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If the topology on €, is gencrated by a psendo-metric 5 it holds

Theorem 4. s/ U 1 : ung
configuration x v.=@f,5;, as a sfrm:g.!ocal minimum (77 at an  admissible
gural o =G then given any =0 lhere exisls 8>0 such that any pro-
cess m &L satisfying (5.2) and

e{x(0), x,) <3§,
satisfies (3.1) and

Jor all t<(0,d.). e(x(f), x )¢
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A QUASI-VARIATIONAL INEQUALITY OCCURRING
IN FRICTION PROBLEMS

BY

MARIUS COCU
To tye memory of Professur Mendel Haimovici

An important and very useful class of non-linear problems arising
from mechanics, physics, etc., consists of the so-called quasi-variational
inequalities ([4], [7]).

In this paper we shall restrict our attention to the study of the exis-
tence und uniquencss of the solution of some quasi-variational inequality
which may be considered as a direct gencralisation of elliptic variational
incqualities of the second kind (Lions-Stampacchia [6]). Some,
examples and applications to friction problems are considered or indicated.

1. Introduction. The abstract problem, denoted by P, consists in
finding a vector w =X NI that satisfies the following (uasi-variational
inequality

(1.1} a{m, v —u) jlu @) —jlu, uyzflv—u) YvekK,
where
{1.2) (]I, {*,*)) and (I, (-,"},) arc two real Hilbert spaces,

H densely imbedded in V, He=T, o |.<llv) V¥ veH,

i is a closed, convex subset of I such that K# @ ; it follows from above
that KNH is convex and closed in H. We observe that KXNH is non-
empty. @: ¥V x ¥R is a bilinear, continuous and V-elliptic form, that is
(1.3) | a(u, ) {< || A [in || 2]} vil. where A: V—=V' denotes the operator
(Aw, v)=aflt,v) and « is a positive constant such that

(1.4} a(v,v)zallv|} VYuvel;

fis a linear and continuous form on V; j: HxK-—Ris such that for
each #=H, j(u,.) is a convex and continuous functional on K and

15y 170 va) bl 00) g, v} —flats va} | <C s =sie o=
' Vi, € H, VY, ULEIf with
(1.6) 2a>Cand ||A|>C

Remark 1.1. In general, we do not assume a(-,*) to be symmetric
since in some applications non-symmetric bilinear forms may occur na-
turally.

Remark 1,2, 1f §=0, we obtain a variational inequality of the first
kind ; if j(n. w)=j(v, w), Yu,veH. Vw<k we obtain a variational ine-
quality of the second kind.
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Remark 1.3, We may also consider the inequality {1.1) where K =V,

2. An existence and uniqueness result for problem P. We shall
prove the following theorem

Theorem 2.1. Let H, V, K, a, f and j be given satisfying (1.2)—(1.6)
respectivel v, Then problem P {1.1) has one and only one solution,

Proof. For vach e KNH and p =0, we associate a problem Plu, p},
namely the following variational incquality of the second kind

2.1) to find wesKMH such that, YoeeHNK,

(1, v — ) +pj{1, v) — pj(tt, )> (1, v—1w) +of (v—10) — pa{, v—20).

From the properties (1.2)—(1.6) and standard results {Lions-Stam-
pacchia [6] or Duvaut-Lions [3], etc.) it follows that the pro-
blem P{u, ¢} has one and only one solution w, denoted by S, (#).

In this casc it 13 easy to show that # is a solution of P if and only
if # is a fixed point of the map S, KMH~KNH for some p>0. If S, has
a uniquc fixed point # for some p >0, this # turns out to he the unique so-
lution of problem P. In order to show the uniqueness of #, observe that
if %' 1s a solution of P, then #' is a fixed point of S, for every §>0 and
hence for p chosen as above, S, has two distinct fixed points, # and «’,
which contradicts the choice of g,

We shall prove that 5, is a strict contracting mapping for suitably
chosen p and hence has a unique fixed point 2.

Let wie KM H and w, =S,(#), 1 =1, 2, Thercforc we have

(@1, Wo—101) + pf(Hs, Wa) — pf{itr, w\)2 (g, We—10,) +pf(w. —w,) —
—pali,, w. —w,), and
(e, Wy — W) +p fltta, wr) —flots, wi) = (4, w0, —wn) +5 f(w,—w,) —
—pa(uy, w,—w,).
Adding these two inequalities we obtain

(2.2)

(2.3)

— [y —w:l|* + p[f(ustwa) —j{1a, w1) +fltt2, w1) — j(2ts, We)]2 — (1~ s, W, -
(24) W) b paf{tey — iy, W, —w,) =~ *:(I—p;f)(ulwuz), W, — W, >,
Hence

[l Se(ae) =S, () I = | wr —we |12 p[7(201, W) +7(2e, 1) —f(101, ) -
(2.5) — e, wa)] + + <(T—p AWy —1t5), w, —1w, =< Cpl 16, —

~t3 || [| i —ws ||y +[| (T —pA) (st — 1) vl 0 — s,
where we used (1.5) and (1.3). With (1.4) we obtain the cstimate

(T —pdWu) lIF=((T —pd), (I—pd)u), =i u|f—20(An, u), +
(2.6) ol Aulli< ol A B w lls—2px || # 2+ 0 E=(p 4 |3-

—2px+ 1) || # 5<(p? [ A [E—20p +1) || 2 |7,

where we identificd Ax e’ with an clement of ¥ by Riesz’s theorem,
Using (2.5), (2.6} and (1.2) we have:
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2.7)  lwa—wallr<(Co+ Vet Il Ai—2amp + 1) 116y~ 10 | {26y — w0 .

Hence Yiu,, .= KM H,

(28) 1S, (1) =S,() 1| =l wy—w2 | SVIAE—2ap +1-Ce] . I n—ttal
T ' 4 'MH is a stric ing ing for 0<p <
Thus S,: KMH->KNH is a strict contracting mapping 0<p-

<(2a—C){|l A i* and hence has a unique fixed point weKNH which 13

the (uniquc) solution of problem P q.ed. _ )

N Regzar)k 2.1. The advantage of considering the _problem P(u, p) I}S
that the bilincar form associated with I’(1. g) is the inner product of H,
‘hich is symmetric and important in applications. _ )

! Remgrk 2.2. For simplicity, we restricted our attention to a quam;

variational inequality involving lincar operators defined on a real Hilber

ace. but the results can be extended. N .
. Remark 2.3. For a description, in a general framework, of different

methods that have been used in the analysis of quasi-variational inequa-

ities. see Mosco [7]. _ .. T
11t1e5,3. Some Applications. We shall now consider a Signorini fric-

i blem (Duvaut [2], [1]). L
Hon pf,oet (El b(c a bounded d]omain of R with a smooth boundary I'=20

g = [L3)]° and we define
F={y|ve [HY{Q)}?, v=0on b, w), ={, Vi)
(3.1 o] éxy, dvifexy)ixe (Au)i= —éfaxfaiazm(n)) = — & ai;(21), where
{3.2) ein = (1 2H{Erp ey + Butpféiny).
{3.3) Aigen = 0 jin = iy = L7(Q) such that Vi e C= () ={Au)i= LYQ},

A syeme Beyey YegeR Vi k=123

(3.4) H={u|usl, Aus{L2Q)]%}, with

(3.5} Lo lh= {0 o PLH Q)T+ A [P pmane'™
I'=T,UTuUl, and mes (I'y} >0,

(3.6) K={|veV, vyr,=0, v.<0 on I}, where

(3.7 1, =V Vi =vi— Ui and oy =0iity, 01 =04 — 0l

are the normal and tangential components and denote by a the bilinear
form a: VxV-R:

a(u, v) =Saimsm(u) eo(v)dx =Sc..j(u) ce(v)dx

(3.8) ] )
a is V-elliptic (K orn’s inequality)
(3.9) afn, Wyzo|julf w=V

(3.10) j: HxV—Ry defined by j{u, v)=S;L o, (1) | | vlds

Ty
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where we supposc that the mapping H-V¥(I',)= s=+" e L3I} is lincar and
continuous (a regularization of <) and preserves the positi\{ity.

We recall that by trace thorems (sce lLionsMagenecs [3])
for any #<H the normal component o, is defined by duality as an clement
of the fractional Sobolev space H 721 and || a,(1) I 1.<C IRl
I'hus ;I(ut, gl | I v, Yeel, Vo=l (using Schwartz incql.) -
wBKCH ;l;;d:o;ﬁ.;; er the following quasi-variational inequality fo find

a(u, v—u) +j{u, v) —j(u. )= flv-—-u) VYvek,

(oLl where f(z) = ggvdr + SFz-d.t Fe[LyI's)].

{2 ]‘f
Theorem 3.1. There exisis w' =0 such that the g.v.i "y
only one soltion Jor 0% asgp B k that the g.od, {3.11) has one and
. Proof. We shall apply Theorem 2.1 the only assumption to be
verified is (1.6) and this is realised if we take p’ such that a>(.q.e.d.
We do not show in detail that (3.11) is indeed the weak formulation
of the following friction problem occuring in clasticity {sece Duvaut
2], DuvautLions [3)) - ‘

(3.12) cléxos(a) +fi=0in Qor dw=f), ci=ayzm(u),
{3.13) =0 on I'y with mes (Iy) =0, (3.14) eipt, =l on T,
(3.13) 1,£0, 0,20, 1,6,=0 on Iy,
(3.16) o< lan o |2l oy |= =0 on I,
a, |=w oy |= 3220 such that #,= —is,0n!’,.

It should be observed that (3.16) re icti i
. . present. a non-local frict 1
may be obtfained from the Coulomb friction Iaw. o which

Other examples which can be considered by specializi i
er exa : ' specializing the The
2.1 are given in Duvaut-Lions [3], Ch. 3, 5. = ) o
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ANELASTIC PROPERTIES OF SOLID POROUS MATERIALS
BY
M. CONSTANTINESCU and N. CRISTESCU

To the memory of Professor Mendel labmovici

The aim of the present paper is to formulate the constitutive equation
for porous solid materials as rocks, cement concrete, concrete ete., starting
from various kinds of experiments.

In most cases where cement concrete is used relatively small mean
otresses are involved and therefore of significance is the determination
of the constitutive equation in unconfined tests. If however, high mean stres-
ses are involved, the constitutive equation already established by uniaxial
tests can be generalized if additional tests are done in the triaxial appara-
tus |1

1. Unconfined tests. In order to determine the constitutive equation
for cement concrete an important diagnostic test can be performed with a
standard testing machine which applies an axial stress op to a cylindrical
specimen whose lateral surface remains free of stress, i.e. g =0,=0, In such
tests called unconfined, the axial strain amd diameter strain are recorded
with various devices. Details of the sct-up experiment are given in [2].

Generally the experiments, size of specimen, ways of measuring strains
ete. have followed the norms suggested by the International Society of
Rock Mechanics [3]. The standard kind of specimens have been manufac-
tured by the first of the authors [4].

Typical stress-strain curves o,—€,, 6, —¢; and o¢,— ¢, are shown on

fig. 1, which were obtained for s, =9 x107¢ sec™. Here g, is the axial
strain, e. the diamcter strain and e,=¢,+2¢, the volumetric strain. The
following conclusions yicld from fig. 1.

the beginning of the stress-strain curves are nearly straight lines ;

— for higher stresses the stress-strain curves are mnonlinear ;

unloading is generally a nonlinear process ;

_ afier full unloading a significant irreversible portion of the strain
is put into evidence as well as an increase of the density ;

the loading produces a certain strain-hardening which certainly
has another meaning than for metals.

The so called ,clastic constants” are not really constant as for most
rock-like materials. These constants are generally increasing with the increa-
sing of the maximum applied stress. There are several methods to determine
these constants [3]. For instance the Young modulus can be determined by

a ,tangent” procedure, a ,sccant” procedure or during unloading :
Ao, T . oy
J—"'lnng = B = — L ucaa =

£ g T3 — E1plastic




