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modynamic process (x, 0) (X, ) satisfies the conditions (17) and (31). Then
there are positive constanis 8, o, M and N with the following property :

If (x, 8)(X,#) is any thermodynamic process defined on R x[0,1,],
with supply terms (b, 7) (X, 1} =L* (R x{0,4,}}, satisfving (18}, and

(33)  xi(X, t) =X, 1), —%(0—6) (0a—0ON,<0. on R x[0,4],

then
| (v —v, F=F, 0—0) (-, s) llom SMem | {v—v, F-TF, 0—0){-,

(34) T
0)!!,A,Im+_Ng°SS| (b—b, r-7) (*,2) [ 1 ndt.

&

The proof of Theorem 4.2 is based on the Lemma 4.1 and it is similar to
that in Theorem 4.1,
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1. Introduction. The general theory of dynamical systems de-
veloped by Gurtin in [7] is applied to the class of Instantancously Elastic
Materials (I.E.M.) [5], [3]. The main part of the paper consist in construce-
tion of dynamical system of I.E M. in Gurtin's sense [7]. The results re-
zarding the stability of general dynamical systems obtained in [7] hold
for dynamical system of I.EAN. Some of these results are rendered evi-
dent for bodies with instantancously clastic response. These results are gi-
ven without proofs because they are straightforward consequences of [77.

2. General considerations on the behaviour of a continuous body /7!
We denote by E; the three-dimensional Euclidean affine space and with
V. the associated veclor space. Lel 8 be a continuous body identified with
the regular region of E, 76, p. 13 it occupics in a fixed reference configu-
ration and X its material points.

The configurations of B arc bijective continuous and piccewise con-
tinvously differentiable mappings

(2.1% x:B-E,
with x(B) regular regions and with det F =0, wherc F=Vx is the defor-
mation gradient.

The nelocity field of B is a continuous and piecewise continuously
differentiable mapping

{2.2) viB SV,

The lemperature ficld for B is a piecewise continuously differentiable
mapping

(2.3 0 : B (0, o0),

and

(2.4) g= Grad 0 : B>V,

1s the material gradient of the temperature field.
If

€ ={x:x i a configuration of B},
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@D ={v:v is a velocity field of B},
T={0:0is a temperature field of B},
G ={g:g is the gradient of (he temperature field of &},

then @ ={x :x": (0, 00) 81, T*={6*: 0" : (0, ©)~T}, and g'={g: g:
:{0. 0} > g} are the past histories of the current configuration. tempera-
ture, and material gradient of temperature. respectively.

The past history x*=@* represents a possible configuration history
for B and x*(s}, s>0, is the configuration occupied by B s time units into
the past. The mapping x*: (0, 00) =€ defined by xf(s) =x({f—s), s >0, be-
longs to €* and represents the configuration occupted by B s time units
prior to /. The same interpretations apply to 6+, 0, and g*, g*. x*, ¢, and
g’ arc called the historics of x. b, and g up to time ¢.

The historics

(2.5) Xf(s) =x. 0(s) = 0. g°(s) =g, s (0, o0}
are the constant histories of x, 0, and g.

The state function of B is the sct
(2.6) E={o:c=Ix,0,g v, x" 0 g
and a point =X is a stafe of B,

A mapping
(2.7) 7210, dy) X,

Is a process of B and d is the duration of 7. The constant process is called
the rest process.

Let @ be the family of processes of B satisfying the condition that
each = =P is maximal, i.c. it has no continuation in 2. Such a family of
processes is referred to as a proess class for B.

7, denotes the value of the processes = at time 1[0, 4,), i.e. =, =m(t).

A mapping f: Z R, is referred {o as a state function and f(z) stands
for for so that /(=) : r0, d2) =R is the function

t -’f(z(t).-l ;f(ﬂ‘), te -0, dﬂ)

The statc function / has lrajectory derivative over D if for cach = <P,
f(=) is differentiable on [0,d:). In this case the function

d
b= ()

is denoted by /.

A map ¢:ExR-W, where W is a topological space, is called focal
stale function with values in W if foc each c =X the mapping o, : B-W
defined by

?er) ;:p(o-l X)!
is piecewise continuous,

3
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The behaviour of 8 is determined by local ﬁtatc. r_fun;:}tlons'x@()_,’lg.
v, £7.8,q, and v where x,=0. 0,=C, g, =4, ¢, : B~ -,(BTU_».V e
S:B-L(V,, V) (the space of lincar transformations of Vn)_,l(é,, e nri;([}ent
Yo ! B—10,00) are the configuration, the temperature field, -Kt gra 0
([J? temperature ficld, the specific internal energy, the specific mt ropy’, mt
Piola-Kirchhoff stress tensor, the heat flux, and the specific cntropy pre

duction of B in the state o. I
The local state functions x,, 05, g5, and v, are given 1n

(28) Xa =X, Oa-—'_o- £a=8: Vo=V,

for every o €X, o ) _ '
! i 3 : ' C s and
The configurations x,. o =X arc called admissible configuration
(2.9) €,={x =€ 1 x is admissible}

. . . . d con.
is the set of admissible conligurations. It is supposed that undiformed con
figuration x(X)=X is an admissible co_nf:guratl.on.. he process class P

It is supposed that cach (maximal) process = in the process class

defined by
(2.10) tome=a(tl=(x(f) 0(), g(1), v (1}, »*, UF, gt
where x'=€°, 6=, and g'=g" are the historics of x. §, and g up to
time {, catisfies the following compatibility conditions
(2.11) i . (X)=v,,. Grad 0, (X)=g-, 1X).
of
flt —s), 0<s<t
ey o ) -
(2.12) Ss) fos=1), s>t

‘here f stands for x, 0, or g. ‘ ) i
W CrL-I{IQ lIocal state functiogn of B determine the global state fmzrtm';gs tE
S, P.Q. J. and & where, for cach c=Z, E(o) is the internal and '/.m}tj
a:icra."\' of B in . S{z) is the entropy of B in o, (o) is the j)o?i-}:'lr f:\ip[itno iB
on B in g, Qo) is the heat flow into B 11}30: J{a) 1s the entropy flow
in o, and G is the entropy produced by B in a. )

e }2( the absence ofphcat supplyv and body foree these functions are

given by
E(a)= S(ao + ;vz]dm, Sle; = S fod i,

05 B

(2.13) P(s) = Sv,, S, Ola) = ch.nda,
B B

f(c) = S‘I q, - nda, Glo)= S*{adm.
50 B
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It is assumed that % and S have trajectory derivatives over the pro-
cess class @ and that cach == is consistent with balance of energy and

balance of entropy 7], and that the entropy produced in each state s =3
IS non-negative, i.c.

(2.14) Glo) = S‘,’od;n;} 0.
B

The environment of B is described by the number 6, =0 and the sta-
te functions U,, P, and G,. where 0, is the environmental femperature, U.(o)
is the poteniial energy of the conservative external loads in state o, £2,(o) is
the power expended on B by non-conscrvatize ¢viernal loads in a, and G ()
Is the entropy produced at the interface between the bady and the envi-
ronment in state o. For cach ¢ =X the non conscrvative loads are dissipu-
five and the interfacial entropy production is non negative, ic,

(2.15) P(5)<0, G.(0)>0. r
Each =€ is consistent with inlerfice conditions
P(r)=—U,(z) + Pu=).
1 .
J) = 0 +G.(x).

relating the environment and the body |71,
It follows that state functions

"(6)=U,(a) + 1 (5) —0,5(a),
Do) =0,1G(6) +G,(5) — P,(s)

(2.16)

(2.17)

satisfy the conditions

' DN a)=20, c=X.

These conditions show that 17 is a natural Lyapunov function of B
and D is the maximal dissipation function of B consistent with I, that is
b
(2.19) V{ma)— Vimy) = S D{m)dt k
a
for every [e.b1(0,4d,).

It is supposed that for all environment of B the potential energy U,
depends only on the admissible configurations, that iz helds the implication

i2.20) ' oy =Xo,=U, (6} =1, {a.}. -]-

Therefore we have
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(2.21) Ullo) =U,(x,) = (x).
3. Some basic results in the theory of EEM. 531, 3., 1. If
c=(x,0,g.v,x", 0" g")
and F=Vx, F* =Vx" we denote
(3.1) A,=(F. 0,g). A;=(F", 0". g )

A, is called the site 717 of the state o and A is the history of the site A,

The process =P occupies the site (F, 0. g) at time £ 20, d,) if
(3.2) Az, =(F, 0.g).
An T.E. M. is defined by {following constitutive functionals

g (X)=2(A, AL 7, (X)=7(Ag; A,

(-1

(3.3) i i
So(X) =S(A; 1 A)), (X)) =q (A, A)),

so that the free energy functional ¢ is

(3.9) Go(X) =B(AG s AY) = (Mg S AL) — BfA, %),

The argument X have been upressed in the sccond hand side of
functionals in (3.3) so that the explicit dependence of X is implied. _

The axiom defining the class of 1.E.M. refer to the common domain
D of functionals (3.3). ' e

1 the topology on @ is given as in 12, ;3], the smoothness proper
ties of functionals (3.3) are referred to this topology. and the assumption
the material obey the fading memory hypothesis is adopted it follows that
in any process =@ the mapping

¢ —)"pﬂ: X,
is continuously differentiable and
(3.5) bo(X) =2 DA () s A AW +3,9(A1 ;AT LAY
where ~ ‘ B o -
CPA) A A =8y FHay. 0400 . g
{3.6) SVUA() ; A T AY) =8eb(A(), A ] FY +8,5(A () 1 AP | 0F) +
+ 3 DA A gh.

Here épd, & O, ¢4 & are the partial derivatives of & with rcspc_ft Eo
F, 0, g and &, 8, 8, are the Frechét derivatives with respect to F', B,
gt 2], 13]. [i}. . . ‘ .
The Clausius-Duhem inequality holds if and enly if [2], [3
1°. The free energy is independent of the current valuc of tempera-
ture gradient, lLe.
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(3.7) c,!glL-=0-

2°. The Piola-Kir stre . i ] :
through ola-Kirchhoff stress tensor is determined by free energy

(3.8) S=ael,
3%. The entropy is determined by free encrgv by
(3.9) T=—lb,
4°. The generalized dissipation inequality
3.10 A(m) = —— G(A() ; AY) 7(1)
(3.10) r{m) w0 qEA{f) D A g =8 0p(0t) T AT AT

holds in any process ==2,

The relation (3.7) shows that & and theref ¥ i
dent oS elation {3.7) shows fhat o o ictglone S and v arc indepen-
e wcg}(u)wc ugh they mav be affected by the past history of g. There-

(3.11) Go{X) =&(F, 0; A%).

et T RS e A 1 U

{3.12) q(A() ;AN g =0.

) pl0{%52%;%0:?2&%\?{]35sg}ts:(ls‘;i]8(;) :;r:? fi(]}:llfillikriutn site if there exists
If A=(F, 0,g) is ?lI; C’(]E{Iilli])l"illn; gm)tneﬁu,“fl:ﬁﬂ;\lgzl (F. 0.8 247 =D.

defined by (F, G
(3.13) S, 0y =U(F, 0 F, 7, &)
is called the cquilibriwm free energy corresponding to state
o=(x.0.g,v,x°, 05,8992 1l F=¥x, g= Grad 0.
It is known that 2], (57, (3]

~

~
{3 14) U(F, 0)< O(F, 0; F*, 0%, g*),
for any o=(x, 0, g.v,v* 0, g) =
We assume that the mapping
. 0 -WF, 0:A%)
is {wice continuously differentiable a he ins ' fi
s Sty ety nd the fnstantanecously specific heat

(3.15) C(F,0;\")=~— :TJ (F. 0;A%)>0.

7 STABILITY OF INSTANTANLOUSLY ELASTIC MATERIALS 113

in these conditions it follows

HF, 0: AN =0, 7(F, 0 A7) =9(F, U DAY
(3.16) .
+ i (F fi: .t\_*)(ﬂ—-ﬂ,)-f,

where the Tunction
} ->R(F.0;A)=] C(F, 0, +=(0—0,) ;A7)

(3.17)
pei o), ~€(0, 1),

s strictly positive.

This result is known as Ericksen’s lemma Y07

From (2.17),. (2.13}... and {3.16) we obtain the Lyapunov function
for an I.EAN,

, . - . . . A T
(3.18) V(o) =U,x)-+ S[L(F 0, ; M)+ I(F, 05 AN (0--0,)%+ 8§ vl dnr.
B
4. The equilibrium function. We assume that the states
(x, 8,0, v, x*, 0", gy, (x. 0, g v, x° e, g°.
(x. 0,0 v, xt O 0y, (x 0,0, 0, xc G, G
belong to T whenever (x. g v, x', 0. g
Definition. The sfate 6, =(X, 0. 0.0, x 0c, 67y s called the equi-
Librium state corvesponding lo stale a=(x. 0, g.v. x5, 0% 8.
The mapping & : -2 defined by

(41)  o=(x.0,g.v, X707, g) »&(e) =ou=(x, 0., 0,0,x", 0.0
is the equilibrinm function of an LEAL and the set

(4.2) T, =4(5)

is called the equalibrium state space of an LLE.ML

The equilibrium innction & is idempotent, ic. & (&) =&(o) for
every o €X.

On the basis of (4.1 the equilibrium state space ¥, is identified with
the set @, of admissible confligurations and (x. 0, 0,0, x, 2,09 is the
equilibrium state corresponding to the admissible configuration x €,.

The process =D staris from cquilibriun il

{4.3) e =7(0) =(x, 0,,0,0, x°, 0°, 0},
where
{4.4) x¢=x(0), 0°=0;.

To end this section we prove the main theorem of the paper.
Theorem 1. 1he function 1":E—R defined by (3.18) 1s satisfying the

following propertics
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1°. For eaen =D the function ¢ = V(=m,) 1s monotone decreasing .
2°. The function T :%5R defined by

, P(o) = V(e) — V(&(o)) =
(4.5) — S‘l@(F, 0 A% —H(F, 0) +K(F. 0; A)(0-0)2+ Ly» Jdm
B
s mon-megative in each proces = <P, that is.
Tm)20, t=(0,4,).

3°. T(e)=0if and cnly if 6<%,

.0 msD starls from equilibyivm. and Pl =0 for all t<f0,4d.)
then m 1s a rest process.

I'roof. The assertion 1° follows from the general properties (2.18) of
functions (2.17), while 2° and 3° are conscquences of (3.14), (3.17), and
(4.1). Part 3° of theorem shows that Im)=0 for all te[0.d,) implies
v(x,2) =0,0(x, H=0, for all £ =0, d,) so that x(X, #) =x(X) and g(X, #) =0 for
allt=10,4d.), X =B, Since wstarts from equilibrium, i.e. (4.3} and {4.4) hold,
the compatibility conditions (2.13) entatl that

2= “:(X’ O:ir’ b _On gt =0¢-.

Therefore = is a rest process. _

Let us consider the triplet (£, %, &) defined as above. Theorem 1
shows that (€, 7, &) is a dynamical system in Gurtin’s sense and the func-
tion IV given by (3.18) is the Lyapunov function of this system. We call
(L, P, &) the dynamical system of ILE M.

The function U : £, SR defined as the restriction of V to T, is called
the potential energy of the dynamical system (£, D, &).

It results that

(4.6) U(x)=U, (x) +S$(F, 0,)dm,

]
and therefore

(4.7) Vie)=U(x} + T{s).

The potential energy U of an [.EAL coincides with the potential
energy of an clastic material provided the stored energy is interpreted as
the equilibrium free cnergy.

A function D . X {0, w0} is a dissipation function for the dynamical
system (5, 72, E} consistent with }° t71 if for each =e? the mapping
f—D(r,) is integrable over any interval [a, b]C [0, d,) and

[
(4.8) V(= Vim)> { Dir at.

If (4.8) holds with » replaced by =, D is a maximal dissipation
function of the system.
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From (2.19) it follows the function (2.17). is a maximal dissipation

fun(:tilg?(;m (2.14), (2.13}, and (2.17) it results that the functions 0.6, 0.G,,

ipati i stem of ILE M. consis-
P, are dissipation functions for dynamical syster

and i

tent with function (3.18). In our case

(4.9) G(r) = Sy(n,)dm.
B

is giv * {3.10}
where y{z,) is given by (3.1 . CLEM
Its regarding the stability of I.E.M. N )
151.1 ??ﬂe c:-{es'll'lh(,?orct% I all results established in [7] fora g-neral dyna

mical system may be applied to the dynamical system .o{' I.fEI.T\lE:. \Ilnl“hl:;:‘t_
folhsws we give without proofs three res};\lts( ?(r)l Si)he' th;b(lfl[]t}G)oof .[7.1_ . E

5 alogous to Theorems (10.4%. (10.5), anc . 71. .
result;_lil;‘gr;lil 2g S:;ppose that the potential cnergy (3.6) has a globlal.nufo
mum (7] at an admissible confipuration x,<€,. n this case for vvery g
there exists 30 such that any process ==P salisfics

Sv-"(z)dm<s, SK(F(!),G(:):A') 0(r) — 0,1%dm <,

] B
b 'Jt—FFJ,O,:drﬂz.'s
(5.1) o, 0 a9 ~LE@, 091 dm
B
Ux{t))— U(x,) <k, SG(T.‘)dT<5.

for all =0, d=), as soon as

S vi(0)dm <3, | K(B(0), 6(0) ; %) (6(0) —0,22dm <3
B B

(2-2) S'T(F(O), Oe;;\°)—$(F(0). Sdm < 8
‘B
U(x(0)) —U(x,) <8.
Assuming that the admissible configurations sct €, is endowed with

the topology induced by the topology of @ and that the mapping ¢ —x({)

i for cach =P we have - o
; Con;ﬁzziéﬁx 3. 1fQ,CC, is a potential well for U rglatw;: f‘(; f;n ::cfn;:rsj;fiﬁ
] - e exists 3=>0 such that any
g uralion X, 171, then for any >0 there exists ¢ i proc
f_”;%’ rsafz'sfyin:q (5.2) and having x(0) €€, satisfies (5.7) and has x{t} 0,

for all t=[0,dy).
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If the topology on €, is ge i i
y on &, 1s generated by a pscudo-metric o it holds
Theorem 4. 1/ U has a strong local ‘minimum 7" at an admissible

configuration x, =@, then given any >0 there exvists
o =6 g RO s ; ' pro-
cess neD satisfying (5.2) and ? 870 such that any pro

p(x(0), x,} <3,
satisfies (5.1) and

for all te(0,4,). e(x(f), x Y&
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A QUASI-VARIATIONAL INEQUALITY OCCURRING
IN FRICTION PROBLEMS

BY

MARIUS COCU
o te memory of Profesior Mendel Hatmozvicr .

An important and very useful class of non-linear problems arising
from mechanics, physics, etc.. consists of the so-called quasi-variational
inequalities (141, [7]).

In this paper we shall restrict our attention to the study of the exis-
tence und uniqueness of the solution of some quasi-variational inequality
which may be considered as a direct generalisation of elliptic variational
incqualities of the second kind (Lions-Stampacchia [6]). Some.
examples and applications to friction problems are considered or indicated.

1. Introduction. The abstract problem, denoted by P, consists in
finding a vector =K NI that satisfies the following quasi-variational
inequality

(.1 alu, v —u) 4 ju. w) —jlu, uyz f(v—u) VYvek,
where

{1.2) ({1, (+,*)) and {J/, (*,").) arc two real Hilbert spaces,
H denscly imbedded in V, H=-V, ||vi.<lfell V¥ vell,

-

i is a closed, convex subset of I such that K# @ ; it follows from above
that K H is convex and closed in H. We observe that KNH is non-
empty. a: V x VR is a bilinear, continuous and I"-elliptic form, that is
(1.3} |a(u, v) {< || A il 2ol whete 42 V=V" denotes the operator
(Awu, v)=aft, v) and « is a positive constant such that

(1.4) alv, v)zallvit VYu,vel;

fis a linear and continuous form on V; j: HxK-Ris such that for
each n<=H, j{x,.) is a convex and continuous functional on K and

(l 5) :j(ul; V) +j(7"2| Ul) —7 {1y, E4'1) ]'(”2- 'U'.a) l gC |\ 1y —u, H lvi—vs [l
’ Y, . € H, Vo, v._EK with
(1.6) 2a>Cand |4 >C

Remark 1.1. In general, we do not assume a(-,*) to be symmetric
since in some applications non-symmetric bilinear forms may occur na-
turally.

Remark 1.2. 1f =0, we obtain a variational incquality of the first
kind : if jflu.w)=j(v,w), Yu,veH. YweK, we obtain a variational ine-
quality of the second kind.



