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{0+ 27) af '+ walf' + waf’ + (x+ 20) o' + «lf’ + b’ = 0,
02® + (0 + 27) af' + oaf' + adf' + (o + 2£) b + «bf' = 0,

wal? + walf + (o + 2x) af' + b+ adf + (a0 +20) B =H,,
where H, are arbitrary constants.

For thesc displacements and rotations we have R, =M;=N;=0 and
consequently they escape to the control of the classical conditions of equili-
brium. The rising of these new effects may create the posibility for insta-
hility in the bhehaviour of the beam. They may be amang the sources of the
buckling. The problem of Saint-Venant for this model has a unique so-
lution which satisfies the end conditions {24)—(27). It scems that last
model may be adequate to study the granular media. In order to derive
the general equations of a model we may use the known procedure by
starting from a principle of cnergy. First, we must precize the kinetic
energy and the neutral motions of the model.
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CONTINUOUS DEPENDENCE RESULTS IN THERMODYNAMICS OF
MATERIALS WITH HEAT CONDUCTION AND VISCOSITY

BY
S. CHIRITA

Fo the wiemiory of Profowor Meadel [ldmovicl

1. Introduction. We consider the theory of thermodynamics of clastic
materials with heat conduction and viscosity [1. 2]. The main purposc of
this paper is to establish the continuous dependence of thermodynamic
processes upon initial state and supply terms. The results are local and
they arc established under certain assumptions on material response. In
fact, we prove the continuous dependence results for smooth admissible
processes residing in a neighborhood of a positive smooth admissible ther-
modynamic process. When the class of initial-boundary value problems is
restricted to the displacement-boundary wvalue problems, the continuous
dependence results are established under a weaker assumption : the smooth
admissible processes reside in a neighborhood of a smooth admissible
process where a strong cllipticity condition is satisfied.

2. Basic equations. We consider a body that occupies, at time =0,
a properly regular region R of Euclidean three-dimensional space R? and
is bounded by the piccewise smooth surface dR {31, The configuration
of the body at time #=0 is taken as the reference configuration, In this
paper we use the referential description of motion. We identify the ma-
terial point X with its position X in the fixed relerence configuration. Let
us denote by X (K =1, 2, 3) the coordinates of the particle X relative to
a fixed system of rectangular Cartesian axes. The coordinates of the par-
ticle in the position x at time £ are denoted by a:(¢=1, 2, 3}, and

x=x(X, ), (X,Hekx[0,¢,).

According to the theory developed in [2], a thermodynamic process in
R is described by eight functions, of X and ¢, whose values have the follo-
wing physical interpretations: x=x(X,{) is thc spatial position in the
motion, T=T(X,{) is the first Piola-Kirchhoff stress tensor. b=u(X.{)
is the body force per unit mass, ¢=9(X, ) is the Helmholtz {ree cnergy
per unit mass, Q.=0(X,?) is the heat flux vector, »r=r(X,?) is the heat
supply per unit mass and unit time, n=x%(X.{) is the specific entropy per
unit mass, 0=0(X, ¢} is the absolute temperature.

Throughout this paper we shall use the following notations : a super-
poscd dot denotes the material time derivative ; Latin indices have range
1,2, 3; summation over repeated subscripts is implied ; the symbol | . |
denotes a norm either in Euclidean vector space or in a tensor space, while
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| .1l denotes Lo-norm ; #r is the trace operator and the operators grad and
div reler to material derivatives ; v=x; F=grad x ; L=F and g=grad 0.

The above sct of cight functions s called a thermodynamic process
if it is compatible with the law of balance of linear momentum and the law
of balance of energy. The integral forms of these laws are cquivalent to the
following differential equations :

(1) Z ov =div T +p*,

2) = (ol + 0a)} =r(TLT) +r —di.
(1

where the reference mass density (X) is smooth and strictly positive,
e(X)2e,>0, Xek

The constitutive cquations for materials with heat conduction and
viscosity arc given by [2]

$=¢*(F. 0,g.L:X). 7=v(F, 0,g LX)
T=T*F, 0,5 L:X)}, Q=0Q'F 0.2, L;X).

We supposc that the functions ¢*, T, %* and @* are smooth functions de-
fined for F in the set A+ of 3 x3 matrices with positive determinant, 0
in the set of positive real numbers R+, g in R?, L in the set M of 3 x3 ma-

trices and X in R. In particular, we assume that the partial derivatives of
¥, T*, %* and Q% at any fixed state (F, 0, g, L) in state space M+x ®+ x
XxR*x M, are bounded functions of (X,7} on R x[0,4,].

We will say that a thermodynamic process is admissible if it is compa-
tible with the constitutive equations (3). Therefore, in order to specify
an admissible thermodynamic process it suffices to prescribe the functions
x and 0.

We will say that an admissible thermodynamic process (x, 0) (X, #)
is smooth in R, if it is such that (v, F, 0, g, L) (X, ¢} arc Lipschitz conti-
nuous, uniformly on bounded subsets of their domain.

I'n what follows, we shall consider only smooth admissible thermody-
namic processes. Every smooth admissible thermodvnamic process in R
must obey the Clausius-Duhem incquality

3)

WRPEARTN !
4 g — +die] =120,
{4) P PU ”(0)

for all ¢ and all matcrial points X.
Let us denote by TO(F, 6;X) the cquilibrium stress tensor T®
corresponding to F and 0 ie,

T*(F, 0; X)=T*(F, 6,0,0; X).
The value § of the function T defined by
TH(X,)=S{F, 0.g, L;X)=T"F, 0g,L;X)-TO(F, 6;X)
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is called the extra stress ; it is the contribution to T caused by the gradients
of temperature and velocity. Obviously, we have

(5) S(F, 6,0,6 ; X) =9, for all (F, 0;X).

In order that the Clausivs-Duhem inequality (4) holds for all
smooth admissible thermodynamic processes in R, it is necessary and

sufficient that [2]
I* . | [— 8(,;)* . . E’LIIJ'
(6) =@ 0:K), TO =i, =T

(7) 1r{S(F, 0, g L X)L} = —UQ (F, 0.5 L:X).g20.

A direct consequence of the inequality (7) is that
(8) Q*(F, 6.0,90;X)=0, for all (F, 0;X).

1f we use the relations (3) and (8), from the incquality (7), we deduce
I ..
(9) HoaipLoaLjy +2P qipleagn + 6 Noaprsgn20,

for infinitesimal gradients of temperature and velocity. Here

’ o 5 .
H iy = 93¢ (F, 0,0,0:X). G.p= —2(F.0,0,0;X),

E ~JB E’;gl‘l
Y a()t .
M= — 224 (B 0.0.0:X),  Kap=——2A (F,6,0,0;X)
£L0E o . 1y
C‘Liﬂ 6".1”

1
21)‘“”—6,{”} + —6“‘[}2!.4.

In view of the relation (6). the equation (2) can be written in a re-
duced form

(10} eln, =tr(TVLT) +pr — dir.
3. A fundamental identity. Let (x, 0) (X,#) and (x, 0) (X, £) be two

thermodynamic processes corresponding to the supply terms (b, 1 (X, 9

and (b, 7} (X, 7), respectively. o . .
By using the assumed dificrentiability of the functions &7, T and
Q*. we obtain, by Taylor's cxpansion,
U0 T — T =4 yig(F n—Fyp) + B0 -0) + UG,
(12) o(t—n) = =B (Foa—Fi) +C(0—0) +,

19T =D il Frn— Tyn) + Eai(0—0) +Guenl{gn—gn) +

(13) _ —
+H siaf(Lip—Los} + UG

/s
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Oa —-(7.4 = "'T.-HB(FfB—Fiﬂ) /A(e 0 As(gn“ga) -

(14)
—‘ﬁ’IAiB(LrE_L:‘B) + VA
where
—_ A2, = AR
AAem=p~—a—3—(F, 0:X), Ba=e ¥ g:
OF 48F ) el OF 1480 F, 8:X),
_ 52 "
C=_ (’ZV = 0. 0= C'S,f = o
P g F0:X), Duwm = 25~ F 0.5.1:x),
IS 40 = = — —
Ev=<2F 020X Gu=S4F 5510 x)
GU (‘gﬂ ] ’ + L ’ ’
}_{‘”BJ = aSA! (F’ —’ E! i— X); TA‘B= QA (-L “6 I. X)
LJB (F( > Vi B 4 ]
S Jra—. 0 =521
Ja T (B, 0,g, L; X), Kip= — Eg;_ {F, 8,g, L; X},
M =—-—-——éQ:‘ F 0, g1
Atp aL‘B( ’ g,I- X)

On the basis of the equations (1) and (10), and by using the relations

(11)—(14), as in {4], we obtain the following identity

(15)

o5 (vi— )+ Clo— 0 (x, yax

) (vi—0:) +C{0—0)2)(X, 0)dX =

T

1 _ _
— 5 (0—0) (04 ~QLN.] (X, aSdr + SS(p(b,—‘bi) (i F4) +

oIt

+ % (r—7) (0—D))(X, )dXdt — Sg{ﬁ,ﬂw(m L) (Lip~TL ) +

R

. — - 1 —
+2P iy (Lr_;—L.-,.)(gn —gs) + ﬁKAB( 1§ )(hB_gB)}(X t)dth

Wy
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{A(0—0)2 +& ,(Fiy—F e ){(0—0)(X, )d Xdt —

if

g CaigiFia—Fi)Lea—Lia) +DaLea—Li)(8—6) +
R

CL_""I"‘
>-t__—"'=

+84(84—8)(0~0) 1 Gin(g4— 8. (Frs—Fn)} (X, )i Xdt ~

~(lwa+unea T +i0-5- 2 Luvg0-0 +

1
T]z
where IV, are the direction cosines of the outward normal to surface @R.
In the above identity we have used the following notations

+ L Va0 0)-~—V|(gl }(x §AXdt, <10, 8],

N |~ [~
C —ﬁ E iLl".;_" ﬁ;jAgAv

Nll _—
:::I]'o

2P ip=Gaip+

=5 D=, | | - - =
fyu=—DBa— =0 Dm.lil’m—" :& Iar.-lgzn Catgr=A atn; +D atpy,

) i— | — i — -
D=L qi— ﬁHmAer =5 g — e M piagn,

1=

= 1 1- s
@A— — ﬁ IB!ALfa + -B-JA—z— Kﬂ;tga, (?’mig= -’—6111!3-

g2

4. Continuous dependence results. We will say that the thermody-
namic process (x, 8) (x, ¢} is positive if there is a positive constant A such that

_ _ 1— )
(16) Hoaip8iaksp + 2P it Lp + 61\ABK-ICB> Ml EQE+18 13,

for all second order tensors £ and all vectors £, and the instantaneous spe-
cific heat € is strictly positive, i.c.,
(17) C2co>0.
It is worth noting that our inequality (16) is in accordance with the
consequence (9) of the Clausius-Duhem inequality.

Theorem 4.1. Let (x, 0) (X, £} be a a positive thermodynamic process

corvesponding to the supplv terms (b, 1) (X ) in L7 (R x [0, {.}). Then there
are positive constants 8, o, M and N with the following property :
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If (x, 0)(X.t) is any Hurmod}:mmw process defined on R %[0, t,],
with supply terms (b, r) (X, HeEL™(R % (0,4)), such that

(18) [F(X,H-F(X, 1)+ | 0X,)—0(X, <=5, (X,)eRx 0,4,

(19) (@—v) (T T 0)N o= = (0=T) (04 —0.)Va<0, 0n R x [0, 4,1,

1
0
then we have the following cstimate, for all s <0, to],

| (v—v, F=F, 0—=0) (", 5) ll:%, < Me|(v—v, F—F,
(20)

0—0)( 0 |I’(R)+ Ngms E“ b— b T ? (', t) J.’tﬁ!-dt'
5

Proof, Taking into account the relations (il)— (14) and (16), (19),
from the identity (15) it follows that therc is a positive constant & with
the property that, when (18) is satisfied, we have

S[p(vs i) (v 7)) +C(0— D)) (X, -)d\<S o(oi—21) (i—77) +

R I

+C(0—0)2)(X, O)rr‘X+ZSS[p(bc—_ (vi—70) +
[

+ S {r—r) (0 -0}, t-)dth»~~2)xS|] (L—L,g—g) (.0 PLardt —
@1) b

~ 2 (@0~ 0+ (e ~Fr) (0B (X, Xt —

oI

o

258 FBainiF 1o —Fya)(Lia—Li) +DaLis—Len)(6—T0) +
0oR

+ @;4(3,“—54)(0 ~8)+G 1alg. —g W Fep—Fup} (X, 1)dXat.

By using the Schwarz inequality and the arithmetic-geometric mean
inequality
(22) 2abs ‘2 + beme,

iy

we deduce

R
L4
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=1

2[S{a(0 02+ & (Foy—Fia) (0—B)} (X, f)d.\" <
(23} .«

oty | (F=F. 6=0) (-, 1) [Esy.
where
my=max (Mi+1, A3,
Mi=2max |8 (X,#)|. M,=max |&(X,8 ]| on R x{0,1].

Further, an application of the Schwarz inequality and the inequality (22)
to the Iast term in (21) yields, for arbitrary constants =, =, =, and =,,

Z“{G H'H.'(FH:_.FjH) (Lu = Ta.ﬂ) +—®Ai(1-i.-| ——j—i:u) (B—T)) +

R

(24) + 8480 —2a) (0~ 0) +Gip(ga—g.a) (Fin—Fig)t (X, )dX

<ty [[(E=F, 0=0) (-, &) [Bam +(F+=) N L—1) (-, &) [2om, +
F(m 4+ 1 (g—8) . ) am,

( M2 Mg hYE w)

i, =Mmax =, — +—1.

3 = 4
' Toa ug

"y

where

lv

My=max | (X, 8. M,=max |®(X, )],
My=max|§(X,7)|, M,=max|g(X,8) |, on Rx[0,¢].
Similar, we have
2 o= (0179 + £ () (0-0)) (X, 4
(23) R
Sty [l (b=b, r=r} {-,8) basm || (v =¥, 0—=0)(", D] 2o
In view of the estimates (23)—(25), from the relation (21), we get

g[p(m—_vc) (0i—2) +C(0—0)2)(X, D)X <m || {v—v, 0= 8)(", 0} lEscns —
R
— 2~ () L) (-, ) dt— 22— (= +70)].

0

(26)

S (g .—g) (-, 6) ”12_'(1?) db+ () + my) SII(P‘—"ﬁ, G_—U) (" 5)”12ﬁ(mdt+

n n
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+mag [l (‘) !‘._" ]_—l) ("[) LR
]

(v —v, F=F. 0—0)(", )l zmdt,

T 0, 4],
where

me=max(p(X), C(X, ), on R x]0,¢,).
On the other hand, we have

I (F—F) (. 2) (Bany = | (F=F) (-, 0) rmy +

T

+2{§(F—Fo) Lo L) Xa<) (#-T) (-, 0) fpm+

(27) oR =5
1 A 5 a rn- T
s :Esll(l" _l‘) (- ] t) ”E’(R)dt + TEES .(L"‘L)(‘ ’t) |I‘i’(ﬂl d’) TE .0, [D-’
= . .
i 0
for arbitrary constant =,
From the relations (26) and {27), we deduce
ol (v v, F—F, Ot (-, =) lifem = S'_p(v.-—;;) (E'z—;‘i) +
Rk
+(Fu—1“i;|) (Fl.l I'_l.-l)+?:(0_ 0)2|(_\', "-')‘LY*{
<m' || (v—v, F—F, 0-0) (-, 0)||21=f!e1'“618|' (L=L) (*, 2) 2 n
(28) 0
_628” (g""’g) (s D IE smdt + CaS” (v _‘-", F—F, O—-é) (") 2} By mdt +
g 0
+c.,§|| =D, =) (*, ) limmy | (Vv =¥, F—F, 0=0)(-, ) [l i, 2,
o
where
me=min(pe, ¢, 1), m*=max (m,, 1),
=2 —(ni+ri47g), =2)—(ni+rd),
=

1
Co=My+M:+ — , C4=H,
i
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Now, we choose the arbitrary constants =, —w;, so that ¢; =0 and ¢.>0.
Thus, from the relation (28), we obtain

(v =¥, BT, 0—0) (-, 2) [ M —v, E—F, 0=T)(-, 0) e +

=yl

+26 |l (v—v, F=F, 0=0) (-, 1) |fsn dt +
J
(29) 0
T
-|r - -, . -
+23-)||(lrdr, r—1) () - | (v = Ve FeF, 00} (4, ) loyg 42,
Y,
where
(30) L
My 2, 29 g

From a Gronwall type lemma [5], from (29) it follows the inequality
(20) and the proof is complete.

If the class of initial-boundary valuc problems is restricted to the
displacement-boundary value problems, then, instcad of the condition
(16}, we may assume the weaker assumption that the thermodynamic

process (x, U) (X,{) satisfies a strong cllipticity condilion, mamely,

_ _ [ —
H yiggorin,zqmgy + 21 jipwit a4+ = Naplalyz
(31) 0

Zu{ e *lx2+] T3,

for all vectors «, » and €.

Lemma 4.1. Let (x, 0} (X, #) be a thermodynamic process defined on
R %[0, 8], satisfying tne strong ellipticity condition (31). Let (x, 8) (X, ?)
be any thermodynamic process defined on R x[0,1,] such that

x(X, #) =x(X,8), on 2R x[0,%].

Then, there are constants v>0 and Q with the properly

‘Tﬁ..um(fau—Ztri)(Lm*—-iw) +2Pp(Lia—Lia) (g2—gn) +

R

(32)

+ =K an(ea—g4) (gs—2n) )X, )dX>vil (L-L, g—8) (") IExm

1
[}
—Q (v =v) (&) Iy
The proof of Lemma 4.1 is a straightforward gencralization of the proof of
the standard Garding incquality [3].
Theorem 4.2, Lef (x, 0) (X, ) be a thermod ynamic process corvesponding
to the supplv terms (b, 1) (X, 1) in L®(R x[0,4,)). We assume that the ther-



106 S. CHIRITA 10

modynamic process (x, 0} (X, 8} satisfies the conditions (17) and (31). Then
there are positive constanis 8, o, M and N with the following property :

If (x.0)(X,#) is any thermodynamic process defined on R x |0, t,],
with supply terms (b, 7) (X, 8y €L* (R x{0,£,)}, satisfyving (18}, and

(33) (X, ) = (X, 1), %(0_-6') (0a—0.)N.<0. on R x[0, 1],

then

| (v=-v, F=F, 0—8) (-, 5) |lom S Me= | tv-v, F—TF, 0-"0)(",

(34) ’ L
0)|:,,=m,+Nc°s§ I (b—b, t=7) (, 2} | nmdt.

0

The proof of Theorem 4.2 is based on the Lemma 4.1 and it is similar to
that in Theorem 4.1.
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ON THE STABILITY OF INSTANTANEOUSLY ELASTIC MATERIALS
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1. Introduction. The general theory of dynamical systems de-
veloped by Gurtin in [7] is applied to the class of Instantancously Elastic
Materials (I.EAL)Y [5], {3]. The main part of the paper consist in construc-
tion of dynamical system of I.EM. in Gurtin’s sense {7]. The results re-
garding the stability of gencral dynamical systems obtained in [7] hold
for dvnamical system of I.E.M. Some of these results are rendered evi-
dent for bodies with instantancously clastic response. These results are gi-
ven without proofs hecause they are stroightforward consequences of [77.

2. General considerations on the behaviour of a continuous body /7!
We denote by E; the three-dimensional Fuclidean affine space and with
V. the associated veclor space. Lel 8 be a continuous body identified with
the regular region of E; 16, p. 13] it occupics in a fixed reference configu-
ration and X its material points.

The ronfigurations of @B arc bijeclive continuous and piccewise con-
tinuously differentiable mappings

{2.1) x:BoE,
with x(B) regular regions and with det F =0, wherc F=¥x is the defor-
mation gradient.

The welocity field of B is a continuous and piecewise continuously
differentiable mapping

{2.2) viB -V,

The temperature ficld for B is a piecewise continuously differentiable
mapping

(2.3 8B —(0, o),

and

(2.4) g= Grad 0: B -V,

is the muterial gradicnt of the temperature field.
If

€={x:x is a configuration of B},



