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TORSION OF ORTHOTROPIC BARS IN THE PLASTIC DOMAIN
BY

VASILE DIACONITA
Tao the memnry of Profecor Mendel Hamnovici

1. Introduction. The problem of the torsion of isotropic bhar compo-
sed of materials with different yield limits has been studied in (1],[ 27, [3],

In this paper we consider the torsion of an orthotropic bar composed
of two different materials. The results are applied to the bar with rectan-
gular cross-section.

2. Basic equations. We consider a bar composed of two different or-
thotropic matertals bounded by planes perpendicular to the generators.
We suppose that the body forces are absent and the lateral surface is free
of applied forces. Throughout this paper the Oz axis of our coordinate sys-
tem will be directed parallel to the generators of the bar. The bar is assu-
med to be of length /; one of the bases is taken to lic in the x0yv — plane;
while the other is in the planc z={. We suppose the bar to Lie kept in the
plastic domain when the end z=/ is twisted by a moment 1. The aniso-
tropic axis coincide with coordinate axis.

The cross-section £ =Q,J%, is bounded by the curve I' with conti-
nuous tangent. The contact line between 2, and Q, will be denoted by L.
The materials which occupe the domains Q, and Q, are characterized by
vield limits 1%, So(T>So) and Ty, S{T,>5,}, respectively. We assume
that §, ~7, and then the material who occupies the domain £, passes
first in the plastic domain. Denoting with 775, Sq, the yield limits on L,
we assume 14y, S>T,.

The stress components must satisfy the equilibrium equation

(2.1) o1y 2T g,
dx dy
the yield condition
2.2 Loy Lagar im0
(2.2) T‘,T:rz+§'?‘vz— L1=001
the boundary condition
(2.3) T2z COS {1, X) +7,, cos (n,3)=0 on I',

the continuity condition of the normal component on L
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[Tzz COS (1, X) + 7y, cos (#, )], =
2.4 .
(Z4) =% €OS (%, X) + 1,2 €08 (11, ¥) o,

where s is the outward normal to 1M and

(2.5) S(x—.,,z — 31 )dQ = M
[ 4]

3. Local solutions. Let us consider the case where the regular line
L separating the matcrials intersceting a regular arc of the I' at A, lies
entirely on the right-hand side of the straight line passing through A

(the side Q,) Fig. ! and intercepting the Ox axis at angle o, = —ujT“ ctg o,.
o

Fig. 1

In the domain 7 the yield condition will be satisfied if we assume
{3.1) 722 =19 COS Dy, Ty, =S5, sin ;.

From the equilibrium equation (2.1) we get

- o é
(3.2) — T, sin r?l(—f-l- 4+ S, cos ?1-—'?-—1 = 0.
ox ey

The differential equation of the slip line will be

dx dv

3.3 = = const.
(3-3) —Tosing, Secosg,’ GO
From (3.3) we get

S
(3.4) ¥4+ otg o =0(g,).

T,
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From (2.3) and (3.1) we have

{3.5) cty 9, = §—5 clg a,
¥

where a is the angle between the positive dircction of Ox and the tangent
at U curve. Assuming that

(3.6) % =x(w), ¥=y(a),

from (3.4) and (3.5) we have for the function ¢, the equation
‘SD 52

3.7 V4L otg gy =(e) +afa) =2 ctg .

(3.7) Yy g g=y(a) @)TE g

This solution holis until the discontinuity lines. The slip lines, are not nor-
mal at I'. From the regularity of the lines I' and Z, it follows that in a
neighbourhood of A, of which the size depends on the forms of I' and L,
the slip lines intersect the contact line at sharp angle. This determines in
a unique manner the function ¢, at every point of L.

In the region 1T we get

(3.8) =14, 005 @5, 7,,=5, sin g,
and
(3.9) Yot olg 9. =0(g).

1
From (3.1}, {3.8) and (2.4}, we obtinc

S, sin g, 8, sin g,

3.10 tg oy =
(3.10) i Tycos g—1 cos o,

where o, is the angle between the positive direction of Ox and the tan-
gent of L curve

From this condition, we must determine on L the function Oy =
=24(P1, %1). 1f now we suppose that on L

(3.11) r=x(n), y=y(x),
from (3.9) we can determine the function ®(¢,) and we get for the function
9:(*, ¥) the equation

&

. A S
(3.12) VxS ctg pu=y(a) +x(x,) —L ctg @a(ey, 2,).
T, I3

The slip lines in the region Il arc straight lines which form with the Ox
axis an angle g, wherce

{3.13) tg ga=— == ctg 9.
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In the region 111 we get

(3.14) e =1, COS Ps, Tye =31 51N g,
and
)
(3.15) VX ?‘ ctg 2. =0(7,).
3

From (2.3) and (3.14) we have

(3.16) cltg pa= '-S:Fl ctg o

1

For the function @, we have

S 53
kN ¥i v4x—ct = () + x(x) —— ctg .
(3.17) #4 a2 ctg = 3(e) 50 e

The slip lines in the region IIT forme with the Ox axis an angle s
where

(3.18) tg Qo= — ‘ﬁ ctg s
T,

The continuity of the normal component of the vector of shear stress on
the discontinuity line ! gives:

5 1

st tga = Tt (7t Pum)
where %, is the angle between the positive direction of Ox and the
tangent at the line / of discontinuityv.
The differential equation of the discontinuity line is

dy S |

= — —ctg—~ + @3).

dx T gz(q’z 3)

If the contour I’ and the separation line L are straight lines, the
quantities @i, 73 S,/ T, are constants and the discontinuity line is also a
straight line.

For S,=T, S:=1,. we obtain the results from [1}, [3]. On the dis-
contingity line ! the jump of the tangential component is

(3.20)

=I
Tig

.1 ¢ 1
—THL =12sin E(%_%) S, COSSE (92 + 1) +
(3.21)

12

s
SN 51n25(q33+q>3)]

On the line L the jump of the tangestial component is
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Bl = (S, sin 9, — S, sin ¢.)* + (T’ cos , — T, cos 21) )12

4. Application. Let us consider here the bar with cross-section as
shown in Fig. 2. The rectangle 2a x 2b is divided by the contact line L
normal to the edge 25 into two regions Q,, {1, having constant but diffe-
rent vield limits Ty, So. 73, ST, >5,>T0 > 5,).

>
i

oaigt——— e ———|3

»
*

FlG. 2

In what follows we assume that the adhesion is perfect and that
Tnl ._-3“5:01>T°-
The problem is characterized by five independent parameters
0 <hg= — <1, 0~;>.1—§l 1, 0«;.01:& <1,
(4.1) To L T

a
0= <o, O0<= <2,
b

o

The pgopcrties of the parameters kg, Ay, kor, /b, cfb, lead to nine dif-
ferent solutions of the problem of limit load of the bar.

Solution 1, Figure 3. The solution of the equations (2.1}, (2.2) with
the conditions (2.3) in region I, has the form
(‘12) T:rz=T0! T.Uz=0'
The continuity condition (2.4) must be satisfied at the contact line L, the-
refore the solution in the region III has the form

Tee=1, 008 @, T,,=5,5in ¢,

4.3 :

( ) <p=arccos%':,q>e[ 0, :)
In the region II the solution has the form

(4.4) 1.,=0, 7,.=5,.

In the region IV

(4.5} Tre =0, Ty =5,

* All the figures arc drawn for 2,—= ‘33 20,84, %y, =-;—
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In the region V

(4.6) T:z=T1s 7,1;z=”-
In the region VI
(47) e =0, 7= -5,
A o L
!
t_ AR I 18
ﬂa lﬁ L &
s+ N 15 — =1
L &
FIe.2
A 0
0 T Ly A 1)
L 3 &
P Y = po S VLI SR
NVARE
A FI6.4 L]

From the corner  the discontinuity line 4, divides the weaker zone into
the regions I, 11 in which ship lines arc normal to AQ and AS, respectively.
In view of the maximum condition of the limit moment it is assumed that
there are no other discontinuity lines in the weaker region and that /, inter-
sects the contact line L. The discontinuity line /, is inclined to Ox at an

angle 8,(tg B,=5,/1%}. The discontinuity line /, is inclined fo Ox at an

angle Baftg 8. = == = ) The discontinuity line 7, is inclined to
Ty, coso—1
S, si .. . L. .
Ov at an angle ,33( tg B, = —’ E“—o——-) The discontinuity lines Iq, I, have
T, coso

an intersection point. In the region V the slip lines are normal to the

edge OB and in the region IV they are normal to L and the discontinuity

line I, is inclined to Ox an angle 3, (tg .= —S,/T)). The discontinuity line

I, is inclined to Ox an angle B(tg B:=S,/T). The discontinuity line /g re-

quires no comment. The solution obtained is valid if 3,20, 8:>0. From
these conditions we obtain the inequalitics

3,20, fz-—fl)\.,! sin cos o) = 20, (dy),

1 3 72 (I +sing+ 2) ) (d1)

(4.8)

3,50, — % — Lou—necos 9) S +220, (d).

b 2 b

-1
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~ For 24, 24, X, = const., in the planc (a/b. ¢/b) this corresponds to the
region | between the axis afb and the straight lines d,, d, (Iig. 12) inter-
sccting at the point P,, of which the coordonater are
a  22a(l +5in g +cos ®) ¢ 20

b Tt hg(l+sin g} b D+ 2g{l +sin ¢)

(4.9) P,

Solution 2, Figure 4. With the increasing parameter ¢f/b, for fixed
alb, ko, 2y and Xy, the conditions (4.8) may no longer be satisfied. Let us
consider first case where the condition 3,20 is not satisfied. We obtain a
medification of the previous solution. Instcad of the discontinuity line I,
we have a new discontinuity line /. By calculating on the basis of Fig. 4
the quantities §,, 8,, 8; we obtain, for the validity of solution, the follo-
wing inequalities

a c
8;20, 3 ""N“b' >0, :da},

; 1 .
(4.10) 8,20, S Yo {l + sin g + cos cp)iéo {d,),
i 2 b
330, 20— Yo P HCOS P E50, (dy).
l4cosg b b

~In the plane {afb, ¢/t) this corresponds to the region 2 between the
straight lines ds, dy, ds {(Fig. 12). The straight lines d,, 4, intersect, as is ea-
sily seen, at points Py

A
1 1 12 ¥ 1
i u A
el IR NS L DL
de &
L
A Fls.5 B
A [«
11 T ¢ ¥
¥ G ¢
i fly @
) &éL
A &

FiG &
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Solution 3. Figure 5. If, in the preceeding solution ¢ =afk,, the zone
IV vanishes. From Fig. 5 it follows that for sufficiently small values of
the parameter afb this solution is valid for any %, A,, Ag; and a broad range
of values of cfb.
The validity region -of solution is cxpressed by the inequalities

s.zo,% - ;\D% <0, (dy),

(L) t+sin ¢ +cos ga

1+cosqe &

8,20, 20— —:\lgzo, (ds).

The corresponding straight lines dy, dg in the plane (afb, ¢/b) have an in-
tersection point P, whose coordinates are
a 2307 (1 +cos @)
I %o+ Ay F ho SO0 @ + (2o + M) COS )
¢ 22,(1 +cos )

(4.12)

b het A+ Sin@+{hs+ky) cOSQ '

Solution 4, Figure 6. With increasing parameter ¢/b the discontinuity
lines Iy, ,, may intersect at the point above the symmetry axis. This point
is the origin of a new discontinuity line /, which is inclined to Ox at an
S, sing +1

angle {3.( tg o= = 5
1

pressed by the inequalities

a [
8520, -l; -—'M-I;S..O. (da)u

1+sinp+cosg a G
1 4cos ¢ b b

). The validity range of the solution is cx-

(4.13) 820, 22—

31020, (2“%) h— ‘_;COS 920, (dw),

to which correspond the straight lines ds, ds, d;o.

Solution 5. Figure 7. Further increase of the width of the weaker zone
leads to the case where the discontinuity line /, intersects the contact line
L above the symmetry axis. From this point originates a new disconti-
nuity line ,, in the weaker zone bounding a new region in which the slip
lines are normal to the contact line L. The validity range of solution 5 is
determined by the inequalities

[ a [
811;0, ( 2_ —b') )q_ (2‘5 "“;‘o -l;)COS {P} 0, (dll)i

(4.14)
3,20, (2—%))\1——%&)3 p<0, (d).
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A °__8
U I
i
P S, _ =5
A Fie.7 &

The cprresponding lines dyq, dys in Fig. 12 intersect at the point P, whose
roordinates are

4 2ah e 20
b +Aoc05q>' b Ay+ A, cOs 9 '

Solution 6, 7, 8, 9, Figure 8, 9, 70, 71.
The validity ranges are by the follewing inequalities

2hy

(4.15) P, :

-

C
81320, i "-<- R ¥ (dl')l
b A+ (!l +sing)
(4.16) i
a c
3,20, S i().l 2, COS :p)-b- +0<50, {d.),
for solution 6,
¢ 2A
81520, '< — '1" = s (dll):
A +A,C08 ¢

3.0, 2 — S, 5% 28 15, S(1 4si
{417y °™ ( b) ey il ab(1+sm 2)<0, (d).

2% 2h,
"b A+ o(l +sing)’

3,20 (d1s),
for solution 7,

8]8?01 ';E _AD %20’ (dﬂ)!

(4.18) 8.20.(2 i)x e 2% e nS(1+sing)20 (4
: o) M Treme Co T %! 9)>0 (du),

| +sin p+cos 9 a
l+cos g b

3.,?0 211 = - )‘l% ’<0r (di)l
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Fie.8 A Fe9
A
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dog .
e | Y20 |~
§22
L L
A e 10 & Fig. 11
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for solution 8 and

3,20, (2—%})‘1 (Zﬂw)‘og)cowpso. {11},

' b
(4.19)
23
Sgg; O, 'E' ; ! ’ (dl5)‘
b 7yt 2 COS 9
/v
20
@ dat
dio ®
5
; ds @ [ g1
dip @
of @\
Py ey
ey d3 @
d1
® do
Q o5 10 15 20 b

Fie 12

for solution 9.
Fhe limit twisting moment for ecach particular solution is determined
from equation (2.5).
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