1 —I_!_lf 3 'f“ on .S].

where 7; are the direction cosines of the vector normal to S;, outward
to .

We assume that the domain Q, contains an internal regular surface
¥, so that ¥n S,=@(x=1,2). on which the slip displacements are to be
preseribed. The sides of X arc denoted by X* and X°. Let v the components
of the unit normal vector v of ¥, directed from the (=) to (4) side. We
consider the conditions

(2.6) up —uy==b, % vy=IfF vy on X,

where ot and o are the limits of o(x) as ¥ approaches a point on ¥ and
X, respectively, and b, are prescribed functions.
Let us consider the boundary conditions

(2.7) tiiny i: on Sy,

where », are the components of the outward unit normal of &,, and /; are
prescribed functions.
In what follows, we assume that the temperature variation 8 is given.
Let us consider two clastic states {wq. ey 4y )oand {ug, o 43} correspon
it di g € Cig g
ding to the systems of loadings { /' 4. % 070 and [ A7 0,4, 8"} Tes-
pectively. If we denote

(2.8) W@ (0’ u")==C®, (G nle in O,

™| -

then, on the basis of (2.3), we bave
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{2.9) [ g w0 (u” a’).

Lsing the radations (2.1), (2.4)--(2.7) and the divergence theorem we obtain

2 2
2 ¥ S W (u' u’)do— ¥ S o fLug du - S fo da—
am] - a-:ln
Sl
(2.10) : ’
2
S 1y B dad Yy S BE B dr
a=)
T 0,
where
(2,11 Ty b vy=L7,;.
From (2.9} and (2.10) we get the following reciprocal relation
2 2
¥y S & fiugdu —;—S i da — S Tida 4+ Y S B0 cgde =
a=x1 =1
0, pa 3, a0,
{2.12)

=¥ S @ £ ny dy +S 1y — S Tibla + Y S 20", du.
o
0 =

aw=1 1
@ §, Q.

Now let us consider the elastic state {u,, ey, £} corresponding to
the system of loading {ff—F; =0, £i=0, =0} and the eclastic state
$uy, gy, ij} corresponding to the system of loading {f{’=0. & =b;, /=0,
6""=6}. Then, from (2.12) we obtain

2 2
(2_13) E[S p‘“’[:;v;dv= S Yal-bjd(l‘*— Z S ::)S?) ”(‘,‘jt{'y,
a= g - a-lﬂa

\Vherc T‘=:t11]2 V.
Let s be the unit vector in the slip direction at every point of X. Wc have
be=s, b, where & is the slip magnitude. From (2.13) we get

% 2

(2.14) zgwmmHSHM+zijﬂm
a-lna = u-lna

where

(2[5) T=T£S‘=Et‘-l-:3 ‘J‘:S,‘,

is the shear stress induced on X by the self-equilibrating ficld of body
force F,. )

3. Changes in_the inertia tensor of a piecewise homogencous Earth model.
Fhe moment of inertia about the axis (4) passing through the origin and
having the orientation of a unit vector N is
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2
(3.1) N Y S A
a==1
Qe

where Z—r— (N1} N, We can write f= Fo NN where
2
lo= y S @8, xvixg) du,
o=l
g
is the inertia tensor,
When the body  is deformed, we have a change in moment of nertia

2
(3.3) 3y NN 8T 7—2 p'“)ﬁ,-i'!,-dv_.
e

to first order.
Let us suppose that the body is rotated with angular velocity o
about the axis (d). This creates the centrifugal body force

{3.4) ' o' r—(er) o

where o =N [To=1, then £ =%, Let usdenote by () the problem of deter-
mining a solution corresponding to the system of loading AW = il
b0, =0, 8'=0) We denote by M= D™ M the elastic
state corresponding to the svstem A®, From (2.13) — (2.13) we obiain

2 2
(3.5) E Spm]{;v;dv - ST(N’bdﬂ —+ Z SB&;" 0:‘&}“(?‘?),

i T i
where
(3.6) TO - ], s,

The relations (3.3) and (3.5) lead to
3
(3.7 8l yy— VN 81, ZS TH bda--2 Y Sgﬁ;"ﬁdf’ du.
=1
T 1y

In the case of isotropic solids we have 2@ = 85, where §,, is Kronecker’s
delta. In this case the relation (3.7) becomes

2
(3.8) 81y == N N8, ZS T pda 2 B Sgwmgﬂ de.
aml

z : 0,

. We thercfore conclude that the change in moment of inertia is deter-
mined by the temperature variation and the slip magnitude which occur
in faulting, and the stcady rotation solution &™),

It is easy to sce that the functions «, M. /' have the form

4 USON, N, )= EGON, N, 0 = PEON, N,

e

—
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where 140, B0 149 are svmmetrical inor and s,
From {3.0) we get
[ =S NN

where
(3.9 Stea= [ LU, w N,
Since (3.8) holds fer any choice of N.we can write
{3.10 8li,—2 Sﬁ‘”} bda 42 Y, S{:.’““Zf:ﬁf,” dr,
-1
b3 T,

It is casv to extend the reselt to the case when Q is compused of
clastic bodies with different constitutive coefficiont=.

In what follows we study an mhomaogencous Earth model. We assume
that the domain € eccupicd by the Earth is a sphere of radius w. amd center
at 0. We suppose that L2, is the spherical shell { v oaes vy, Yoy i),
and 1 is the sphere of radius w, and conter at O We consider the case when
the domains Qufz—1,2) are occupied by two ditferent homogencous and
isotrupic clastic materinls, In this case we have

= 788, ™ (Bipdye 18,80 b Ll =L A

where 2@ q@ 0 5@ are constants,

1n order to caleulate the changes in the inertia tensor we miust find
the solution of the problem (A} (in the absence of anv slip on X).

4. The problem (A). In this scction we sive the solution of the pro-
Llers (1) for the piecewise homogencous Earth model considered in Section
3 We shall estahlish the solution when the body foree vector s given by
(3.4). Obviously, if @=1 then this solution reduces to the solution of the
problem ().

The constilutive cquations become

(4.1) t,'] }‘(u’ f'rrb\ij {"'2}1.(“") 47 l’.'.(a) “(5\“- in !.}u,
In this case, the equilibiium equations reduce to
(‘}2) :-.L(m’”,"” -i'(.-f.(u) *":L(a)}”)‘, JE -;‘:’.(a) _/‘. () il'l L,“,

where
oo iy (o) oy w= const.,

I (—I- w41 ]
‘5 t

We can write

where £ — 4y, and
(4.3) I l 0y — 1 SN 7Tl IR o
2 3

The conditions (2.5} bhecome

(4.4 Credr=ltile. [l 1y
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The boundary conditions lead to
(4.3} L= 0 on r o,

The problem consists in the determination of a solution of the cquations
(4.2) which satisfics the conditions (4.4) and (4.5).
Let us introduce the notations

-
S0 Tyt
~{a}

e

e = fz— 1.2).
pAGS -i-z:ut‘“’

2{2588 17 i)

RYALI N L))
(4.0} %) Rl o M

i

I't mav be shown that the functions w, defined by
I . : ;- A
ili== (1(1).'1 y— = RO Py el ks L+
7 14
[N i .
4| By— = @ AW x in L)
15
(4.7) o [-.m,-!_, A 5] A 45,7 l/‘(=>J:'.\-j+
—I—(.»l wi g By - — '.-'c“)) P -
14

+ (b’:—{- By c-)"f.@)r'"') in Q.

15
where o (i=1,6), B, are arbitrary constants, satisfy the cquations (4.2)
We note that

| 1 2
=t — — k| Vo =@ e --:A(ﬂ] P
¢ ( 1 14 ] J Z[( ) i - ( I+

+ (-.m.-: -~ f.-u>)rs._+ B3y

| PP

- /L'“')CL)- (()”r-—i—
15

20 In

say.

= [(4 35 A — kD 1 438, — S e in 0
(1.8) ’

e (‘.] il Pt !l-’: f\‘Z}}’:") Voo+ _l[ (2 4= A, 4+

A8 At 104y 7_-3-!#2)](.\:,-1’,,--,'-.r,l",i)+l 01,8,

— (5= A (Sxxr T —8,) r 35 Py =3y 73—
: ) .
_ ]‘('-!} Sil]l -;—I‘;:SU—F I'f;] (8;_.}, 3 .3}' 5_\‘|‘-"}') et
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1 ., . :
— — hB* (37 -2 x,) 1

15

(4.8)
= {5, — by 2= LB 1T L3R,
In view of these relations we obtain
@) [yedy np= (A L0 ROY Ty (A NO af 2000,
LGN P B, 45Dt 1.
(4.9) ay [tye]) = (AL ®ur® 440082 gy K} ¥y -
A{ANDG 4 A Dar3—8 DAyt 2w ol ) VL

A (P, — 40 Buar? S0 a]) xp on reay,

where
' 7 (@)
[@_ _. 206 (192 |14 ,@®) M@ =24 (3 - ™y,
' 5p@ 17 y@ ‘
A@) = (4 @) glo)  frad=350) 7, (),
{4.10] ) 3 [ .
(R0 — — Z | [ = — — (T2 a3 L)
& i 7 b
Stab= — L (3700 o)A, {a==1, 2).
15 '

The couditions (4.4), (4.3} reduce to the following systems for  the
unknown constants

[}
(4.11) o, Ay=b, (p=1.6). c;;3;="5.

i
ge=1

where we have used the notations

dyy =T a = =0, dyy - — =@ a5 N ar® as =Sy,
oy = — gy =0}, das =l dig=—=—a7® dy ar®,
Ay =1 g =dy=0, dyy L g = M@g78, g o= 40 u®ap?,
A= NWal g, =209 4,y N@GE g o=—0®ar? g -8 WS g, 2 utth

Aoy = dgg=0. 75, == L& qge=MHD0g% g 10 wBaz?,

H ea ()‘ g ‘\'(2)33. e 1)(2)”2—3‘ (T gg = 8 H(Z) “2—5. gy = 2 :‘._:.:i‘

By 2052, by o (A L) dy KO RO, by (2 () o,
7

S N S L

. — . 2 v H
541} b, 478 oy P, e — 1O,
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o 4. (2) ,—3 5 5 H
x w8t gy = = e 4 uf2derd

|
3 A AL TR ) ) (1] ey®
3 { Jota B (S Sy o'ad 3, Sty k.

Fhe systems (4.11) determine the constants do(s=16), B If

7.00) 72 7. .U-u) ..,_ta) u, P(l) =12} - A
then we abtain ' . )

A=, (TA-F6u) (5% 47u) ¢ f e PR30 of
Ha (1924 14m) 2o220) 77 7% q(19n 114

Bo=H,- (158 4 6u) sw'ul
IS(3%42u) (0 +2u)
In this case the solution reduces
(see ey, [6] {70}
In order to obtai i
An ain the solutio : : T
obtain L%, b0, 10 e KO twrtilt:f the problem (1) we take w=—1. To
I
2

e Vg N - 13 .

» the solution for a hamogencous sphere

I \'-\"—]\' N, 8 i ANF
Shgvy ‘7; IAVEITE BTSSR U

alld id(.“tif\' II!C SV "1 I '(I S« E {
.l . = "} I III]C[I]LIZL'(l ('()Uf[[ : ] . ’ ¢ 3 4
. . <1 R ) A\r-\,\. I 101 (. .,)) 1!]1.(! (‘.(\‘)

6 Leis isl _ con- 1 .
o 2_(-1 REEN) 0 ALY (.\,._\.j_z&jr-)_31318,1

] a9
— kW73, in 0Q,,
(1) l'(q_s-(:) i 5 I
sied) e ik } Ay —6.d,r /l‘“_(.r‘ rJ---i Sur'“’) L
— o e
+31£,8, E!“”)r*o” in £,
(¢ . - :
(4.12) St = .-Lm(fla” Aty ‘-l—"is—l—f\f’)riJ(vfs‘ bvisi)
14 R
1
e e 1y 43 Lo~ :
" ”[(2 ) Ay (D) A 10 Ay

2
Z e
-

[.s* (vix; +v,x) + v (s 5,0,) - : rzv*s‘&,] -
3

5 ]
—2ym ) - 2511 5
2 {z(nl\j 3 ¥ o“).h.‘f‘(a VN L7 A7

2
- » o e *
- (3]:_,} 3.4 I—%A(z’]su} visT,

where rs* = rs, ru*— wr,
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In view of the relations {3.10) and (4.12) we can obtain the changes
in the inertia tensor. Numerteal evaluations conld e perfermed.
The result is particulary simple forwsinke <tp fault for then ©* s =1,
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