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0. Introduction. A nonvoid topological space Z is said to be nonde-
generate, if it 1s not a singleton ; it is said to be linearly ordered, if its
topology is the interval topology defined by a lincar order on the under-
lying set. The deleted product of Z is the subspace

R(Z)={{z), ) €Z X Z | 22}

of Z xZ. Obviously, R(Z) is nonvoid if and onlv if Z is nondegenerate. For
Z lincarly ordered, define the supper-left triangle”

T2y ={(z1, 7s) € Z X Z} 2y < 23}
and the lower-right triangle”
T AZ)={(zr, 2) € Z X £ | 21> 23}

Then R{Z)=T-(Z)UT,(Z) and T (2)NT (2)=. In{l], Eilenberg pro-
ved the following result:

Theorem 0. Let Z be a connected, nondegenerale space. Then :

(a) if Z is not lincarly ordered, R(Z) is connected |

(L) sf Z is lincarly ordered, R(Z) has two components which are just
T(Z) and T.(Z).

In this paper we use Eilenberg's result to derive a generalization for
the deleted product of an ordered couple of spaces with closed intersec-
tion. The work is motivated by its applications to the investigation of de-
leted products of polyhedra.

1. Statement of the Generalized Theorem. Yor any set E, let # (E)
denote its cardinal number. If S is a topological space, let €(S) denote the
set of its conneeted components ; thus, #(€(S)) is the number of compo-
nents of S. For any subspace T of S, ¢lsT denotes the closure of T in S.

1f C is a nondegenerate, linearly ordered space, denote by inf(C) the
least element of C (if this exists); similarly, denote by sup {C) the grea-
test element of C.

Let (X, Y) be an ordered couple of nonvoid spaces. The deleted pro-
duet of (X, Y} is the subspace

RX, V)={(x, )X xY| ATEY}
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of X xY. Obviously, R(X, Y)=X x Y if and only if YNY =g ; R(X, Yi=
=@ if and only if Y=V = 4 singleton,

Supposc now that Z=XNY is closed in both X and Y. For cach
Ce€(Z) define the connccted subspaces

Ne=CUU{A=0(X~2) 10N ol pd =+ 5} ;
if, in addition. C is nondegencrate and lincarly ordered. define
Xe=U{AdceX-2)|Cn clgd = finf (C)}1

and
Xg=U{d=@(X-2) CNcled = {sup (C),}.

Obviously, XfUXzCXe—C and X5NXe= &, Similarly, define the
subspaces Y, Yz, Yz. A partition

e(2)= &,(2)Le4(2)u0; (2)
is determined by the following dcfinitions :

(+) C=e}{Z) if and only if C is nondegenerate, linearly ordered,
and Xy =X.—(, Yz=Y.~C;

(=) C=€;(Z) if and onlv if C is nondegenerate, lincarly ordered,
and Xz = X,--C, Ye=Yc—C.

We prove the following generalization of Theorem 0 -

Theorem 1. Lot (X, Y) be an ordered cou Ple of nonvoid connecied spa-
¢es with Z=XNY closed in both X and Y. Suppose that €(X —7), &Yy —2),
and €(Z) are finite sets, The Jollowing hold

(a) if Z is a singleton and Y = Zy then @(R(X, Y)Yy ={d xZ lde
€ eX—-2)} and #(E(R(X, Y))) = # (€(X- Z));

(b) if Z 45 a singleton and X = Z, then @(R(X, Y)h={ZxB|Be
€e(Y-2Z) and #(@(R(X, YN =#(@(Y-2));

(¢) if Z is connected, nondegenerate, and linearly ordered, Y=2, and
X—Z=X;UXz, then e(R(X, V) ={(XsxZ)U r{z), r, (ZYU(X; x Z)}
and #(€(R(X,Y))=2;

(d) if Z is connected, nondegenerate, and linearly ordered, X =2 , and
Y—-Z=Y;UYz, then e(RX.Y) = {T _(Zyu(z xYz), (ZxYF)u T_(Z)}
and 4 (@(R(X,Y)))=2;

(&) if e(X—-2)# &, €(Y -
C(R(X,Y)) = {T. (C) | C=e}(2)}
UIT, (C)1C < et (2)) —U{T.(C)
#(€F(2))+# €520+ 1 ;

(f) in all other cases, R(X,Y) is connected.

2. Proof of the Generalized Theorem. The proof will be split into
two parts (Theorems 2.10, 2.11 and Theorems 2.12, 2.18). These exhaust
all nontrivial cases. We first prove some technical preliminaries.

Let (X, Y) be an arbitrary ordered couple of spaces,

Z)%# &, and @F(Z)UCs(2)= F, then
UAT.(C) | Ce €5 (Z)} ) {R (X, ¥) ~
[ C=e5(2)}} and + (B(R(X, Y)))=

CONNECTIVITY OF DELETED PRODUCTS

Lemma 2.1. 7/ ACX, BCY. anid ANB =g, then
clpxor (A x By= R{clrd. cl3B).
Droof. As A xBC R{X,Y), we have o
(A x B) = clyov{d x BN R(X, Y) = (clpd xcly B)NR{X, Y) =
= R(clpd, clyB).
Lemma 2.2. If AC.X and BCY are closed subspaces, thew R(A, B)

is closed 1 R(X, Y).
Proof. Tt is sufficient to note that
R, B)y={A xB)NR(X,Y)
and that . = B is closed in X x Y. L .
Lemma 2.3. If a nondegenerate subspace CCAMY 'wut!osedvfﬁgb(ﬁf
Noand Y, then R(C,C) is closed in R{X. Y}, ﬂ'forrm-_rr, 1){{, z;_ connected,
nearly ordered, then T.(C) and T, (C) are also closed mrf\(‘ ,} ). -
) 1 ar '5 {1 2.2. For the secon art,
Proof. The first part follows from Lemma 2. the
observe th{lt. by Theorem 0 (b}, T.(C) and T, (C)} are cloaed' in R(C",I(;‘). .
Let now Z=XMY e connected and closed in both X and Y. For
nondegencrate, linearly ordered, define:

QN —Z)={4 € (X =2Z) | ZNclyd ={inf (Z)}}

and

Cop(N—=2Z) ={d =@(X~Z) | ZNclxd ={sup (£}}] |
similarly, define €ui(Y —Z) and €up(Y ~ Z). Obviously,
Xy=U{del, (X-2)

and

Xz =U{d €@up(X - 2)) ;
similar relat ons hold for Yfand Y} . Further, define
VX, Y) =To(2)U
UW{A xZ | A €8(X~2)—C, (X ~Z)}U
UU{ZxB| Be@(Y -Z) (Y -Z)}U
UU{A xB| (A, BYe@(X -Z) xe(Y —Z} - Qup( X —Z) x€iu(Y —2Z)}

and
(X Y)Y =T, ()
UU{d xZ 1 4s(X-2Z)-€u(X-Z)]U
UU{Z xB| Bel(Y ~Z)-C.(Y —2Z)}U
VU A xB (A, Byel(X—Z) x@(Y —2Z) - Liu{ X —Z) xCap(Y —Z)}.
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Note that
RX,Y)=T/X, VUL (X, 1)
and that V (X, YNV, (X, V)= @ if and only if
e(X-2) x@(Y —Z)— @ (X -2y % (Y ~ ) —€4l X ZY x QoY ~2) == .

Lemma 2.4. For ecach (A, B)s @(X - Zyx@(Y — Z). ihe subspaces
(A txf)U(A x B), (ZxBYJ(A xB), and (A x?)u(ZxB)l._; (A x B) are con-
necled.

Proof. From Lemma 2.1 we get

(A xZ)Nclprnf{d xB)=A x (ZNcly BY £ @
and

(Z x BYyNclpr,p (4 x By ={ZNclyd) x B &,
It follows that (4 xZ)U(4 xB) and (ZxB)U(4 xB) are connected ;
therefore, (A xZ)U(Z x B)U (4 x I5) is also connected.
Lemma 2.5. Suppose Z is nondegenerate, not lincariv ordeved. Then :

(@) R(Z,Zy (A xZ) is conmecied for each A =@(X —2Z);
(b) R(Z, Z)U(Z x B) is connected for each Be@(Y —Z);

(c) R(Z, Z)U(A xZ)U(Z x B)U(4 x B) is connected for each (A, B) <
€e(X—-7) xe(Y-2).

Proof. Part (a) follows from the fact that, for 4 €@(X - 2)
R(Z, Z)Nclpar(Ad xZ)=R(ZNclyd, 2)# @.

Part (b) is derived in the same manner. Pait (c) follows from (a) or {b)
and Lemma 2.4,

Lemma 2.6. Suppose Z is nondegenerate, linearly ordered. Then :

(al) (Z2)U{A xZ) is connected for each A =@(XN —Z) €, (X —2);
(@) T {Z)U(A xZ) is connected for cach A= (X Z)- Q,,,, (X=2);
(bs) TAZYU(Z x B) is connected for each BEQ(Y Z)y—€im (Y -Z7);
(ba) ‘>(Z U(Z x B) is connected for each Be@(Y ~2)—@, (Y —2Z) ;
{c;,}) T(Z )U(4 xZ)U(A x B} is connected for cach (A, B) s (€(X —2)
—€ap(X —2)) x€(Y - Z) ;

{ca) T.(Z) U (d xZ) U (A x B) is connected for each (A, Bye(@(X -Z)
— (X — Z)) x@{Y - 2Z);

(di) PAZYU(Z x BYU (A x B) is connected for each (A, B) =0 (X —Z)x
x(e(Y —2)— @..,:(1 Z));

(da) To(ZYU(Z x BYU(A x B) is connected for cach (A, By €@(X —2Z) «
x (@Y

Z) pr(} “7))
Proof. For cach A € (X ~Z) —€,,,(X ~ Z), ZNclyA contains at least
onc point z, €Z different from sup (Z) ; thus, we can choose a point 5,2
with z, <<z,. This implics that

PAZINC prd x 2} =T(Z)AR(ZNclgd, Z) =% &.

’
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Thercfore, part (a,) is proved. Parts (a,), {b,;), (bs) are derived in the same
manner. Parts (c;), (cs), {d,), (d,) follow from (a,}, {a,), (b)), (bs), respec-
tively, and from Lemma 2.4.

Lemma 2.7. If Z s nondegenerate and linearly ordered, then .

(a1) Pe(ZYU(A x2Z) is closed in R(X, Y ) for each A <€y (X-2);
U(A x2Z) is closed in R(X,Y) for each 4 €€,(X-2Z);
(by) T((Z)U(ZXB) is closed in I\(‘\ } } for each Be@, (Y —-2);
(b, U(Z x B) is closed sn R(X,Y) for each Be€(Y-Z);
(c,) P<(Z)U(A xZYJ{Z x By (A4 x B) is closed in R(X,Y) for cach
(A, Byel (X —2Z) x€,,,(Y-2Z).
(co) T(ZYU(A xZ)U(Z x B)u(A x B) is closed in R(X,Y) for each
(A, B) EQSUP{X——Z) X Cint(Y —2).
Proof. To prove part (a,), note that, for 4 €@;(X — Z),
R{clgd, Z)=R({inf(Z)}, Z) (A xZ)C T (Z) (A x Z) ;
then, applving Lemmas 2.1 and 2.3, we get
pra T ZYU (A xZ)) =T (Z)UR(clz4, Z)C P(Z)U(A x Z).
Parts {a,), (b,)}, (bs) are derived in the same manner. To prove part (c.),
note that, for (4, B) €@in(X —Z) % €5, (Y —2),
R(cleA, clyB) = R({inf (2)}, {sup(Z)})U (A x {sup(Z)})U ({inf (Z)} x B)U
U(A x BICTAZ)U (A x 2YU(Z x ByU (4 x B) ;
then, again applying Lemmas 2.1 and 2.3, we get
lprr(TAZ)U(A xZ)U(Z x B)U(A4 x B)) = T(Z)U R(cled, Z)U
UR(Z, cly By R(clzA, cly BYC T(Z)L(A4 xZ)U{Z x By (A4 x B).

For part (c,), a similar reasoning applies.
Lemma 28. Suppose Z is nondegenerate, not linearly ordered. Then
R(X,Y) is connected.
Proof. Write R{X, Y) as
R(X,Y)=R(Z,Z2)U
UUR(Z, Z)u (A xZ) ' A e@(X ~Z)}U
UWHR(Z.Z)U(Z x B} | Bee(Y —Z)}u
UUIR(Z, Z)U (A xZ)U(Z x Byu(4 x B) | (d, B)€@(X ~-Z) x0 (Y —Z}}
and apply Theorem 0 (a) and Lemma 2.5 (a, b, c).
Lemma 2.9. Suppose Z is nondegenerate. linearly ordeved. Then the
subspaces V (X, Y) and V,(X,Y) of R(X,Y) are connected.
Proof. First note that
(X —-Z)x (Y —2Z)— Cup(X — Z) xCiuu(Y —2Z) = (8(X —Z) = €sp(X —2Z))
x (Y -Z) (X —-2Z) x(€(Y —Z) —€iu(Y —2))
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and

@(X—Z) x@(Y = Z) —Cint( X — Z) x@op(Y —Z) = (€(X — Z) = Cou( X —Z)) x

X @Y —ZW (X —Z) x (€(Y ~ Z) — Qu(Y — Z)).
Write V (X, Y) as
VX, V) =Te(Z)U

VU {TAZ)U(A xZ) | A€O0(X —Z) €, (X —Z)1U
vy (TAZYU(Z x B) | Be@(Y ~Z)—@iu(Y —Z)}U
U {T(2)U (A4 xZ)U (A x B) (4. B)s((X —2)
— (X2 x (Y~ Z)U
U {TA(Z)U(Z x BYU (A x B) | (4. B)=@(X ~Z) x
{e(Y —Z) Ciu(Y ~ 7))}

and apply Theorem 0 .
write V-,(X, ¥) asm (b) and Lemma 2.6 (a,, by, cy, dy);

Vo(X,Y) =To(2)U
UL {T (Y U{A xZ) | A€@(X - Z)—€;:(X — Z)}U
UU{T,(Z)U(Z x B) | BEQ(Y —2) (Y ~2)}U
UU ST (Z2) (A xZYU(d xB) | (A, Bye{e(X-2)—

Ciar{l N~ Z)) xQ(Y — Z)}U
UUEPA(Z)U(Z xB)U (A xB) | (A, Bys@(X—Z)x
< (@(Y ~2)—Cuy(Y = 2))}
and apply Theorem 0 (b) and Lemma 2.6 (a,, b, c;, d,).

l ]le01 em 2. 10. J_gt (. L /.«i e an or ﬂ. ere d con blb o HON ()Td COoONM o
X 5 f 7] ¥ nec

(a) if £ is a singlet A o
and #(@(R(X,Z)))==i;n(b)((:\?i'z;)h?n O(R(N.Z)={d xZ | 4€@(X ~2)}

(b) 1f Z 1s nondegenerate, Iinearly ordered, and Q(X — Z)y=0,(X —Z)1J
@su) X—7 i : ¢ T ’
UCawp (X —Z), then E(R(X,2)={T (Z)UU{Ad xZ A=t (X —2Z)}
T2y {Ad xZ | A €@ (X ~2)}} and #(E(R(X,Z)))=2;

(c) in all other cases, R{(X, Z} is connected.
Proof. First note that

R(X,2)=R(Z, Z)UU{d xZ | A =e(X — Z)}.

similarly,
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1{ 7 is a singleton, then R(Z. Zy=@ and RIX, Zy=U{AxZ | 4=
€@(X—Z)} : the subspaces AxZ, AeQ(X=7), arc connected, closed
in R(X,Z), and pairwisc disjoint. Suppose now that Z is nondegene-
cate. 1f Z is not lincarly ordered, then. by Lemma 2.8, R(X.Z} is con-
nected. I{ Z is lincarly ordered, then

VX, Z2) = To(Z)UU (4 xZ | A €N =Z) = Cou(X —2)}

and
(X, Z).—=’1’:_(Z)UU {A %7 | Aee(XN—2Z) — (X ATS

By Lemma 2.9, both V(X Y)yand Vo (X, ¥} arc connected. If (X —-Z)—
—Cint( X —Z) =€l X —Z)==@. then VAX. )NV (X, Z)# @ and this
implies that R(X,Z)is connected. 1{ (X —Z) =€,u(X —Z) Qe (X — A
then T (X, Z)NV.(X.Z)= @. On the other hand, in this case

V(X Z) = TAZUU {d xZ | A € Cinr(N = 2))

and
I",(X,Z):'I’>(Z)UU {AxZjde 2 sep( X AT

Lemma 2.7 {a,, @) and the finitencss of (X —Z} imply that both
' (X, Z) and V. (X, Z) arc closed in R(X,Z). It follows that 1(X, 2}
and T,(X,Z) arc the two components of R(X, 7).

The following theorem describes a completely similar situation
and will be stated without proof.

Theorem 2.11. Let (7, Y) be an ordered couple of nonvoid, connec-
ted spaces. with ZC Y and Z closed. Suppose that QY —Z) is frute. The
following hold :

(a) if £ 15 a singleton, then G{R{Z, Y)={ZxB| DB 2 (Y — 2Z)}
and #(G(R(Z, V) =#(&(Y —%));

(L) if Z is nondegenerate, Linearly ordered, and (Y 7y =0 (Y —2)J
U@ap(Y — Z). then e(R(Z, Y) = {T(Z) VU {Zx B | Be Ouyp(Y —2Z)},
T (Z)UUZ x B | Be@ulY—Z)}} and #(Q(R(Z,Y)) =2

(¢) in all other cases, R(Z,Y) is conmected.

Now we proceed to the case when the complements of Z in both
X and Y are nonvoid.

Theorem 2.12. Let (X, Y) be an ordered couple of nonvoid. connec-
ted spaces, with Z=XNY nonvoid, connected, and closcd in both X and
Y. Suppose that €(X 2y and O(Y —Z) are both nonvoid and finite. The
following hold :

(a) if Z is nondegenerate, linearly ordered, and (X —2) =8u(X — Z),
QY —Z) = Cup{Y —2), then Q(R(X, Y))={T.(2), R(N.Y)—T.(2)) and
#(Q(R(X,Y)))=2.

(L) if Z is nondegenerale. linearly ordered, and (X —2) =Cap(X-Y),
(Y — Z)=Cu(Y —Z), then C(R(X, Y))y={T.(2), R(X. YY)~ T2)} and
# (RN, YY) =2

(c) in all other cases, R(X,Y) is connected.

Proof. First, note that
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RIX.Y) = R(Z, Z)QU {(.t = Z)I(Z x BYU(A = B) |
(4. B)ee(X  Zyxey Z)}.
If Z is a singlcton, then R(Z,Zy=¢ and
where RX.Y)=U{R, Bee(y Z)5
Ry=U{{Ad xZ)U(Z x By (A xB) | Aee(X -0
écz;_ca;})l B\GQI(}"-Z).) By Lemma 2.4, Ry, is connected for each He
A 1\;( \:)s)lsxl/li]:g for ti;u‘.lh Jl B)e€(X - Z) x@(Y -7), it follows
b A(A Y also connected. Suppose now that 7 is lege ]
:ff/ }} not lincarly ordered, Lemma 2.8 sho)\\'s tllillut 1\’1(5\'n0;'])d?bt‘ncratL-.
'Lt e 4 is lincarly ordered, then R(X, ¥V)=1(X Y)‘ R I{:} (i?mm—
];} -cma 2.9, the subspaces (X, ¥) and I'<(‘\', Y)M. ey Jands
T e 2 HAE are connected.
QX ~Z) X (Y —Z) —8ins (X - L)X @y (Y ~7)—
Cop(N—Zyx@u(Y - Z)£ ¢,
it is easily seen that 1 (X, V)N (N, Y= & - this | i
R{X, Y} is connccted. 11, OII‘J( the 3{)-:“1?;1(1:\',’ e et
(X - Z)x@(Y - Z) =0, (X - L)X @y (Y - Z2)Ue. (X Zyx (Y — Z)
then either | |
EN—-2) =8 (X —-7) ¢ i — 7
- ( )=€..(XN Z) and €(} L) = Cup(Y — 2),
S(N - Z)=0,,(X- Z) and (Y £)=Cine(Y - Z)
When the first situation arises, w |
! the first situa ses, we have ,(X - 2)=&(X )= ¥ :
€up(Y —Z)=0(Y - Z)5= & and we can wrift(c ) il o
7 (XY T (7
VAX.Y)) =U {7 (2)u(4d x ZYJ{Zx Byu(d x B)
(. Byse(X - Zyxe(Y — z)}
fLemma 2.7, (e)) and the finiteness ¢
T {ey) < mess of (X — Z — Z)i .
that ¥ (X, ¥} is closed in R(X, 1), On thg other) 112::3 Ll R
FAX, Yy =T (2)
l{}-‘(l\!l(})()’l'cnlr() (\13), (X, Y) s also closed in R(X, Y). We now sece that
= INTLN. VY=g ;)m(} this shows that (X, ¥) and T (Z) 1?
Ll © cumponents of R(X.Y). When the sccond situation ?111; .
stmilar reasoning applies ; it follows that 7_(Z) and 1" (X Y( e
two components of R(X, V). S
We now remove the condition on 7
b ' 7 to be e ste i
generalization of the preceding result, We still nc(i'[(]inae(fe‘v\g ]acllllilmizirsmlezﬂ
o, LA

Z still be closed in both X i
! : N oand Y and ass » that €(X -2y, (Y 2
and €(Z) are nonvoid and finite. me that S(¥=2) ¢(r=2).
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Lemma 2.13. For cach C €€(Z). the subspace X¢ is open an X and

the subspace Y 1s open in Y.
Proof. Note that if Ae@(X—Z2) and CQOclyd = @, then ol AC

Cc AU(Z-C). On the other hand.
X— Xe=Uidee(X-2)|CNclyd =FjU(Z- Cy.
The finiteness of €(Z) implies that Z—Cis closed in £ and this implies
that ZC is closed in X ; by the finiteness of €(X ~Z) we have
Cl,\’(‘\— - .Y(')CU {[l = @(A’ —Z) | (;m(‘l_".‘l = Q}U(z CI e 4\’—"\'(_-,
therefore XA¢ is open in X. A similar argument shows that Y is open
in Y.
Lemma 2.14. for each €< €(Z), the subspaces R(X, Y} and
R(X¢. Y) are open in R(X.Y).
Proof. This is an immediale cons

equence of Lemma 2.13.
Lemma 2.15. For cach C e@(Z), the subspaces X¢—C and Y~ 0

are nonvoid,
then, by Lemma 2.13, € is both open

Proof. Assume X =C;
and closed in X. but this contradicts the connectedness of X, In the

same way it follows that Y¢—C== &.

Lemma 2.16. For each C =@(Z), the subspuce R(Xe Y o) 18 nonvoid.

Proof. Assume R(X., Y )=@  then Xe=Ye= a singleton. As
C== . this implies Xe=C =Y, and contradicts Lemma 2.15.

Lemma 2.17. Let Cs@(Z). The following hold :

(a) if Ce€,(Z), then R(X.Yo)UR(Xc. Y) 45 connected |

(L) if Ce@F(Z), then £(R(X, Y )U R(X ¢ V) ={T,(C). R{(X. YU
UR(X e ¥)m Tof C))::

(¢) if C=€5(Z), then &(R(X, YchU R(Xe. ¥) ={TAC), R(X. YU
U R(Xe. ¥) - TL(O)}.

Proof. Virst note that

XNY¢e=C=XeNY

, then, by Theorem

and that C is closed in both X¢and Yo If C =@,(4)
By Lemma 2.16,

2.12 {¢), both R{X, Y.} and R(X¢, Y) are connected.
RIX.YONRN, V)=R(Ne. Y )+ @,

Therefore. R(X. Y )UR(Ne Y) is connected. Suppose now C =2}(Z).

By Theorem 2.12 (a).

EIR(X, Y ) ={T:(C}. R(X,Y) T (C))

O(R(X¢, Y)) ={T,(C), R(X¢e Y) - T.(C)})

and
(R(X. Y o) = T5 (C)N(R(X e, ¥) = T5(C) D T<(C),
1

(XN ¥Y)—T1,(C) is connected. On the

it foliows that R(X, YU
{(CYyisclosed in R(X, Y),and by Theorem

)
other hand, by Lemma 2.3, T
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2,12 (a) and Lemma 2.14, 7,(C) is open in R(X, Y). It
! . ] A, ¥Y). It turns out that
1?;";(?) and R({{, }p)uR(._X'C_, Y}--T.(C) are the t)\vo compotfel;ts lgf
( ,T}l’lc)u R(X¢, Y). A similar argument applies for C e@;(Z)
eorem 2.18. Let (X Y) be an ordered couple of no 'd . ?
ﬁ.}zzdtséa%s, Zwiﬂz@Z:Xﬂ Y nonvoid and closed in bﬁth z\{ (m?{!im;--.sii);;g;
Ilot;d: (X—=2), (Y —-2Z), and €(Z) are nonvoid and finate. The following
(@) if @H(ZYUeC;(Z)=F, then E(R(X, Y))={T.(C) | Cce}
' U : . (R(X, = , e;(Z
PO (€O (NOIRIY. V)~ U (1. (0) | Coog(3) - Upr ey BY
$(2)}} and % (@(R(X, Y))) = (25(2)) + # (€5 (2)) +1 ;
(b) 1n all other cases, R(X,Y) is connceted.
Proof. First note that, if Ce€i(Z), then T.(C) is closed
: Ty . o g : : ’ " s
In R(X,Y); therefore, 7%,(C} is azcomponent og }?(X, Y). Si?rgi]gflcyr.l

for cach Ce€5(Z), I'(C) is a com t (XYL T ini
of 0(Z) then Smgiics Fhat ponent of (X, Y). The finitencss

F=R(X,Y)-U{TI.(O)iCe e 2y —uir.(icyi ce €y(2)}

is also open and closed in R(X, Y). It still remasi ‘ "1
a0 open and ¢ ( ) emains to show that I7is

Ue= R(X, Yo)U R(X,, )
for cach C=@(Z) and

' Ue, for C=@,(2),
Femy Us—T.(C), for C=@#(2),
Ue—T(C), for C s@;(2).

Note that, for C, C's8(Z), CxC’', we have

UeNUeD(X¢ x Ye)U(Xe x Ye)
and

UcNR(C', CY = @&,

Thereforc I-'(-n I/C, = Ugn UC %@ for each C. Chyee Vi i
' ’ ’ ' , o7 5
Cs#£C'. On the other hand, the same argumc(nt shz)ws (’ch);:t< (£) with

F=U{lcCee2)) —U{T.(C) Ceeyz) U (T, (C)lCeeg(2)})=
=U{I. Cee(l)}.

By Lemma 2.17, caca Ty, C= @(Z) i ; i

e i . (£), is connected. It follows that I is
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POLYNOMIAL SOLUTIONS IN THE AXIAL COORDINATE FOR MICRO-
POLAR BEAMS AND THE BUCKLING EFFECT

BY

€. L BORS
To the wmemory of Professor Mendel Hunnovici

We consider a micropolar beam limited by two planes x,=0,x,=4
(A>0) and by a cylindrical surface F. We will denote by I the domain
occupied by the beam and also the volume of this domain; S will be the
domain and alse the area of a cross-section of the beam, The boundary
of § will be denoted by I'.

We will take the axes x,, 7., v, such that

Snadc=0, S.\laa:ic=0 (z=1, 2).

We constder first a material with the following constitutive equaticons
(3], 6]
Lij= e Bip+ (L +2) i +pey;,

(1) miy=agr 84+ 890 +v9s 6
€)= 1y i + EifmQPm,

where #i; are the stress tensor components, m¢ the couple-stress tensor com-
ponents, 1 the displacement components, ¢; the rotation vector compo-
nents ; 3y and ey, are the Kronecker’s delta and alternating symbol; 2,
i, », o, B, y are constants which characterize the properties of the material.

We use the summation convention over repeated indices. The index
7 after comma indicates partial differentation with respect to #x;. All Latin
indices take the values, 1, 2, 3 and all Greek indices take the values 1, 2.

1. Formulation of the problem. We consider that the lateral surface
of the beam is free from tractions and couple-stresses. The body forces and
the body couples are absent. The beam is loaded only on the ends in such
a way that it is in equilibrium. .

Our purpose, for such a beam, is to look for the most general solution
which is polynominal in x; and to determine the end tractions and couple
stresses which are compatible with it. Then, the problem is defined by the
equations

(2) tye, =0,
(3) Myt 5+ Etpglpe =0 In V'
(‘1) lotiiy= 0,



