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|. Introduction. The notion of almost affine space was introduced
by R. Miron in [10], asa result of his investigations concerning the
independence (12, 14, 15, 16, 17] of the systems of axioms for the vector
spaces and point-wise affine spaces {20, 23].

Let M be a usual affine space over a skew-field A Onc drops the
axioms 1*x=x, Vx, and x+y=3+x, Yx, y for the tangent vector space
TM of the K-affine space A, and obtains a new structure on M, called a
structure of K-almost affine space; T3 is called the associated K-almost
vector space of M. We have described in [21] a gecometrical model for this
structure, which has some interesting incidence properties. Having as a
main purpose to rediscover these properties in any almost affine space,
starting from the axioms, we introduce in this paper some geometrical
objects, analogous to the usual affine lines, which satisfy a minimal number
of incidence propertics, similar to the usual ones. We point out the condi-
tions of compatibility between the modular component wl' M of 1T'M, and
the groupal one, zTM, which ensurc some other natural propertics.

2. K-almost affinc spaces. In this scction we recall the definition of
the notion of K-almost affine space, and its main propertics. Let M=
={4,B,C, ..} be a sct whose elements arc called poinfs and lct p be an
equivalence relation on the set M x M. The quotient set {M xMyfa=TM
is called the set of zectors of M. et K bea ckow-field, and let I be its identity.

D -finition 1, The set M==® is called a K-almost affine space if

(a) An equivalence relation g on the set M x M, which defines the quotient
set (M x M)fp=TM of the vectors of M is given ;

(b) There exists amapping . Kx M T M (n, 2)=a¥%y, V2 eN,
vye M,

{¢) The following two groups of axioms are verificd

Ifrst group of axtoms.

[, vAeM, vxeTAM, 3Be 1l : AB=x.
I, VA, B, A'eM:AB=A'B=A=4".
l, VA, B.C, 4" B CeM AB=A'B", BC: BC=AC=AC".
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Second group of axioms.

Il Yaek, Vo, v&TM, a{r+yy=ocx +ady.
Il.. VapeK, VyeTM, (a+8)¥rv=oix+p¥%y.
i Yaf &K, YVxeM, o (8% 2) =(x . B)%x.

where the sum of vectors 1s defined as follows : let x, veTM and A€ ; 1B e

—_——

eM:AB=x and ICeM BC =1 then the vector AC s called the sum of

the veclors x and v, and we denote this by AC=x + v,
Definition 2. The set A is called @ K-Weylean almost affine space if
i definition U we replace the axiom 1y by (Raschewsky’s) axiom

—_——

1y YA, B A B eM:AB=A'B's11 =BE"

Definition 3. 7T'he set of weclors TM of a K-almost affine space M is
called 1is associated {fangent) K-almost linear (veclor) space.

Theorem 1. Let M be a K-almost affine space, TM its tangent K-almost
linear space, and 21 M ={xeTM 2% x=0, VYu RN}, ul'M={xel}M:lye
slTM:x=13tyv} Then:

(a) 2T°M 25 an almost normal subspace of T'AM  in the sense that (T, +)
ts a qornal subgrounp of (T, +)

(b} wPM 15 a K-wveclor space.

{c) TM=zM+ul M, where the sum is semidirect.

(dy TMETMSuTM,.

(e) The mapping I : TM —ul M defined by P(x) =131 is a projection,

Theorem 2. The sum TM =zTM +uTM is direct iff uT M is a normal
K-almost subspace of 1M.

One defines in a natural manner the notion of A-almost affine sub-
space of a given K-almost affine space M,

Definition 4. A familv 7 = {M}ie: of almost affine subspaces of
a K-almost affine space M 1s called a foliation of A, 4f

(a) Viel, Mi# O ;

{0y VA e, iyl A=Myy;

(¢) Vi,jel.MiiM,, where the pavallelism M||M; means TMic T M,

An element Mo =F is called a leaf of the foliation (F.

Let ‘Fo.(F, be the foliations of the subspaces having as tangent K-
almost linear spaces 1'Af, respectively w1 M.

Theorem 3. The intersection of two leafs M, =0F, and M, €7F, contains
one point and onlv one.

Theorem 4. (Flrst fundemental theorem). The A-almost iffine space
M is generated by the set of points M\ JM,, where Mi=F; (i =0, I).

A foliation & of M 1s called normal if the K-almost lincar subspace
associated to anyleafl of ©Fis a normal subspace of 7M. If the foliation (F
is normal, onc defines the quotient N-almost affine space M/7F.

Theorem 5. (Sccond fundemental theorem) Tie guotient alwiost affine

subspace M|(F, is isomorphic to a fixed leaf M, ="F,, and M, is a K-affine
space.
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Theorem 6. (Third fundamental theorem). e K-almost affine space
M s !Iii dz‘fect p}’o(d et of a fixed leaf MosF, with a fixed leaf M, <0F iff
(7, is a normal foliation. ‘

3. Almost affine lines. In thc remainder of this paper we shall con-
sider, for simplicity, that f is a A-almost affine space with the property
that #TAf is a one-dimensional A-lincar space, that is, Vﬂ;éO,_ zr!-M:
= {23 : rn=K}; hence, the leaves of the foliation ‘7, are K-affine lines.
Let 0 €Al be a fixed point. _ N

Theorem 7. Fo={Z(1t) vewrne = {£(t)} wewrsr, where Z{u) and Z{u) are
sets of points defined by :

Ziw)y={PsM :5—1.)=3+u, ze:lMY, Z(u)={P= M: OP=u+z z= zTALY.
Proof. Let A be an arbitrary point of M ; we denote by M,(4) the

—_——

{(unique) leaf of (Fo through <. The vector 04 =x can be decomposed uni-
quely as follows : ¥ =z, +u =1 +z,, whercu=ul M, 24,z c2I'M (generally,

2,#74). Hence 4 €Z(x) and A GFZV(H). VB a&Md) we have AB=z5:TM
and OB=0Ad +AB =z, +u+z=z,+7 +u=B<Z(x), and OB =u+7,+z=

=B e 7(n). Hence M,(A)=Z(u) and il'[u(A)Ezﬂ-(H). Conversely, VB €Z(u) we

nave 01 =sptt=u+zy=BeZ{n). Then AB=-04+0B= — (st z) o+
4T = i A by 2 by e P = B e M (A)=Z(u) € My(A). In the
<ame way we show ihat Z(n) € Ma(4). The two pairs of inclusions show us

that M ,(A4) =Z(z()=2u(u). Now, when A gets over M, x =04 gets over M
and 1 = 13¢5 gets over w7, hence F o= {Z(0) ueuwrsr ={Z(u)} s eurar.

We shall call the sets of points of the form Z(z) or Z{x), Z-almost
affine lines of 1, in short, s-fines. &

Lct us consider now the sets of points 1 D{z, ) ={P=sM :0P=z+
a4z, n=KY, where z,z,€2TM,and # is a {ixed vector belonging
to w1 M/{0}. Dlz, 0}

Theorem 8. (F,={D{z, 0)};c.7y.

Proof. Let A E!M be an arbitrary point and let M,(A4) be the leaf of

. -3

(¥, through 4. Then 0A =x can be decomposed uniquely : .

E=2 4+ Agdt e = hy ¥ ut za=Ade Dz,0); ¥YB=D(z,0), OB=z,+
+hp = ;1"]—;= — (_)—;1’ +O—l->;= gt 2y F g bRy = (— R+ )\A)-)iﬁ: =
suTM = Ba M,(4) = D(z.,, 0)= M,(d). Con\'ersc_}y, vYBel,{d)=dBes

—_—— =

enuliM= sk ;IHB= a2 from 0B=04 + AB wec have O0B=1z4 +
F ol AN =2+ (RN uD B e Dz, 0)=> M,(A) = D(z4, 0}. Hence
M (A)= D(z4,0) =F,={D(z, 0)}ze.rn. _

Let us consider now the families of scts of points :

(F () ={D(z, ©) s opar and F (%) = {D(=", 2}l ,e2rn; by theorem 8 above
we have ‘F{0) =1F,.
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Theorem 9. Anv familv of the form F(z* (), " ez /
lion y family of the form (F(2*) or ‘F(), 2" €zTM is a par-
o }jroof. Let =3 be an arbitrary point, and 0 =x; the vector y=
—AA——E: ths '1* unique cl_ccomposuion NEI AN U D= RNt D
= (x4, 2%), with I_)(zmz*) uniquely  determined in Gz(::“)f. Let A e
'_s D(:;, YN D(ee, ) 20 = 2y 4+ 0% 1+ = 2+ hamt U+ = AN =
= ..2-|.— xg‘-)l(- 1 alzl = z; and X, =2, ; hence two elements of "?:(z‘) are disjoint
or coincident. In the ss ay w 2 F() is iti
) 1c same way we sce that (F(z*) is a partition of the
Theorem 10. Any F 1S ex [
P TEW v leaf Z{io) €'Fy mects every sct D(z),z,) in exactly
Proof. The point PyeDz, ) given by OFg=z, +t,+2, belongs to

Z{to), because wy+z, =z +u,, z,€:TM, z, uniquely determined 5()—5°=
=g +T2il+ %o = Pye Z(u,), and P, is uniquely defined.

Jorm ¥ e{:frem 11. The sct of the wvectors of any Dfz, ") = (%) s of the
L L Y SETN 1w S TAf 4 ot 2 )
ity ¥u+z, re K} S+ ulM A+ 2 and Vois a subgroup

I— * 4 P

"_.Iwﬁ/j. _YA ,_I_f.ED(::, ), OA=z4d,%u+2", OB =z + 0% u + ' =
2AB= -0 +0B=—2" ) % :

) B0 = —2z Tk i e e o N g e s R oY By NN W REPPRS
4zl com crsil} VielV, v=—z"4+ 13 42, we have th(‘:l pofl)lts P,
and I, give ] Vomz  OF

Jagnven };}-, 01_0:-4 FOX U+ OP =24 03w+ 2, Py, PPy e Dz, 2%),
and P =0, +00, = - Str+ rdut st = — Nyt =y

*

finally,, Vi, 4.1/ y = ST 5
iy v, = o 5 N==2 i ut s, A= —z"+ 2% w4+ 2, we have
M= = E A R = Rt = — 2 (— My )k e VsV

1s a subgroup of (M, +). In the same WAy one proves :

Them.'em 12. The sct of the wvectors of D(2*,z) €(F(z") is of the Sform V=
={—vdr%u+r, 2N = o4 uTM+z and V is a subgroup of (TM,—JJ
L t’};{l:fo{f m 13. _fﬂ)(z,, %) there exists an aq pplication s 1 K x TM ~ TM'
o a ] ;.; (;]A almost affine space with respect to the same equivalence

L0 atig plicalion 2 7 Ir,
maximal mzz’iarir ;;hifgéf::'(;’;?ét]il:;ﬂi;i:i;tgt}: SIS AT R A
‘ Proq‘{. Let us take o x=—z, 4o *x4z, YaelN, YxeTM; then
(.I M, +,24) is a K-almost lincar space: Va,fe K, vy ,'ETM' H: .
by = ~ tad (x+y)+an=—staywy +a e ,""*' :",’=J—2'r +a‘—}—(ftx{f+-(; i
=y -i-.‘z—_-'-_\' +z, = S0 Y+a3t vy, and the axiom 11, is verified : {x+PB) -')‘évitr=
5+ (o + [3)—,}_;;3‘+:,ﬂ=v—z,+ 30 R R :,=—-z,-{-at;!: X+ —x+
+3%.\:E+ Zr=a 3t ¥+ f§ 3¢ 1, which is axiom 1I,; ot:" (B X :c)|= — z:+ o:r-}’a
5 (B% x)+ GETHd ek (=5 PR ) 5 = =g b a % (B w) +o = -
~ Zy '*‘B(:o thg) Xk = {%.#)% x, and the axiom 1I, is verified, too.

i corem 11, the set of the vectors of D{z,, ntis V=—z —;uT'M+
+2; we have 1ot Y=xe—z+ by 4+ o =x< x=1: this means that. for
the new structure, w{'M = {x; l—)\”:'xz.r}=l—z +ulM+ 5, and D(z : €

S7F,, where (7| is determined by w1A, ' ‘ o e

_*’ii-;.-: ———
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All these properties allow us to call the sets of points of the form
D(z,, z) u-lines, and open the interest for their closer studv.

4. Conditions of compatibility. Generally, we can construct a K-
almost affine space M starting from any group zF.M and any K-vector
space ul'M (sce F. Rad#’s theorem [Th. 3.8, 107). But, in order to have
some natural properties, as .two distinct points determine a unique line
passing through them”, and ,any two non-parallcl lines meet in cxactly
one point”, we must impose some restrictions upon =TM and 73, This
is the aim of the present scction,

Theorem 14. Two distinct u-lines D{z;, z,) and D(z;, 2}, ©#z, or 2 #2,
meet tn at most one point iff TAM has the propertv: u+z=z+1=2=10
or u=0.

Proof. Let us assume that #e+2, =2, + (6, with 1,0 and z,#0. Then

the points Po# Py given by OP,=0+2,=72+0, and OPy=u,+ro==201 1,
belong both to the intersection D(0, 2} {20, 0). Conversely, let us assume
that the condition # +z=z +u=z=0 or 1 =0 is satisficd. If there exist two
u-lines D(z, ) and D(z, 2}, having two common points P,# 7, we have

OPF, =2+ ottt + 2,5 =2+ h==1 +z, and O, =2 +heSenud s, =51 bRt -+
——— — —_——
‘s then, Py Py=—0P,40P,= — z, + (— 1+ do) S 1+ 5, =— o {2ty +

Py

RNtz Dz — (= R Ru=(— T ha) et d Iy Iy = k= ke OF
5=z, But }y=1,=200", —01;2. that is I’y = 1I’;; &, =2 mecans that D{z, z)
and D(z}, z;) belong both to F(z) and have no common points,

Theorem 15. Two u-lines D{z, z) and D(zy, ), with z %z oand 2%
#z, have at least one common point iff the equaltion 1 +z =z +u has ¢ solution
weuTM, Vz, z=2TM.

Proof. let us consider the equation wtz=z+u, z,z2€2TM ; if z =
=0=7=0, and the equation reduces to w=u. If z#0 =7#0 ; the u-lines

D(0, 2}, D(-,:z, 0) meet in at least one point P, OP,,=uo+z=;+u.,9 the
given equation has at lcast the solution #,. Conversely, let D(z, z) and
D(z}, z;) be two u-lines with 547, and 2%z ; the cquation —zj +z,4+ 4 =

——3

=1 +2,—z, has a solution #, ; this means that the point P, given by OP, =
=z, +Uy+2, =2} + 2, +2 is a common point of the two #-lines, Combining
theorems 14 and 13, one ¢btains:

Theorem 16. Two u-lines Dz, z,) and D
fzi omeet in a unique point iff the equation ¥ +o=
veuTM, Vi, z=21 M.

In the conditions of theorem 16, two x-lines D(z, z) and D(z, z,) are
in one of the following four rclative positions :

(1) 1f z;=z and z, =z, they are identical.

(2) 1f =52 and z =z, they have no common point (being clements

’

of 7{(z)), and we call them purallel, denoted by Diz, 2 )I1D(z, ).

L2y with z# 2 and 2, #
+u has a unigue solution

.
Z
Z
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(3) 1f =, == and z32,. they have no common points, as elements
of F(z1); we call two such #-lines co-parallcl, and denote this by D(zy, 2,0 #
# ])(z;l :;)‘

(4) If z #2; and z,+2,, they meet in exactly one point ; we call them
seeant,

We shall call almost affine line, in short. fine, any z-line or wu-line.

Theorem 17. I'wo distinet points determine a wunicue common line in
the conditions of theorem 16 off Yae TAUNTM, I 2TM: x= -4
4 Tt x4z, —

Proof. Let P P, be two arbitrary distinet points, H P,P,e:TM,
there exists a unique z-line passing through P,, I’,. Otherwisc, we have

—— e

OPy=x and OP,=x,; I"\Py=—x, + = Iz, =2 with —a,+x,=— 24+
+ IH{ =%+ %) +20= —2,+( — 1 +20:) +24; but, by the decomposition theo-
rem, x,—Zy=%,+u, and Xo—Fo=F,+ 1, =X, =2, +U,; +7, and xa=2z,+ 1,4+
F#=2— vt ry= =y =2+ 2.+ 1, +2,. Equating the two relations, we
have —o +z =022 =52 P, P, =1}z, z,); this line is unique by thcorem
16. Conversely, let v = I'M\ 273 be an arbitrary vector, and let us con-
sider the equation x= — z+ #+ 2, where u=15x. Let O, 4 be the points

d:fined Ly OO = 0, 5.‘1 = x; there exists a unique line D(z,z) through

0, d=200=0=z+z and Od =xv =z +u+z,=2= —=z and z, is a
unique solution of the above equation.
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