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On porte les relations (4.8) - (4.12) dans (4.5) et on trouve:
(1.13) “ P21 d= =2“’/)(P,1T')47- VO(I?', MY ds
? D v

qui est la premiére formule de Bett.
Si e vecteur I co'neide avee 1, alors on trouve la deuxidme formule
formule de Betti:

(4.14) “ ri'.@ti"z:_z“p.;,u?;d g/»r_u'. TRTS
g % i
La troisicme formule de Betti est donnd par:
(4.15) RS(F.EIT-’ 2T )dx g THT, WY PV, T)ids.
¥ .
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TORSION PROBLEM IN THE THEORY OF NON-SIMPLE ELASTIC
MATERIALS

BY
D, 1ESAN

T the memory of Profcssor Memdel Huaimaozic

1. Introduction. The importance of Saint-Venant’'s problem  re-
quires no emphasis. Indeed, a comprehensive bibliography of the vast and
varied literature to which the work contained in {17 has given impetus
would multiply the length of this study.

The elastic cnergy of non-simple media depends on the space deri-
vatives of the displacement vector up to the n-th order, n=1. In the case
that # =2, we speak of the first strain-gradient theory (sec [21, {30.

This paper is concerned with the tforsion problem of elastic cylin-
ders in the lirst strain-gradient theory. We prove that this problem requires
the solution of a special houndary value problem for a fourth order elliptic
equation in two independent variables. We are led to a new torsional rigi-
dity and prove that it is posilive. Ior simplicity. we restricted our atiention
to homogencous and isotropic bodies. Following 4] —[6] we can extend
the method in order to study the case of inhomogeneous and anisotropic
cylinders.

The results are used to study the torsion of a circular cylinder.

2. Basic Equations. Throughout this paper a rectangular Cartesian
-pordinate system Oxii =1, 2, 3) is used. We shall employ the usual summa-
tion and differentiation conventions : Greek subscripts are understood to
range over the integers (1, 2), whereas Latin subscripts (unless otherwise
specified) to the range (1.2.3) summation over repeated subscripts is
implicd and subseripts preceded by a comma denote partial differentia-
tion with respect to the corresponding Cartesian coordinate,

\We consider a body which occupies the bounded region B with
Lipschitz boundary ¢B consisting of a finite number of smooth surfaces.
Let I, be intersections of two adjoined smooth surfaces and T =,

The basic equations of the equilibrium theory, in the absence of
bodv forces, are [3].

the equations of equilibrium

(2.1) Tt g~ Hasies =0,
— the constitutive equations
".’_.I|=7\(,.r8”+2H(”,

(22) tij = al(z!risjk -+ 2/-.'rr‘a-i:' + erJS;A) + f’-:’.(:’-:rr 'Sjl.' + :"-jrrsfk) +21;'5’-rrg8|'} +
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the geometrical equations

(2.3) €1y = ; I'?!“J' i u.ll). Wige = Mg 4,

In these equations we have used the following notations : T - the
stress tensor, wey, — the couple-stress temsor, ¢y xq, — the strain tensors,
its — the components of the displacement vector. 8, — Kronccker's delta,
Aow, o{s=1.5 — the clastic coefficients.

In the casc of the traction problem we have the following boundary
conditions 72}, [3]

Pi= 1m0 pagne H{ppnyn, - Ppretphy)r] ntym Dy,
(24) Ri=pamm, =R on B I, 0O,= SHppfyhy > =@ on T,
where we have used the notations: n¢ — the components of the outward
unit normal to ¢8, <L > denotes the difference of limits from both sides
of . =Sy, $¢ — the components of the unit tangent  vector: to
Iy, €5 — the alternating symbol. Py, £ and O, preseribed  functiens,
piccewise regular on dB\I" and 1", respectively,

We assume that the potential energy density is a positive definite
quadratic form. The necessary and sufficient conditions for the existence
of a solution are 7

(2:5) 5 1’;da+§(),ds=0, S s‘,,(x,f',,wa,m)dfmsz.,i.x,,{)rds—..n,
JR v 4B r

3. Statement of the Problem. Throughout the following sections B
denotes the interior of a right evlinder of tength / with the open cross-section
2 and lateral boundary S. The rectangular coordinate frame is chosen such
that the vy-axis is parallel to the gencrators of B and 1Qxp-plane con-
tains one of terminal cross-sections. We denote by %, and X,, respectively,
the cross-section Jocated at x,=0 and r,=/. We denote by L the boundary
of the gencric cross-section L. In view of the foregoing agrecments, we have

B={xi(n, x) =L, 0<x, <}, S={x] (x,, x.) €L, 0<x,<l),
Ei={x] (5, 2) €L, x,=0}, Lo ={x | («,. xs) €%, xy=11,
Py=Jx | (v x) L, x,=0}, P,={x1 (r,. )L, xymil.
We assume that the domain 2 is € — smooth ‘81,
The cylinder is supposed to be free from lateral loading, so that the
conditions on the lateral surface are
(3.1) Pi=0, R/;=0 on S.

We assuine thut the load on the cylinder 15 distributed over its ends,
Z; and X,, in a way which fulfills the equilibriumn conditions of a rigid hody.
Let the loading applied on X, be statically equivalent to the force F=0 and
the moment M(0, 0, M). Thus, for x,=0 we have the following conditions

(3.2) 5 Pda+ 5 Q.ds =0,

I, Iy
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(3.3) S Pda+ Quds=0,
T, r,
(3.4) S (1, Py + R)da + ‘ X 0uds =0,
x:l l:)
(3.5) 5 Sa:;:\'alnada + 5 t,ﬂ3.'raQBdS =AI.
bl &8

Fer xy,=/ we have the conditions

(3.6) S P.da+ S(),ds =0,
i, T4
(3.7) \ Pida + S(_),ds =0,
IJ‘, I
(3.9) S(,.-,P;, R)da + 3 v f)ads =0
T, I,
i3.9) 5 a0 Vo Hpdir + S Eua Vgl leds = — M
)3 i

Let us note that from (2.4) we obtain
Pim — 2+ 2Ugaia Fhaais, Ki=p,0 on K,
{3.10) Pomtyi—2Ugsg—ttaata, Ni=pye on X,
Qi= - 2lgairty, on I, Ov=2p,,m; on 1,

where (s, #2, 0) are the direction cosines of the exterior normal to S.
The torsion problem consists in the solving of the equations (2.1) —(2.3)
with the conditions (3.1} (3.9}, ) .
4. Solution of the Problem. We¢ irv to solve the torsion problem
assuming that
(4.1) Uy = TEaqaXg ¥y, Hy=Te(Xy, Xy},
where the [unction ¢ and the constant ¢ will be specified in the following.
From (2.3} and (4.1) we obtain

i
Can =E€43=0, €33 =— T{Pu— Lens X3},

|
(4.2) z
Huiy = Hgys = Xzt =0, “owg T TEgua, Xags = TP .ep-
The equations {2.2) lead to

Tan = Tay —0: s = !J’TI:"?.I = C‘B‘.T')_. Heby = Ugas =Hasg =0
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1
(4.3) Haag =~ 3 Zi8ag A5 + 04 ey — (%5 20,) Ees,

Uypa " 27(238!3‘6‘@ + 1‘?.«5)- Uasa =( , +2%,)7Ap,

where Ag=9p,,.
If we introduce the notation

(4.4) Loy =2{xny+2,)A0p —ulp,
then the equilibrium equations (2.1} 1educe to
{4.5) Ly=0 on X
With the help of (2.4) and (4.3}, the conditions (3.1) become
(4.6} Mo =ue,patatty, No=0 on [,
where
I a9 L3
My = u-y? +-2{'x,+x‘;l'(- As 4 20, = i
on on {5 isen
¢ '
Ny = oy +2,)Ap + 20, L,
(47 = st
{1/ B (9 1= o
- =" R —_ a = id :
7o M, €harP.ally =@ oS4, — =9 aa% M, S YL P

oH s SR cs?
Lot us consider the boundary value problem
(4.8) Lu=f on X, Mu=¢, Nu=h on L,

where £ g0 ware O -functions. We consider only a .C=-theory™ but it is
possible to get a classical solution of the problem for more general domains
and more general assumptions of regularity.

We can prove that

(4.9) S vl da= S (v*)]?u + (—E ‘Ql-u) ds + 5 Au, v)da,
&4

where . ’ :

(4.10) A ) = 20, A0V + 2o, 50 0g + U T,

From (4.9) we get

A (u, u)du.

(4.11) S wLudu = S (u‘JRu + st *Ru) ds +

4

14 ey

by

~ We have assumed that the potential energy density is a positive
definite quadratic form. This fact implics thit the form A{w, 1) is positive
definite. If f=g=u=0, then {rom (4.11) we obtain w=c, where ¢ is an
arbitrary constant. Thus, the difference of two solutions of the bounlary
value problem (4.8) is an arbitrary constant. .

D. IESAN 1

H] TORSION OF NON-5.MPLE ELASTIC MATERIALS 171

Following (7], i8] we obtain
Theorem 4.1. The necessury and sufficient condition for the cxisience
of a solution of the boundury value problem (4.8) s

(4.12) S,rdu S gds.

b3 !

Obviously. in the case of the boundary value problem (4.5), (4.6},
the condition {4.12) is satisfied. In what follows we assume that the torsion
function g is known.

[et us consider now the conditions on the ends. From (3.10) and
(4.3) we conclude that PPy=N, =(,=0, so that the conditions (3.3). (3.4),
(3.7). {3.8) arc identically satisfied. Lot us prove that the conditions (3.2)
are also satisfied. Using (2.4). (3.10). the last of the equilibrium equations
i2.1}, the divergence theorem and the boundary conditions {3.1), we can
write

\ Pyda + S(),ds= 5 Tda = Tar+ ¥ 1{%aza —itz3a,n) idd = —S [ Tag —
L, I, © b 4
Haga,a)MadS - S Hrgaada = S Vilitoyad o ik J.n"p"v)w”«fis ‘ Maga sl =

A5 L b

=— S PoyaMpityids = — S Ronds =0.
L I

In a similar wav we can prove that the conditions (3.2}, (3.6) arc satisfied.
With the help of {3.10). the conditions (3.5) and {3.9) reduce to

(4.13) \ €res(¥aTos + 2itasg)dd = — M.
L
Irom {4.3) and (4.13) we obtain
{4.14) D =M,
where
(4.15) D= { la(ess o + ava) + 422 - ) 1da,
=

is the torsional rigidity.
Let us prove that Dz-0. Using (2.1)—(2.4), Stokes theorem and in-
tegrating by parts we obtain (see eg. [37, (7))

(4.16) 2 g Wdy = S (Paee+ RiNu)da + S Qaucds,

B AR r
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where 11" is the potential cnergy density and Nui=wu,m, In the case of
the torsion problem we have )

4.17 Me=0. Nttg=0 on X, 1u,=gu.7vs. Nty=0 on s
. 8 3

If we take into account (3.1), (3.10), (4.3) and (4.17), from (4.16} we obtain

(4.18) 25 ﬂ'dv=?ls (%1703 — %o a1 + 2(ft192 ~—[as:) Wet = 74D,
B z

so that we conclude that D=0,

Thus, if the torsion function is known, then the constant = is deter
mined by (4.14). The torsion problem is solved.

fexample. In what follows we use the results established in this see-
tion in order to study the torsion of a circular cv'inder. We assume that L.
is a circle of radius a. Axis Ox, of the coordinate system is taken along the

axis of the evlinder. In this case i, =%, /a, so that the torsion function sa- E

tisfies the cquation (4.5) and the conditions M =0, No=0 on L. We can
take o =0, From (4.15) we obtain the torsional rigidity

]
= Zn;m‘ - 422, — ag)mud

In the classical theory of clasticity, the torsional rigidity is given by

.= l T,
2

where the subseript ¢ is used to denote quantities in classical theory.
The extension, bending and flexure problem will be presented in
another paper.
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SUR L ESTIMATION DANS LA RiSOLUTION APPROXII}IATIVE D'UN
PROBLEME PARABOLIQUE PAR LA METHODE DES ELEMENTS FINIS

PAR
I TONLESCU et 1. MOLNAR

DYdid & La omcmolve du Professenr Mendel Fhadmovics

L. Introduction. Le but de cet article est de présenier une méthode de
résolution approximative du probléme mixte pour T'équation p_;lru'!mliqu.v
Ja plus simplecavant les données nuelles 2 la fronticre, ot aussi d obtenin
une estimation de 1erreur dans Ia norme de Vespace L), sovs certaines
suppositions de régularit? pour la condition initiale ct_pour la frontiere
du domaine, Le résultat principal de cet ouvrage est le Fhéoréme 4.1., qui
établit I'estimation du tvpe " —uf, <O +%). Lo wéthede consiste dans
Ia discrétisation relativement 3 la variable temps, d’o il résulte une suite
de probténmes cliiptiques correspondants aux temps fixés. qui scront rg‘su—
ius d"une maniére récursive par la méthode des éléments finis. Le probleme
qui conduit & Ia solution approximative peut &tre résolu a Paide du caleu-
lateur.

On utilisera les notations swivantes :

(., .)-le produit scalaire dans Vespace L3HQ) (w. @) = g v
o
| -la norme dans Uespace L(Q) i) ={v, )
TH(Q), j=1.2-Tespace de Sobolev, muni de la norme || .
llelly = (3 115 wfy2)s
|2y
Hgi)-Fespace c, (L)
A=t +iaad
v ={cf¢x. Mexy)

On note par ¢ unc constante positive générique indépendante des
hokoon g _ )
On considere pour w=uw(x, 1) le prohléme mixte représenté par les
conditions suivantes :

(j = A (v, 5 =0x (0, F)

(1 o , ‘
]1!:0 (v, ) =eQx {0, T}

ulx, §) =g{x) y =L =0



