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1. Introduction. In this paper. we first deduce the relativistie eguation s
of w radiation field, Then, we establish an existense and nniqueness theorem
for the Cauchy problem for the matier-radiation field schema, as in 1,
[2. To this effect we use a result of Levay relating 1o the hyperbolic
svstems (37 We prove that from the system detined by Einsten’s, equations,
the radiation fiekl cequations, tegether with the conservation conditions,
we van get a hvperbolic Leray svstem, tor which the assumptions of the
Leray’s theorem of existence and uniqueness of solution are  satisfied.

In what follows we use the harmonic coordinates introduced by
Darmeois.

2. The Momentum-Energy of a Radiation Field. Lot 17, be the
space-time of generad relativity. As we established in the special theory
of relativity, in (47, to a radiation field we can assoctate an energv-momentum
tensor

I
(2.1) 2 - —CdeSf(v,sz)uusza-m. B 0.1.2.3"
0

gt
where {{v, Q) is the specific intensity of radiation ficld, defined as in [3, p.2
}e a null direction vector,
(2.2) P00y 0,

L L
From (2.2}, it follows that :
(2.3) gl 0,

Let u be an unitary vector at x €17, defining a time-like direetion
m this point,
(2.4) g Pugug = 1,
and let us consider at x € 1, an orthonormalized frame { eq ¢ such thiu

€o) = U {ey] is a rest frame with respect to w. [o this, from (2.1), we
ave

. _ . 1 .
(25) < =rm ) =S, D=3, p0  p 21-(", k1,23
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where £ is the  energy density of radiation  ficld. 8§ -- the radiative
flux. Lot us find the condition in order that the energv-momentum iensor
{2.5) be a normal tensor (6. p. R .

" An eigenvector v for 18 saaisties 10 the refation (L':; - Liag) 1P 0,
where & 1s an cigenvalae of tenser < relative 10 ggg. Les i 1001 ol the
cquition ;

(2.6) (G ATy (322 = (B0 = 2 R J g ST e ),

where |8 F ses =00 H

(2.7 S aE2pn,

all the roots of equatien (2.6) are real, and defining b
S e dp, Ipe='SP I

wir can write !

(2.8) I p e O dgede= 0,

The cigeavectors corresponding o (2.8), up to an arbitrary factor,

I .
Yoy = (2. “’3)- "(1;=('f1' 57,
"(2) (” S-I. S;‘.()). "(3)=(”. 5“]. (}._'Sl}.

We ebtain :

V=B § = Y(E ) 0, V=il 8 (a3 <0,

gl 2 e g O

v (84 +(S7) 0, v — ({51 570
We have {rom heice ! o '

Theorem 2.1. The encrgy-momeniwn lensor of d radiation ficld that

sutisfics the condition (2.7) is @ normal icisor. _
" The spatial flux vector S is invariant to transformations of frame

{ €y 1. which leaves  €g unchanged.  Censcquently, we  can cheese €
such that S* =~5*=0. Then,
] Z S I (10 = S'ew)
€0 T — (Zeg +5"em). ) Ty Lo O e
yei=[s ] s [*—,
€y =C- Can "€

it is an orthonormalized frame in x. consisting of clgenvectors, that 1s
a principal frame for the tensor . So that we have: o N

Theorem 2.2. For any crergv-momendiont Lensor of o radialion ficld
that satisfies the rondition (2.7). there is an orthonarmalized frame 10 which
<3 05 reduced to the diagunal foran,

H 4r { 8] )
0 Pt 0 0
T !
L3 o 0 /)(r] }
0 0 0 A0
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Finallv, tet us observe that in the case |8 [=2p0 the characte-
ristic equation  (2.6) admits Tour seal roots, ay=ih,=p jy=i,=—p7,
too. The cigensubspace, corresponding to the double cigenvalue p?) has
the dimension one, the vigenvector generating this subspace being a nuil
vector, Because the eigenvectors corresponding to the double cigenvalue

P are time-like, it results that in this case =i is not a norimal tensor,

3. Relativistic Radiation Field. Constitutive Equations. Inside
matter, wo define a radiation ficld by a svimetric tensor field < of
order two and a vector field F. The tensor =% 1s cailed the energv-momentum
tensor of radiation field and the vector F—the power-force densitv of
radiation field,

If u is an unitary vector dddining a timedike direction. we  put:
o R P I ‘ Y )
(3.1) 0= g 1?2, S e L LA A
£ iz called the energy density of radiation ficld and S—the radiative
flux corresponding to u. We have:

(3.2) Zap u* SB00,

et us consider again at x <17, the rest frame {eg, | with respect
to u. In this frame, we have 2% [, o =0 and according to (3.1) ¢

EO=-  S,=0.  S=-0.

Thus, we can rewrite the components of the energy-momentum  tensor,
piven by (2.3), as follows:

2= EO s uy— (2ot o) 7 it Sy 310 Se.
B = E g nt—{gos — ta 1) A7 410 S 14y S
A =EO 1 —{go— ) pO Ay Sp 41 S,
which ¢an be writien in an unique tensorial formula,
(3.3) B =EY u, 10g—(gap— it Ma) P +11,Sg 4-1p5,.
which is truc in an arbitrary frame,

Similarly, in the rest frame { e, | the vector F is given by the consti-
tutive equations [4]:

(3.4) Fo=—oglbW—u 19, Fi= —a, 5,

where T s the proper temperature, ¢ is the radiation constant and o,
is the absorbtion cocfficient.
We can rewrite the cquations (3.4) as

Fo=—a, [Sg+(EM —a T4 uy). Fi=—o, [S¢H{EM—a T4 u)
and thus we obtain,
(3.5) Fo=—op [Se+H{LM=aT) u,],
which represents the constitutive equations in an arbitrary {rame.

5 «— Matematica
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We also observe that,
(3.6) 1B Fy = —ap (0 —u 1Y), (e*B By 1 5259,

4. Relativistic Equations of Radiation Field and its Characteristics.
We assume that, in a domain of 17, the radiation ficld satisfies the equa-
tions :

{4.1) 3= —F,

where 3 is the operator of codifferentiation for the tensors. that is the
contracted covariant derivative, except the sign:

(4.2) Vo a8 B,
We have, with (3.3):
(4.3)  wg VxR =V, [(EW LpM) 4% 1 5%] 402 1BV, Sg— 0, p0 = 2P I,
(470 — 0% Py U <= (B — 2 0B) 1YV, S, — (¢*B— 1% 1®) B, p
A (L 1 ) S V1P 4 SE V% e (0% P

Thus, according to (3.6), we obtain for the relativistic equations
of radiation ficld,

(4.5} 4% 0 EO 4V 5% - (L L p0) V, 0% — w0 Vo iy Ga (EM—a T9),
1OV, SB— (278 — 3% 1By Gy pOY (L ) 0V, P L SEV B
+ SPVLu® £ 1P STV, o, SB,

(4.4)

(4.6)

Now we shall study the Cauchy problem for the gravitation and
radiation ficlds, in the case of a matter-radiation field schema. Giving
the values of U!"l\li«ltl()n and radiation fields on a hypersurface X, we
intend to dLlLIIlll]lL these fields outside X, knowing that the gravitational
potentials gog satisly the Finsicin equutions

(4.7} Sap=% T ap, w==ronst,
where
(4.8) Tep=rpttgtig-+=8.

¢ bring the proper energy density, and the tensor
. ! ,
Yep= Nap = Ta K,
according to Bianchi’s identitics, satisfies :
{4.9) Ve 5§ =11

Because of the unitary character of u, the conservation equations (4.9)
are equivalent to the system defined by the eqration of continuty

(4.10) Valp tt® =g, (LD —a T4,
and fhe equations of molion :
(4.11) £tV ub=q, 58
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On the hypersarface X0owith the local cquation '=0_ we give the

values of the potentials goa and of their first (lcn\dll\u the values of
which define an unitary vector and the value of AWe assume that these
data are such that gee®e® is normal h\p( rholic, llmt Yis not tangent to
the clementary cones (g "“4()) andd 1t 1s not tangent to u (#"2£0) \We also
suppose that the svstem of local coordinates {.\"' is harmonic on X, that
is, the 12 are local solutions of the L aplace equation for the Ricmannian
manifold

(+.12) HP==A 1P = gB [ 00—, for a%=0.

We know that we can deduee from the data the values on ¥ of the
Sy, From (4.8) and (3.3). for B=0. we have:

(1.13) (p-FED 4 A 0¥ 1® Jar® S% (@ S0 71 St (1) 00
IFrom here, with (2.4). we obtain :

{(4.14) (o4 £ - ] 0% b SO 7150 0% - pt7) ",

It follows

- . 1 .
(4.15) $% = (g 18) [ S+
. t :
(4.16) PAEO G = (0= g [0+ 0

The Tast equation is a condition for the possible values of 1® on X, 1f

o, |
(4.17} (16°)° - = (¢ — u®u®) £ 0,
3
we obtain the value of @ on X, and then the relation {4.13) gives the
values of 5% on Z, which define a vector orthogonal to u,.

In the harmonic coordinates, the equations (4.7) can be written :

{

{4.18) R = (T EgapT) ,
where,
]
(4.19) k= — Eg“‘ Orp Eap - fop (O o) -

The fp arc given regular functions, and T =g 1 q.

We note that, according to (4.11) and (3.2), #®1® V5= 0 and there-
fore that wug, which is initiallv unitary, remains unitary,

We assume that the Cauchy data are given in terms of formal series
in the local coordinates and we shall look for formal serics corresponding
to these Cauchy data and solutions of the svstem (4.19), (4,10), (4.11},
(4.5) and (4.6). Since g"#0, from (4.19) we deduce the values on £ of the
derivatives dyogas. The equation (4.11). for 3=0, gives for #°#0 the value on

X of 0u” then the equation (4.10) gives dgp.
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From (4.53) and (4.6) for B0, we have:

49, 1 -0, 5°= o (d.C))
(4.20)

__érgnn ) G, RO 1RO, 5= LCL)

where ¢ and ¢" are functions with known values on X, 0t
1

(4.21) (%) 4= (€90 — u u") % 0,
7!

that is the same condition as (4.17). from {4.20} we obtain the vahses
on X of the derivatives 4,1 and 4,5% For #"#£0, the equations (4.11)
for B1 give dou' and (4.6) for B=-=¢ give 2, 5%

Thus, under assumptions:

{4.22) g0, =0, {a*)® —;-(g,m'—- u" u) 0,
we have obtained on I the values of Qo gap. g, do1e®, 0, ED 8,5% and
the same conclusions hold for the (iclmmlmlmn of the (ons(’(,utl\c deri-
vatives; being sufficient to derive in y" the different considered cqmtmuq
We see that in these assumptions. the formal series that we Iool\uj
for are determined in a unique wav, If the Cauchy data are analvtic,
follows that we obtain one and only one analvtic solution of the Cauc h\'
probilem corrcsponding to the svstem (4.19), (4.10). (4.11), (4.5), (4.6).
If 5=0 is the local equation of a regular hypersurface, we olitain
from {4.22) three types of characteristics : the gravifalional waves, solutions
of equation g*®d, pigp=0, the hvpersurface gcncmlcd by the stream liues,
solutions of u*d, =0, and the radiative waeve fronts, selutions of

|
2% 8 —|—§{,-;°‘5 .'|°‘Ifﬁ)] Agplgn=0.

Since the wave velocity v with respect to the time-direction defi-
ned by u is given [4, p. 360 by the formula :

vt 1 uPd, odg o

¢ (Pt uP) g pdpo

for the radiative wave. we have :@=_¢/|f3.

5. Existence and Uniqueness Theorem. The unknown functions are
£ap. p. u® L0 5% that is 20 functions that satisfy the partial differential
system defined by the Finstern equations :

(5.1) K® oy

i 1 & .
p(n, up Eg.BJ A+ (g g —Zap) P+ ity Sp 105 Sg
the equalion of comtinuily :

(5.2} WA, pVau® - ag( L —q 1)
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the vquation of molion
(5.3) pre® V, 18 =gy SP,
and the equations of radiation ficld :

(5.4) %0, 10 1V, §% 4 (EM 3 p0) Vo 0" — Sg 12 Vo= — oy (10— a1¥)
UV SP— (%8 — % 1B Gy p - (B0 4 p ) 13 V0B L 5oV P

(5.5) _
4= SP V1 4 4= 1B S, Vo 0 == - SB

¥

We shall prove the existence and uniqueness of the solution of the
Cauchy problem for the system (5.1)—(5.5), using a Lerav’s theorem for
strictly hvperbolic svstems [7,§6]. But the system (5.1)--{5.5) is not a
foray svstem, Let us first deduce from (5. 1)—(5,.5) a strictly hyperbolic
Leray svstem,

We substitute for (5.1} the derivatives of these equations along
the current lines, the trajectories of u, taking into account (3.2):

I . . . . . .
{1) zf’Tnmaluv{iuﬁ G (2 in g8, 1in p. G in w® 1in L@ 0 in 59,

where the notation shows the maximum order of the derivaiives appearing
in the functions Geg.
similarlv, from (5.2) we obtain:

{2} 1% 1P e=R{2ing*® 1 in ¢, | in «% I in £ | in &%)

And (5.3) can be rewritien:
(3) 140, uB e UB(1 in g*, 0 in ¢, 0 in »%, 0 in 5%).

Let us then observe that, according to (5.2). the ciquatuions {5.4)
and (5.5) become : '
(5.47) 1A, 1 1V, 5% o (EO 4 p0) ¥, %= T8 5, S8 oI (O 1),

P
(o8 2w 1P) AT R SV B S8V 8 1 SEV we e — T2 f(Em g

(5:5) 3% _ :
) 8P -5 SY P —o, SB.
We take the contracted covariant derivative yp of (3.5). Thus, we

have:

(5.6) -;-rj..-_-“ﬁ— O 1P) Vo Vg EO 4 0 Va Vo SP 4 52V V0P L SBV v, 1% =
= A1 ing®*® 1in g, 1in«® 1in 1O 1 in 5%).

But, according to the Ricel identity,

Va Va.SB-- Ve Vg Sﬂ_}.]\’as SB,
it follows that :

HE VRV, S 12V, (Va SB) % R ,p 5P w® 1BV, Vg [0 -
4+ B2 ing*® 1in g Lin u® 1in EO 1 in 59%),
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which replaced in (5.6), gives:
| . . ;
[“a ubet —(h'as 1% 1P ]] Vo Vg E = 58V, V, 4P |- 5%V, Vy 1®
(5.7) 3
4 C{(2in g2 1 in g, Din a® 1 in 2001 in 5%
Now we take the derivative of (5.7) along the current lines, and
using (5.2), we find :

u’\’[u“ uf Jr--;: {a%® u“ua)] Dopy EVV =D (3 in 28, 2 in g,
(4)

2in u® 2 in E® 2 in 5%).

We apply now to the equation (5.5') the differential operator

1
[u“ uP 4 ;(1;“ﬁ —u“u")] V. Va.

We obtain :
|

]
#% [ﬂ" w E(g“‘ - u"u“)] V), Y, VS — p (o8 — u® uP) [n" " -

1 . {
+ 3 (g™ — 1 u“)] Vy U,V L0 5% [u" e +E (gh—? u“)] VoV, Voub -
I ’ .
+ Sa[(u" T -‘;—S (g u"u“)J ViV, Vg u®= LB (3 in ¢ 2in 5,

2in w2 in £® 2 in 5%,

But, with (5.2) and (5.7), it follows that:
I [
u* [u" ub +-;(g"“ u"u“)] V, V, Y, SF —}-; SBM v, Y,V ut 4+

5y 1 1 -
(5.8) 3 geR " Y,V Vpich — ;gaa STV V¥ it =

= FP(3ing*®, 2 in p, 2 in #%, 2 in E@, 2 in 5%).

;
+ 3 S2 Y, V, g 1P

Taking now the derivative of (5.8} along the current lines, we have

H - . ; . :
u® oY [ Wb po- (g ut ) ] Dogrge SP== G (4 in g 3 in 5. 3 inu®,
J

(5)
3in £ 3 in %),

The system (1) —(5) s a Leray system. The matrix of the system
is a diagonal matrix defined by
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1
a (1) —)—r:*;"“dlw : a2y w*uPdg e [3) = nsiy

l o =
a(4) = s P4 —7; (0o - 1% P) ] Aoy 3 a3y = u® “.Y[ Ak

1
-+ _7; (Slu ut “u)] ‘}u-rlu

This svstem satisfies the assmmptions of Leray's theorem on the
derivatives with the following indices for the unknowns
(a5 S h. s A S s,
with the following indices for the equations :
(1)=3,  {(2)=3, #3)=4, (=2 {51

Indeed. the orders of the five operators are 3,2, 1, 3,4, respectively,
e maximum orders of derivation which can appear in the coefficients
uf the eperators and in the right membaers, according to previous indices,

HANER

e

Lop e " FALN S
(1y | 2 1 ! ! 1
@) | 2 1 ! i |
3y | o 0 0 0
(4 | 3 2 22 2
() | 4 3 3 3 3

These maximum orders are compatible with the system (13 —(3).

The Cauchy data on Zare, as we know, the values of the a*B of their
fst derivatives, the values of ¢ and 2% We assume that these data are
sueh that @ A). the quadratic form gge*® is normal hypertiolic ) the hyvper-
surfice s space-like in cach peint with respect to the correspanding
clementary cone; B). we haveenZ. He =0 ). . the relations 38— »1g
and the values of g and #® define 5% and an admissible value for i

The equatiens (5.1) give the values on Z of the second derivatives
of the gee. the equations (3} the values of the first derivatives of the %,
and then the equations (3.2) the value of first derivative of & The equatiens
(5.4) and (3.5). in the cendition (4.17) give the values of first dervatives
of L0 and $% The cquation (1) gives the values of  third derivatives of
the g,a. (3) the second derivative of ¢, and by differentiation, (3) the second
derivatives of #%. The cquation (5.7) gives the second derivative of Je
and by differentiation, (3.3) the second derivatives of 5% By differentiation,
(1) gives the derivatives of gqp of order four, (2) the third derivatives of ¢,
and by a new differentiation, {3) gives the third derivatives of #*, Vinally,
the cquations (4) and (5.8) give the third derivatives of Foand 5% We
have thus obtained the values on 3 of the derivatives of order € s{g) - 1.
[herefore, we obtain for the system (1) - (3), whicl is a strictly hypurbolic
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Lerav svstem, a Cauchy problem. 1 the initial data are sufficiently re-
gular, the theorem of Leray shows that: :

Theorem 5.1. /n the previous assumplions the Cauchy problem for
the svstem (1)=(5) has one and only anc solvlion (5. ¢ % 5%,

To prove that [ges. &, #% L0 8% vives aosolution of e svelem
(5.1) —(5.5). let us observe that, after a reason given in 70,0t the Cauchy
data are analvtic, the svstem defined by these ennations bas, under our
assumptions, onc and only one calution, which =atisfies nocessarile the
svstem (1) - (3) and, according to the choice of the adoptaed Cauchy data,
coincides with the solution of this svstem given by theorem of  Leray,
By passing to limit it shows that this last solution satisites the svstem
(5.1) —(5.5). when the data are not assumed to be analytic, but only suffi
ciently differentiable.
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SUR LES FLOTS DYNAMIQUES

BY

ELEONOR CIUREA

1. Formulation du probléme. Soit G=(VN,.4) un graphe connexe
dont N est ensemble des sommiets et o U'ensemble des ares. o1 chagque arc
(x.v)=: on attache les nombres entiers positifs A{x, v} ct o{x, v qui
représentent e temps de parcours et respectivement la capacité au moment /.

On note par s la source et avee d le puits du véscau G.

Le probleme du flot dynamique maximal pour p pér jodes de femps
peut étre formulé de la maniére suivante : Déterminer les flux fvo v o)
qui deivent satisfaire :

i=p
(1 a) Y Y (flsoy =Ml s i—i{v, 8)))=u(p).

=0 YEN
s?e:.w('f( vov = fle v i=h(y, ) =0,

(xs,d;  =0.4..., P},

(1b)

t=p
(L ¢) )

(U, x i )= fv. d o d=h(y. d)))=—4(p)
EN
v

{1 ) O<f(x. v )Se(x, vy i) t=0, T, p—h (¥, v},
(2) max v(p)

Sif(x. v £ et o p) satisfont 4 (1), on dit que f(7) estun fiet dvnamique
de s d en G pour p périodes avee la valeur v(p). Si, de plus o{ p} est maximal,
alors f(#) est un flot dynamique maximal en G pour les p périodes.

Lorsque les capacités se conservent dans le temps. autrement dit

pour chaque arc (v, vj€4 on a
(3) ela, v =c(x, v). 1=0.0 . p—h(x. v).,
Ford et Fulkerson (2], ont généré un flot dynamigue maximal en
G, en partant d'un flot statique de G. Dans le cas général. les auteurs
ont montré qu’un flot dynamique en G est équivalent au flet statique dans
un réseau agrandi G(p)=(N(p), A(p))-

La construction du réseau G(p) est la suivante: (i) pour chaque
sommet x =N on définit p--1 sommets x{f) @N(p), t==0.1..... p ¢t p arcs



