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2.12 (a) and Lemma 2.14, 7,(C) is open in R(X, V). It tu
1 y 1y > ALY rns out that
]Y?;‘(XC) and R({(’, You R(:X'C', Y)-T.(C) are the two components lof
(X, Ye)UR(X¢, ¥). A similar argument applies for C e@;(Z)
Theorem 2.18. Lot (X, Y) be an ordered couple o HONVOT '

. - : ) d )
ted spaces, with Z=XNY nonvotd and closed in bgth A{ m:a!m;'. 'Si?;;;gs
that (X —2), €(Y —Z), and €(2) arc nonvoid and finite. The Sollowing
hold : :

(a) of €I (Z)UEC;(Z)s£, then e(R(X, Y))={T.(C) 1 Cee}(z
U{P(Q) 1C < ZNOIRIY, )=~ U {1, (€)'| C =5 (20} U7 (0 £ 2
SE2}) and #(C(R(X, Y)) =+ (0} (Z)) + # (€5 (£)) +1 ; ‘

(b) 1 all other cases, R(X,Y) is connceted.

Proof. First note that, if Ceej(Z), then T (C) is closed a
_ f. hat, if C g . nd ope
}:r R(Xl, lc) ,@th(czrifo;?,(c{)';,(‘(f) 1s a component ?)f R(X, V). Similaflyr,1

each Ce@;(7), 15 & component of (X, V). T ini
of €(Z) then impiics that R R

V=R(X. Y) - U{T.(0)| C=0}(2)} —U{T.(C)| Ce 0; (2}

is also open and closed in R(X, ¥). It still remai - “is
e ( ) emains to show that 1”7 is

Ue= R(X, Y )UR(X,, Y)
for cach C=€(2) and

) Ue, for C=@,(2),
Ve=§ Ue—1, (C). for Ceet(z),
Ue—T.(C), for C =@z (2).

Note that, for C, C'=@(Z), C%C’, we have

UeNUe. D (X ¢ x Ye)U(Xe x Ye)
and

UcNR(C', CY=g.

Therefore, VNV =Uen Ues @, for each (C,C)=@(Z) x€(Z) wi
4 , - . . Z) with
Cs#C'. On the other hand, the same argument shzjws (th)at e

P=U{l[C=e(2)} ~U{T,(0)| Ceey2)} —U(T.(C)| C e € ()} =
=U{¥el C=e(z)}.

By Lemma 2.17, caci T, C e €(Z), is connected. It follows that 1 is

also connected.
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We consider a micropolar beam limited by two planes xy,=0,x,=h
(h>0) and by a cylindrical surface . We will denote by V' the domain
occupied by the beam and also the volume of this domain; S will be the
domain and also the area of a cross-section of the beam. The boundary
of § will he denoted by I,

We will take the axes x,;, x., v, such that

S Vo =0, S N Xedo = 0 (=1, 2).

We consider first a material with the following constitutive equatiens

tr;-—).i'r,SU =+ ({L ?"/.) ey + ey,

(1) mup=ap, 8y + 890+ 6
€i;= by it SimPum,

where £y, are the stress tensor components, ny; the couple-stress tensor com-
ponents, ¢ the displacement components, @; the rotation vector compo-
nents ; 8y and ey, are the Kronecker’s delta and alternating symbol; A,
i, %, o, B, v are constants which characterize the properties of the material.

We usc the summation convention over repeated indices. The index
7 after comma indicates partial differentation with respect to x;. All Latin
indices take the values, 1, 2, 3 and all Greek indices take the values I, 2.

1. Formulation of the problem. We consider that the lateral surface
of the beam is free from tractions and couple-stresses. The body forces and
the body couples are absent. The beam is loaded only on the ends in such
a way that it is in equilibrium. '

Our purpose, for such a beam, is tolook for the most genera] solution
which is pelynominal in x, and to detcrmine the end tractions and couple
stresses which are compatible with it. Then, the problem is defined by the
equations

(2) tye, 5=10,
(3 Myt 3+ Etpglpg =0 In V'
(‘1) tottiy =0,
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() Wi ne=0 onF
My = E U”,-")(x,, .‘l'z_] x’f,,
(6) o

or = 3 OF(x,, v)ak,
k=0

where n (n,, #,, 0) is the unit vector along the outer normal to F. The func-
tions U% (x,, x,), ®*®{x\, x,) and the integer # must be determined.

2. General equations. In order to solve this problem we will use up
the same technics of calculus as in [!]. From (1} and (6) we obtain

P = S 1Eak 4 A Y RUGH yE-1 (not summed),

fis = XS+ (0 +20 + %) LRUP £,

bop = Z ts:p) x5 (@ #p),

fl

(7)
for = (1 +) B [UE—(— 1P OR]) 5 4w T RUS A+ (— 1) 0P 4],
o= 5 [UW —(— 1P OFE |k 4 (w0} B AU 5T+
4+ (1P O AT (v #2),
and
Moy = (2 + 8+ v) O ok 4 ol 3 OF, 24+ Y ROE 281
(not summed, v#g),
g ={o+ B +) Y EQEr xh-1y o Yy O, %,
(8)

Mup= 35 (BOW, + vOEL) 2k, (0 #9),
Mos= 3y miE 25 +8 Y ROF k-1,

Mg, = 3 m k4 Y RO A,
where #9, £8 and m, m% are the components of the stress and the com-
ponents of the couple-stress of plane strain problem defined by the displa-
cement (U, U, 0) and the rotation (0, 0, ®). The equilibrium equations
(2}, (3) and the boundary conditions (4), (5) will be satisfied if and only if,
for arbitrary %, we have

1 R+ [(+u) U+ (— 1P+ 4.
+(k+1) (+2) (w42} UFP =0 (v£0).

- mo + 1 — 0 +(k+1) (R+2) («+8) DELN +
+(h+1)(E+2) (x+8+7) DFP=0 in S;
(9b) { oty = — (k+ HAUS* n,,
i n, ={k+1)pPEMn, on I';
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and
A(UP, dF 0Py = —(k+1) (mUELD + #F+D) —

(k1) (R +2) (42 An) U,

(00 SPUU0 0F, D) = — (k4 1) D 4 b — (1) U
(R+1) (k+2) y0F* in S(v# 7).
1 DU® OF OF)y = —(k+1) UGS g,
(10b) DE(UEP, 00, D®) = - (k+1) 205, on T
where

AI(US: 0y, D,) 2(("' +7-) Us we +udy ; — "DIA.E):
Ale)( U, @, (Dz) S (D( +B+ ‘:’) Dy + ';’(])1.22 oE (0'- -+ F’») Oy + K(Usﬁ —20,)
AP(Us, ), Bo) = yDu iy +{a+ L+ y) Oy 2y (24 B) Praa— #(Us s + 204),
DU, &, @) = (p+ %) Usy it + #(Porty — Pyite),
[)"'2”((]3_ Py, y) = (fa+8+ )P+ 2Dy o 1ty + [Py 2 45D ] 0o,
])(22)((]3, by, (bz) = [B"Dl.z + Y(Dz.1]”1 + (1 +8 +Y) d)a.a + 9’—(1)1.1-'”:-
The problem defined by (9a), (96) isa plane problem with body forces
and body couples.
3. The solution of the problem. Now, let us sobve the above problems
for k=n, n—1, 1—2... In the following we will denote by A, <, arbi-

trary constants
k=un

The equations (9] (100), in this case wre
im0,

Wy,

MG+ 1Y =0 in 5,

) 1= 0, w1, =0 on I
and

AI(U:(in)¢ (I)gﬂ]‘ (l)g‘)) = U'
AP(UR, o, &) =0 in S,
])1'5 Uan)) (J)S,n)r (szﬂ]) —-_-O, D!:p)(Uan], q)(i")s (I)g‘)} =0 on l"
It results :
Uf,") — _A‘(:n) +(-—1)pT,,X\,, U.I,"’={-.-.~

(1) O =0, PP =1, (v#o).
k=n—=1
The corresponding equations are
=0, md + V-8V =0 i S,
1D gy, = —nCyhit, mtlhy V=0 on r
and

AI(U:(;I—IJ’ (D(ln—l_l' (D(zh—l)) — O, .
AP(UPD, OF-1 P -Dy = n[( —1PAM +7,5,]  in S.
D.(U{;"_”, (D-l. . |:' (Dgnd]) - nu'.-lﬁ," 1, + .7"( Valty _‘,‘”2) ,
DE(UP-Y, oY, Oy -1 = —nazn,  on I
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Let Q, 6,, 0, be the solution of the following problem
A(Q, 6, 0;)=0,
AFNQ, B, 0)=»x, in S,
D, 0y, 0,) =p{vs sy —xps),
DFQ, 0,, ;) =—on, on I'
which is studied in [4].
Then we have

AA
U(n_1)= - _——_-"—C X -_A(n-ll 1 ( l p’:n-’v '
2 2)\+2”+ . ”-tp ] ) v
(12) U = (AL xo +7ld) + Cary,

(Dg‘_” =1L[—-( . ])P A{.ﬂl + -.,,Op].

Op-Y==, (v#¢)
and
yx3
S L Co. mp~'=0.
22420 =
= n-2

From (Ya)-(10b) we obtain
f5e (= DAY 7 [+ ) + (=100, + (= 1P () 0]} =0,
il B Y 0 (- D (24 P oo FxFB+y]=0 in S,
B gy (1~ DAY, + 20) +Cay i,

mits g, = —n(n - 1)3[A8 0, — APy + 1, 000,] on I
and I
A UMD, DD Q) = i — I)[Z;x +a —— ] C
2h+2pu+ »

IVES
2h42u 4

+ (= 1P+, af)| in S,

AD(URFH, QB Ding) = (i — 1)[(—~ 1°nC,

(14 |
D (U2 tary, (I)rn;'_2)) = (1n— l){).[- niC,

—_—— T iy + APV, o+
lZ)\+ 2u 4= o ¢ ¢

i P (1'2'”':— xlnz)] »

DP(UOSS O0rH Oy = — (4 —1) x7,_, 7, on I
In the ejuations (13) are included three plane problems. Denoting

by 15 and cfj the stresses and the couple-stresses of these problems, the
mentioned problems are defincd by

et M =0,
(19 doesos=0 in s,

s e = —hay,, b, = —(—1)"Bug (8#v) on I';
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oo (A, (PO + (1w ) a, =0 (vep),

(16) B+ 78—+ (a4 B) 0, 42 +B+y=0 in S,
i, = —Mn,, cfn,=—p0,n, on I,

The first two problems (15) have solutions and in the following we
will denote by «f 1 and ¢f’ the displacements and the rotations of these
problems.

The resultant moment of the loads in the problem (16) is equal to

D= S [{ry€2, — 0af2) 28, 0y + (e +2) 2, ¥ 20, o + 2+ P+ v]ds
5
and it is known that D =0 [4], therefore the problem (16) has no solution.
Then, the necessary and sufficient conditions for the existence of the
solution for (13} rejuire that 7,=0 and for the problem (14} that C,=0,
These conditions being fulfiled the solutions of our problems are given

by
ALY
G =nn—i) AW 1" —(n—1)Cp_y ——Fe —
J (e =1) o' = (=) "TaA+ 2u +u

(17) - ‘4(,1; )+(_ I)DTM 2 Xy,

Umg®= (g — 1) (AR5 2, + 582} + O,

D (= 1)~ 1P AN 7 40,],

OB = (i — 1AV 2+, o (v# 2),
and alter some calculus we have

232

g = (n— NAP ulfly — (n—1) Cosy -,
w = (n— A il — (n—1) Gy "2n42u 4

mP B =n(n— 1) BAY o8
k=n -3
The corresponding equations are given by
o + (=1 (=2 2A% + 7, [0+ W), + (— 1Py +
d (= 1P+ Al =0,
M D 5 40 (=D — ) Tass[(2 + B oo+ + B+ yv]=0
(18) in S,
10y, = — (1 —2)A[(1n — D{ATY x4, + 72 1Q) +Ca_s] 7,
me 0, = —(n—D{(n —2)BL(A"Y + 1o, 00 +(— AD +
’ + Tpo 02)1,] on T,
and

AU, @07, 059 = —(n— 1) (n—2) Rl + ) A, +

|

IV i
rt 2+ ) AW Xl — (2 v e} CyaL
+( 20+ ) A8 ] = (26 2)..+2;1+~/.) "‘}

(19)
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AP U, OO, D) = — (1 — 1) (n— z){ ALAD o+ B) i) o+
P, A18),lw) ) I
H( = 1P ATl — (- P AP — (- 1PC,y ————— 2} +
27\"'2“ k%
(= 1PANI ¢ 7, 5] in S,
(19) D (U, @y 05 = —pin— 1) {n—2) AP U ny 4 (1 — 1) (n—2) X

A
X Cn—:l T
20+ 2+«

.[_(”,_2)“[_4(!!;2)”“ + Ta 2(5\‘2"1_ -Tlu':)..!.

g (U("a_m- ‘1""{"”, q,(né-si) = _n(n [)(” 2)%4 () qo%,“’: i,

Toha +

—{n—2) ¢t4_ent, on I

‘The conditions for the existence of solutions of these problems rejuire
that <, =0, C,_, =0, the other constants heing arbitrary.
At the last, we obtain

U‘"‘,’m ={n—1)(n--2) (“;”ng")— (n 2)C, e A{n‘;-a) +
2h 4 2u+

A 1Py g N,
(0 pnsd wfn— 1)(n—2) AT + (10— 2) (AT vy + 7o) + Ca s,
O3 =gy — 1) (0 2) AP G 4 (- 2) [ —{ —TPAPD 4, 20,
GG = (i — 1)(n - 2 A6 42,0 (v #p),
where y,, ¥, ¢ are defined by the following boundary value problems
Bl 40 UP) = — (b ) 0y — (A 204 %) 1,
B (tor 487, UP) = — (0 + RI — (1)) (— )35 (323) i S,
Dl 989, 47) = — ',
DMyp, ¢, 4P = —agf'n, on I
E=n—4
From (9a) — (106) we have
toma T (= 1){n = 2){n = 3) AP [M +1)yae + (= DPudl™ + ()] +
+(n—=2){n =3} rAP + o, L[(A+w), +{— 1)Px0, +
H—1P(u+2) ]t =0 (v#p),
mig ) S0 — I Fa(n - 1) (2 —2)(n —3) AP [ (2 + B +

o+ B O] + (=2 (- )y al{e + B)0g oot B4+v] =0 in S,

1 iy = 2 (= 2) (1 = 3) (e — 1) APy — A0 xy + 7 —Calslbi,,
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g, = (0 — 2yt 3BT (n — 1) A P, + oVt +

+ AP — AT on 17

Because
LyLy~— ]-?2’_—' LyL,.— ]-:“::1 # 0,

21
B = (e (1P (a4 s (3 9),

A
and the rigidity of torsion D) > 0 [4], w¢ obtain
AMN=0, 1,.=0 (nz4).

Taking into account the above results we find that in our problem
the displacements and the rotations, up lo a rigid motion, arc given by

[ -
1, = [a, (1:‘11’ - Ay |+ b P fas— vrans+

s i A%,
+ |a,| it —— nz) b Y oy e,
‘:2( o I 204 2utu

gio |
Hym [.-1‘.:151" -+ bs(u'{“- e 13)] Vot To s
1]

+fa b+ b (t I v') c i
¢ il o b 8T T s
(22) R Ditlpt s

i .
fy = A (@s%s +baxa) 3% 4 @ty + bo¥a + o) o dafa + Daga + 42,
: _ 1
P11 = aa it + ba(]'f + Elg) + bya+ <0y,

m:a;(%n— T’l)_ xj) + b0 — asxs+ 704,

. 1 2
oy = (a8 + bagi) xs+ x5+ a4+ baet,

where
dy=06AF, by=064P, A, =24, by =24,

Ay = A‘l“u b'l = Alﬁnr C3= (‘ls =T
arc arbitrary constants. ) |
‘The stresses and the couple stresses corresponding to (22) are given by
top = (37l + 572 Xy + a0l + bywi® + M[(@s %, + baa) Xy + 2% +ba%s]
(not summied),
tes = [@a(2l) + Axy) +Ds(sE +2x0) 12 ok ao(58 +hxa) + bo(58) +
(2u + 23N+ 2u + =)

+ }\r + 3
2 ! N2 4
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bop = {Aa7i + banil) 23 + a7t} 4+ bovid) (0 # p),
23 —‘73[(51' + ahhne — (= 1P g T+ ba (1 +)itag — (— 1P +
Fun®] +o[(w+ 2)Q, —{(— 1P, + {—Pux,],
Tao = Ag[pn o +{— 1Pl + (0 Fohre) |+ bylpge, + (—1)Pudi® 4
(a0 u®]+ [0+ (— 1P, +(— D +2)x,] (v o),
and
Moo = A3[{o + B+ YIPhh + a(in + i)+ bl + B+ v)Y2 + a(dE + )] +
+rf(atB+v)0ep + (b + 1)) (vt 5, nof summed),
Mgy =as[{o + B+ ¥)ph + ally ]+ [{o + B+ )P +adi®] +
+rfaf, o+ 2+ B +v],
Moy = @[ BoL), +vPh] +0[BY0, + 1] FriBloctylo) (p# w),
1My = da(chy — B8y2) Xs + ba(cly + B3,1) va + as{clh — B8,.) + b (clF + {38‘,1),
Mo = Aa{chd —¥8,0) X3 + Do) + v 8,0) ¥a + el — 78.2) + bacR + +3,,).
In order to demonstrate (21) let us consider a3=b,=cz=r=0, and
calculate the cnergy of deformation in this casc. We have

W{aa, b,) = at S [t + Ax) 2 — B + v]do +

(23) +b§”s (88 +2ra) xa+ff +1do +

s
+ a,bJLS [(7ha’ + A2}z + ) + (753 + hxa) vy — b Jd o
s

and, from a theoremn of reciprocity

S (v + Axy}ae + e’ ldo= S (x5 + Ax5) 2, — ¢ )da.
8 )
On the other hand, from the ejuilibrium equations we obtain

Stapdc = (o, +(—1Pms) 0 do
5 5
and at last

[ Lo (= 0ot 4 (a2 = {589 420+ (= 0P80
5 &
+v8,, lde (p,w, v=1,2; v#p)
Because the discriminant of (23) is different from zero it results (21).
4. End conditions and the problem of Saint-Venant. In a problem
of continuous media the boundary conditions are described by vector fields,

scalar fields ctc. Sometimes, under some special circumstances we may
replace a vector field by another vector field having the same resultant and
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same resultant moment ; that is the case in the classical problem of Saint-
Venant.

In the micropolar model, the loads are given by two vector ficlds,
namely the tractions vector field and the couple-stresses vector field.
Therefore the end conditions for a micropolar beam must be taken in the
form

(24) Ri=\ tui do,
(25) M, = (=10 {taaxdto, o= {(tavi— tiav) do,
5 L]
(26) Ni= S My da,
(27) P,=(-1p S et fo, Iy = S (Mg vy — mgex,) da (v#E s) on x,=0,

< LY

where Rq, M., N, P are given. Similarly, we define R, Arp N pi)
on the end v, =A. The conditions of equilibrium

Rit B =0, M+ MM £ Not NP g e hR, =0

must be verified.

We consider R.....,R",.. as given, because we can always calculate
them when the loads are given on the ends.

The above end conditions was suggested, in an incomplete manner,
in [1

In a natural extension, to micropolar beams, of the classical problem
of Saint-Venant at the cijuaticns (1) —(6) we must add the end conditions
in the form discussed above.

Because in our general solution (22) we have six arbitrary constants
only, it results from this that the Saint-Venant problem does not have a
polynomial solution for any situation.

5. End conditions for the uniqueness of polynomial solution. If we
look for sufficient cnd conditions in order to assure the unijueness of the
solution (22) then we have more possibilities,

It scems that the most impertant are

[. R=(R,, R, By}, M=(M,, M, M;) on x,=0;
II. R=(R,, R,, Ry), N=(V,, N;y N;) on x;=0;
111, R=(R,, Ry, Ry}, M={M,+N,, M.+N,, M;+N;) ona;=0,

The last situation was studied in [5]. When the Saint Venant problem
has a polynomial solution the threc situations, mentioned above, have
the same solution.

6. Other models of micropolar beams and the buckling effect. From
the above results it appears that the problem of Saint-Venant, for the model
(1), has not always a polynomial solution with the end conditions (24) —(27).
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Now we look for other micropolar models such that most of the cnd
conditions {24) —(27) are satisfied. ' .

1° 1f we take in (1) » =0, then we have a polynomial solution of our
problem for erbitrary Ry, M., Ni. This means the end conditions (24} —(26)
can be fulfiled. ' .

In this case the stress tensor 1s symmetric

{28} fig = L.

The model defined by the constitutive equations

29) { tij= 7.5,,”" 81]+ 2{-’-Ef.= + WY mm 8‘) + “(}(U + 7.}‘)'
i Hiy = WSmm 8".' + 2re+ P mm 8‘.- + I'BY.‘J + NPALE

where

1
gip = —Z-(Ililj +1!_.i). L =94

has also a symmetric stress tensor and for it our problem has a unique
solution for arbitrary N« M. M .
The constitutive cquations (29) can be obtained from the model
studied ia {7]. _ - .
Let ¥ be the region occupied by the body and eV oan arbitrary
part of V. From the principle of moment of momentum [2] and the restric-
tions (28) we derive

(30) -‘-’45 o() Jupumidr = S o(x) M{¥)d= + S m da,
dtp ) 2
{31) iS(rx ov) ;i~:=S(rxpf)d7+5(rxt)d:‘
di ; 3
» )

where g(x) is the density of the medium, Ji the microinertia tensor, t is
the position of the point x = P and v is the velocity of this point ; M(x) are
the external body couples per unit mass, m is the surface couple stress
vector per unit arca across the surface ¢, the boundary of . I'he vector
field f(x) represent the external body forces per umt mass and t are the
surface tractions per unit area of ¢, ) )

Taking (30}, (31} in a state of cquilibrium and for the entire body V,
we have
(32) S (rx &) de+ | rxt)do=0, S Md~ + Smcic -0

1" -1 I 1%

and (32) arc amongst the necessary conditions of eqpilibrium of the body V.
This situation is different from the model {1). As in the other models, _th(.i
resultant of the external body forces and external surface tractions vanishs
in a state of equilibrium,

In this model a neutral motion (without stresses and couple-stresses}
is given by

————
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Wy =030 Xy, Hy=@ Vy— 0¥ s, Uy =LY, — X+ dy, D= by,

where ei, gy, bi are the same in all points of the body.

2°, The cocfficients B and v may depend very closely on the shape
of the body. We believe that those coefficients play an important role in
the problems of stability, this, for instance, is the case in the model which
follows,

In order to derive another model we may impose, in addition to
(28). also the restrictions

{33) Mg = My,

With the restriction (28) and (33). from the principle of moment
of momentum. we can demaonstrate that

S(r X pf iy €r) d7es S (t x eM)d= + S (r xm) do
I I/ &I

and for an ejuilibrium state we obtain

(34) R(rxp}[}:ir+§[rxm]:fo—=()

v 81
and this condition must be added to the necessary conditions of equilibrium,
The conditions (32} are still valid.

IFfrom (29) we obtain such a model making v = 8. If we take into account
that the body couples and the surface couples are modeled by vector fields
as the body forces and surface tractions. then the equilibrivm conditions
(32). (34) which appear in this model arc not surprising.

In this new model a neutral motion is given by

U=@wXT+a o=Wxr+Dh

where o, ai, wi, b the components of the vectors @, a, w, b, are the same
in all points of the body,

FFor this last model new elementary problems appear, for cexample
the bending by axial couples (by niys). The displacements and the rotations
corresponding to the bending by axial couples are of the ferm

I . - - :
1, = 5 f(— 1 (e 23— alf x3) - 23] 4 ol 'vive, wg=(a vy + af® ¥a) ¥,
e = 'i (= 10X = Iad) -8 g+ 0 v v 9y = ([’!;”-\:1 + b5 xe) ¥ (v# ),

the constants &, B® being taken such that
(h+ 20) ol + 2af' + 2l + (0 +21) B + obf + obf =0,
2 4 (0 +20) alf! + naP + ol + (o +21) B+ wbf = 0,

2P 4 2af (4 2u) af' + @lf 4 ol (o +2r) BF =0,
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(@ + 2m) @ + wal + waf + (x + 26) WP + abf + «bf = 0,
&P + (0 + 2r) af' + eaf + ab® + (o + 20) P + «bf = 0,

wal? + 0af + (o + 2r) aff) + ob® + abf +(x +2B) P =H,,
where H_ are arbifrary constants.

For thesc displacements and rotations we have R, =M,=N,;=0 and
consequently they escape to the control of the classical conditions of cquili-
brium. The rising of these new effects may create the posibility for insta-
bility in the behaviour of the beam. They may be amang the sources of the
buckling. The problem of Saint-Venant for this model has a unique so-
lution which satisfies the end conditions (24)—(27). It scems that last
model may be adequate to study the granular media. In order to derive
the general equations of a model we may use the known procedure by
starting from a principle of energy. First, we must precize the kinetic
energy and the neutral motions of the model.
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CONTINUOUS DEPENDENCE RESULTS IN THERMODYNAMICS OF
MATERIALS WITH HEAT CONDUCTION AND VISCOSITY

BY
8. CHIRITA

Fo the merory of Professer Mendel Haimovicl

1. Introduction. We consider the theory of thermodynamics of clastic
materials with heat conduction and viscosity [1.2]. The main purposc of
this paper is to establish the continuous dependence of thermodynamic
processes upon initial state and supply terms. The results are local and
they are established under certain assumptions on material response. In
fact, we prove the continuous dependence results for smooth admissible
processes residing in a neighborhood of a positive smooth admissible ther-
modynamic process. When the class of initial-houndary value problems is
restricted to the displacement-boundary wvalue problems, the continuous
dependence results are established under a weaker assumption : the smooth
admissible processes reside in a  ncighborhood of a smooth admissible
process where a strong cllipticity condition is satisfied.

2. Basic equations. We consider a body that occupies, at time =0,
a properly regular region R of Euclidean three-dimenstonal space %2 and
is bounded by the piccewise smooth surface dR [3]1. The configuration
of the body at time #=0 is taken as the reference configuration, In this
paper we use the referential description of motion. We identify the ma-
terial point X with its position X in the fixed reference configuration. Let
us denote by X (K =1, 2, 3) the coordinates of the particle X relative to
a fixed system of rectangular Cartesian axes. The coordinates of the par-
ticle in the position x at time { are denoted by a:(d=1, 2, 3}, and

x=x(X, 4, (X,HeRx[0,1,].

According to the theory developed in [2], a thermodynamic process in
R is described by eight functions, of X and ¢, whose values have the follo-
wing physical interpretations: x=x(X,{) is the spatial position in the
motion, T=T(X,{) is the first Piola-Kirchhofl stress tensor. b=i(X.{)
is the body force per unit mass, y=9(X, ) is the Helmholtz free cnergy
per unit mass, Q.=0(X,¢) is the heat flux vector, »r=r(X,?) is the heat
supply per unit mass and unit time, 4 =%(X, ¢} is the specific entropy per
unit mass, 0=0(X, 2} is the absolute temperature.

Throughout this paper we shall use the following notations : a super-
poscd dot denotes the matertal time derivative ; Latin indices have range
1,2, 3; summation over repeated subscripts is implied ; the symbol | . |
denotes a norm cither in Euclidean vector space or in a tensor space, while



