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where we suppose that the mapping H-V¥(I)s <=7 e Ly } 1s lincar and
continuous (a regularization of 5) and preserves the positi\{ity. (
We recall that by tracc thorems (sce Lions-Ma genes [5])
for any u € H the normal component g, is defined by duality as an ciem'(;|1t
of the fractional Sobolev space H2(1)) and || 6,(2) ysn<Cy (| # ||
I'hus JI(HE D) SR I v, Yeel, Yoel (using Schwartz incql.) &
- ;l;chwfl]]zzlt( cr the following quasi-variational incquality fe find

a{u, v—u) +j(u, v) —jlu. )2 flo—u) Yvek,

3.1
(R where f(v) = ggvd.t‘ + SFa-d.v FelLyT's)]s

{2 &
I!

Theorem 3.1. There exisls p' =0 such that the g.v.i. (3.11 :
only one solution for O<u<gu' Pt st
. Droof. We shall apply Theorem 2.1; the only assumption to be
verified is (1.6) and this is realised if we take p' such that « = q.e.d.
We do not show in detail that (3.11) is indecd the weak formulation
of the following friction problem occuring in clasticity {scc Duvaut
2], DuvautLions [3]) '

{3.12) cléxopln) +fi=00n Qor du=f), 6y =uimem(),
(3.3} =0 on 'y with mes (I'y) >0, (.14} wepr, =L om s,
(3.13) 1, €0, 6, <0. #,0,=0 on I'y,
(3.16) '.Uc € lon| o |<pioy |=u=0 on I,
|, = to, |= 3220 such that #,= —2o,0n!,.

It should be obscrved that (3.16) represent. a non-local friction which
may be obtained from the Coulomb friction law.,

Other examples which can be considered by specializing the Theorem
2.1 are given in Duvaut-Tions (3], Ch. 3, 5.
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ANELASTIC PROPERTIES OF SOLID POROUS MATERIALS
BY
M. CONSTANTINESCU and N. CRISTESCU

To the memory of Professor Memdol rlaimotvicr

The aim of the present paper is to formulate the constitutive equation
{or porous solid materials as rocks, cement concrete, concrete etc., starting
from various kinds of ecxperiments.

In most cases where cement concrete 1s used relatively small mean
stresses are involved and thercfore of significance is the determination
of the constitutive equation in unconfined tests. If however, high mean stres-
ses are involved, the constitutive equation already established by uniaxial
tests can be generalized if additional tests are done in the triaxial appara-
tus |1

1. Unconfined tests. In order to determine the constitutive cquation
for cement concrete an important diagnostic test can be performed with a
standard testing machine which applies an axial stress o; to a cylindrical
specimen whose lateral surface remains free of stress, i.¢. o, =a,=0. In such
tests called unconfined, the axial strain and diameter strain are recorded
with various devices, Details of the set-up experiment are given in [2].

Generally the experiments, size of specimen, ways of measuring strains
etc. have followed the norms suggested by the Inlernational Society of
Rock Mechanics [3]. The standard kind of specimens have been manufac-
tured by the first of the authors {4].

Typical stress-strain curves o;—¢,, 0;,—¢g; and ¢,—e¢, are shown on
fig. 1, which were obtained for ;=9 x [07% scc™h Here ¢, is the axial
strain, €, the diameter strain and e,=¢, +2¢, the volumetric strain. The
following conclusions yicld from fig. 1.

the beginning of the stress-strain curves are nearly straight lines ;

— for higher stresses the stress-strain curves are nonlinear

unloading is generally a nonlinear process ;

_ after full unloading a significant irreversible portion of the strain
is put into evidence as well as an increase of the density ;

the loading produces a certain strain-hardening which certainly
has another meaning than for metals.

The so called ,clastic constants’ are not really constant as for most
rock-like materials. These constants arc generally increasing with the increa-
sing of the maximum applied stress. There are several methods to determine
thesc constants [3]. For instance the Young modulus can be determined by
a ,tangent” procedure, a ,.secant” procedure or during unloading :

I—‘"lnng= _Acl Iisocaue = "?"I‘.- I vnload = 2
L3 g €1 S1phstic
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Similar procedures are used for Poisson ratio v, the bulk modulus K and
the shearing modulus G. Of significance for the constitutive equation are

the values of the elastic constants determined during unloading or during
fast loading tests.
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Fig. 1

2. Hencky type constitutive equation. A Hencky type constitutive
equation is to be reformulated in order to describe the specific behaviour of
the volume for rock-like materials, mainly the nonlinear and partially irre-
versible compressibility of the volume.

Starting from the experimental results obtained with unconfined
tests [4] the following assumptions will be put forward :

— the volume is compressible and a part of the volume strain is
irreversible ;

— the elastic and plastic components of the strain deviator are addi-
tive ; the elastic part of the strain satisfies the Hooke law while the plastic
one is proportional with the stress deviator :

— there is no sharp initial yield stress and it can be assumed that
elastic and plastic deformation take place from the smallest applied stresses ;

— material rotations and displacements are small : initial reference
configuration is used.

Thus

; . . P . ’
(1) sy=ef+ef, of= E_;, & =hay;.
Here G is the elastic shear modulus determined in unloading tests. Generally
 will be assumed to be constant on portion. However, if necessary & can

be considered to be variable with maximum applicd stress according to
the relationship determined by experiments

2
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G=51200+187 &, if 6,100
(2) G =69 900 +7.33 (6, — 100} if 100<0,<530
G =73 000 +64.3 (g, —530) if 530<0,<740

where all constants are given in daN em 2 'l'h(f]: f‘gilurcﬁ?f the specimen ta-
slace at the compressive stress @, =740 daN cm™. .

o A simple mathcrI:latical expression which can describe quite well the

volume compressibility is for instance

(3) €= s,]n(]— o ]

g

ial ¢ train. For relati-
herc =, and o, arc material constants and e the mean s
:.Yely small stresses (o, <400 daN cm~? say) the relationship (3) can be appro-
ximated by a lincar relation
g »
g=—¢e=3Ke
Q :

»

i Y k modulus.
‘here ¢ is the mean stress and A the seca}nt'bul .
. I;,uring unloading the volume variation can be approximated by a
linecar relation

(5) E—gyy=

3k, O

where ey and g, are the maximum va]ut?s rea_ched 'during loading and K, is
the bulk modulus during unloading , with K, = Kiaading-
Frecm the experimental data results

(6) g, =0,2%,, K=105600 daN cm?, o, =600 daN cm™%.
The principal components of the strain obtained from (1) are now

Gy 2 a,
=--+)L—o'—e,1n(l— )
a=3%% 3"

N

(7)

and from the equivalent plastic strain € and equivalent stress ¢ we have
(8) TP=|efl, a=|a].
Therefore for the scalar coefficient A we have
_3lef] 3e”
2|yl 20

Now it is assumed that a strain hardening relation of the form

(10) L& {=f{] o1 1) or €7 =f{a)

(%) \
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can be established from experiments. Here £ is a strictly increasing and dif-
ferentiable function. The relationship befween

I ef=¢,+¢ In —i] = 2L
(1 'm ( 3o,) 3G

and o, obtained from cxperiments can be expressed by the empirical for-
mula

E'P min . 'E:"P min
12 o, =a] = or G=a|—
. ‘ (b) [b )

with a=1250 da N em 2, b=0.0117 and mfi =029,
In conclusion, a Hencky type constitutive equation adopted for rock-

like materials and valid for stress states close to the uniaxial stress-states
can be written as

’

gy = 24 4 3f6) o if £ "=f(g) and ¢ =0

26 25
o [§7=/(7) and <0
.5;1‘ = 2 if or
26 =
e f(o)

(13)
g= ¢ ln(l -") if =0y and 5 =0
a!

=0y and o <0
(G—“U‘u) lf or -’

B gy =
¢ C <Gy
with f(s) obtained from (10) and G from (2).
If much higher mean stresses are involved, as in problems with rock
mechanics, the strain hardening law (10) may depend on the mean stress
as well and the volume compressibility law (3) may depend on the equiva-

lent stress ¢ as well. Onc possible generalization of the constitutive equation
is given in [5].
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COMPRESSIBILITY AND/OR DILATANCY OF ROCKS
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1. Introduction. What distinguishes the mechanical behaviour of
rocks from those of most other materials is the behaviour of the volume,
In the standard tests for rocks a cvlindrical specimen is subjected to an
axial stress ¢, and to a lateral pressure gy =ay=p, Both axial strain e, and
diameter strain s, are measured during experiment., In  uniaxial testes
6. =0 while in the so called triaxial tests generally o,=p=const. In the
present paper one will refer to these two kinds of tests. Thus in these tests
the 5, —¢&, and o,—e, relationships are 9htam@([ cither for 6,=p =const.#
#£0 or for ;=0 respectively. The behaviour of the volume 6, —e¢, then fol-
Jows since . =2, +2z,. _ _ :

For most rocks the volume is decreasing when stress is increasing.
First the law is nonlinear duc to the closing of pores and of microcracks.
This first part will be disregarded here. Further the 6, —e¢, rclation is linear
and can be approximated by o, =3z, with K the elastic bulk modulus
{fig. 1). lurther there are two possibilities. If the volume decreases more
than described by the linear relationship, we say that the rock 1s nonlinear
com pressible. 1f however after a period in which it had decreased the veolume
starts to increase we say that the volume is dilatant. Sometimes by dilatancy
the final value at failure of the volume may be cven higher than the one
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