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can be established from experiments. Here f is a strictly increasing and dif-
ferentiable function. The relationship befween

11 ef=¢,+¢ In —i) i L
(1) S ( 3o.) 3G

and o, obtained from cxperiments can be expressed by the empirical for-
mula
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with a=1250 da N em2, 5=0.0117 and min =029,

In conclusion, a Hencky type constitutive equation adopted for rock-
like materials and valid for stress states close to the uniaxial stress-states
can he written as
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with f(s) obtained from (10) and G from (2).

If much higher mean stresses are involved, as in problems with rock
mechanics, the strain hardening law (10) may depend on the mean stress
as well and the volume compressibility law (3) may depend on the equiva-

lent stress ¢ as well. Onc possible generalization of the constitutive equation
is given in [5].

REFERENCES

L Cristescu, N. — Lessons on Rock Mechanics, University of Bucharest, 1980, (in Ro-
manian}.
2.Constantinescu, M., Cristescu, N. Anelastic properties of cement concrete.

Rev. Roum. Sci. Techn. 1982 (in press}
3. Intermational Society for Rock Mechanics. Commission on Standardization of Laboratory
and Test. Int. J. Rock Mech. and Min. Sci. and Geomech. Abstr., vol. 16, pp
135— 140, 1979.
4. Constantinescu, M. Experomenial formulation of the constitutive cquation for
5 sobid porous matorals, Doctoral Dissertation, 1981 (in Romanian).
cCristescu, No — Compressibility and|or dilatancy of rocks (present volume}.

Analele stiingifice ale Elniversudpi AL L Cuza® din lay
Supliment la romul XXVIL s T a, 1981

COMPRESSIBILITY AND/OR DILATANCY OF ROCKS
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1. Introduction. What distinguishes the mechanical behaviour of
rocks from those of most other materials is the behaviour of the volume,
In the standard tests for rocks a cylindrical specimen is subjected to an
axial stress ¢, and to a lateral pressure G, =0y =p. Both axial strain ¢, and
diameter strain g, are measured during experiment., In  uniaxial testes
o. =0 while in the so called triaxial tests generally o,=p=const. In the
present paper one will refer to these two kinds of tests. Thus in these tests
ilie o, —¢, and a,—¢e, relationships are 9htam0([ cither for 6,=p =const.#
#£0 or {or a,=0 respectively. The behaviour of the volume 6, —e, then fol-
Jlows since g,=¢2, +2z.. _ —— )

For most rocks the velume is decreasing when stress is increasing.
First the law is nonlinear due to the closing of pores and of microcracks.
This first part will be disregarded here. Further the 6, —e¢, relation is linear
and can be approximated by o;=3K:z, with K the elastic bulk modulus
{fig. 1). Further there are two possibilities. If the volume decreases more
than described by the linear relationship, we say that the rock 1s nonlinear
com pressible. 1f however after a period in which it had decreased the volume
starts to increase we say that the volume is dilatant. Somctimes by dilatancy
the final value at failure of the volume may be even higher than the one
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at the beginning of the experiment. Both phenomena have been studied
experimentally by several authors. It is Brace’s opinion [1] that both
phenomena are simultancously present in every rock but that only onc at
a time is dominant ; generally rocks of significant porosity (over 0.05) are
mainly compressible, while rocks of smaller porosity are dilatant.

2, Time independent constitutive equation. A mathematical model
to describe these two phenomena can be formulated starting from the re-
sults obtained in the so called triaxial tests, In these tests, at various cons-
tant levels of the lateral pressure o, =6, =5 at which a cylindrical rock spe-
cimen is subjected, the axial stress o, is increased starting from the value
a, =p. Generally in the neighbourhood of the hydrostatic stress states o, =
=g,=0, the behaviour of the rock can be approximated by a linear cons-
titutive equation. Thus the experiinental data can be approximated by
constitutive equations of the form

(I+I)o+( 1-§-2.Icr+f( )
E, = |— P —_— —— g A ,
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where the elastic constants ¢ and K are determined in unloading tests and
functions /, and f, during loading. If now we postulate for loading a general
constitutive equation of the form

= — + ,H
¢ =3x e
2) :
¢'= 2 +f(o, ).
26 '
then it is casy to show that
e
flo, )= > 2
(3) ’ a

gls,7) = % f.(a. c—%) 4 2f2(6, o-——g)] _

Here | prime” stands for deviator, o is the mean stress, € the mean strain

a=)3 JIT,, is the cquivalent stress with 1Ip, the sccond invariant of the
stress deviator,

Depending of the two functions f; and f, if during triaxial tests there
are stress states satisfying one of the conditions

g(s, ©) <0-dilatancy
(4) g{s, 5) =0-elastic
g{s, 6) >0-compressible
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then the volume of the cor.esponding rock is cither dilatant, or clastic or
finallv nonlincar compressible. Medel (2) can be adapted to all three cases
provided that ne time effects are of significance for the particular rock
considered. For instance for granite type rock which is dilatant, functions
J, and /, arc of the form (Cristescu (2])

f(5.0—3)=————1-—-a——]n |-
N
3 3

where o, and b, are power [unctions of the arguments shown.

3. Time dependent constitutive equations. For most rocks, mainly
for the soft ones, the time effects cannot be disregarded. In this case the
experiments needed for the formulation of the mathematical model are
the creep experiments. In such experiments a cylindrical rock specimen
is loaded axially with a stress which is held constant for quite a long time
interval, During this time interval the variation in time of both diameter
strain and axial strain are recorded. If the stress is not surpassing a certain
limit (Cristescu (3], Ciistescu and Suliciu {4] Ch. 9) then after a certain
time interval the deformation by creep stops at a certain limit strain which
depends on the applied stress. All these limit stress-strain states form the
so called stabilization boundary for creep. For instance on fig. 2 are given
for cement concrete {Constantinescu [51) the stair-case looking & —ey,
6, —¢, and o,-—¢g, CUrves obtained for three instantaneous loadings follo-
wed by three periods of creep obtained for three levels of the applied stress.
Thus it is obvious that a volume creep is also present and a stabilization
boundary for the volume creep exists. 1f the stabilization boundary for the
volume is at the right side of the elastic instantaneous response of the wvo-
lume a6, =3/ z, then we say that the rock is compressible. If this stabiliza-
tion boundary is at the left side of this line then we say that the rock is
dilatant.

(3)
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Fig. 2
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It can be shown that time cffects on dilatancy or compressibility
can be described for instance by a constitutive equation of the form

o8 +3,€_~ - P(e, s)>g,

2% 2 5
©) o
f= — 4L =g E, g} >
3K 3K (e o)

where elastic constanis are determined from the slope of instantaneous
responsc curves, o = /’(z, £) is the stabilization boundary for the deviatoric
strains, o=(X%, £) is the stabilization boundary for the volume strain,,
E [k is a viscosity coefficient for the deviatoric strain (imeasured in Poise),
K[r is a viscosity coefficient for the volume {given also in Poise), and = =
stands for the Heavizide function

P {Z i Zzo0

0 i Z<0.
From creep tests {or ¢, and e, obtained for various levels of o, and o,=0

or o;=p the onc-dimensional viscosity coelficients Ifk, and Efk. can be
obtained. Then yields

(7 h=2 Rl and —% = k4 Zkg.
3 IK I

From the same experiments if a,=p{¢,) and 6, =¢(¢.) arc the stabilization

boundaries for e, and =z, respectively obtained in uniaxial tests then

-
kap(e+e) b e~

Ple 2) = PN
(8) ' _
k(T4 e) -+ 2kog (e —;)
Qe ¢ = 3(Fes + 253 '

Thus the model is obtained for the uniaxial tests, but a gencralization for
triaxial stress states can be obtained easily.
For instance for a tyvpical hard rock we have

G=27.3GPa, N =483 GPa

é— =4,3%x 101! Poise, ]:- = 1.7 %10 Poise

kl H

D . K .

L o ox10m Poise, N — 1.05x101 Poise,
7

and the stabilization boundarics o, =p(e,) and a,=¢(¢.) can be approxima-
ted by
gy =ai[l —exp(—biz) (i=12)
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with a,=0.55 GPa, b, =120, »,=0.25 GPa, #,=-900. Thesc stabilization
boundaries are shown on fig. 3 by full lines. The stabilization boundary
for the volume is the dotted line labelled 5,,. Thus this is a dilatant rock,
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Fig 3

The figure 3 is showing the influence of the rate of loading on the
rock dilatancy as described by model (6) with the assumption that the ins-
tantancous response is elastic and that the viscosity cocfficients are constant
(mean value determined on the whole period of creep). Figure 3 was plotted
for the following rates of loading : 64, =0, 64, =1.39 x 1077 GPa scc™?, 6, =
=333 %107 GPa sect, 64=5.56x10"7 Gz sec™! and g, — 0. Thus the
first curve is obtained in crecp tests and the last one is the instantancous
response.

It must be observed that for the rock given as an example here the
viscosity coefficient of the volume is negative,

The experiments are however showing a very interesting phenomenon
what concerns the creep of the volume (Cristescu [6)). During creep the
volume strain oscillates around its final stable value before reaching it.
This very interesting phenomenon which shows that during creep dilatancy
and compressibility arc successive (in time) phenomena, can also be des-
cribed by nodel (6) if the viscosity cocfficients are determined more car-
refully from the £,—¢ and e, ~{ data.

‘Model (6) which is able to describe dilatancy and/or nonlincar compre-
ssibility of the volume can be gencralized for triaxial stress states if experi-
mental data arc available.
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TORSION OF ORTHOTROPIC BARS IN THE PLASTIC DOMAIN
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1. Introduction. The problem of the torsion of isotropic har compo-
sed of materials with different yield limits has been studied in " 1],[ 21, 131,

In this paper we consider the torsion of an orthotropic har composed
of two different materials. The results are applied to the har with rectan-
gular cross-section.

2. Basic equations. We consider a bar composed of two different or-
thotropic materials bounded by planes perpendicular to the generators.
We suppose that the body forces are absent and the lateral surface is free
of applied forces. Throughout this paper the Oz axis of our coordinate sys-
tem will be directed parallel to the gencrators of the bar. The bar is assu-
med to be of length /; one of the bases is taken te lie in the x0v - plane;
while the other is in the planc z=/. We suppose the bar to be kept in the
plastic domain when the end =/ is twisted by a moment M. The aniso-
tropic axis coincide with coordinate axis.

The cross-section £2=0Q,JQ, is bounded by the curve I' with conti-
nuous tangent. The contact line between Q, and €3, will be denoted by L.
The materials which occupe the domains Q, and Q, are characterized by
vield limits Ty, So(TFe=S,) and Ty, 5:(T,=S,), respectively, We assume
that S, ~7T, and then the material who occupies the domain £, passes
first in the plastic domain. IDenoting with 1%, So; the yield limits on L,
we assume 14, So=T,.

The stress components must satisfy the equilibrium equation

(2.1) e s _
ax dy

the vield condition

Lo, 1
{2.2) 7 T + o= = 1L 1=0.1,

] 1
the boundary condition
{2.3) T2 COS (1, X} + 7, co8 (11, 3)=0on I,

the continuity condition of the normal component on L



