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Fn vertu du Théoréme 2.1, on obtient estimation suivante :

1 —uly = C(h+R) 2
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The great efficiency of variational methods in entering upon the
problems of analytical mechanics determined some scientists {among them
being Louis de Broglie as well) to look for a relationship between the mi-
nimal action principle and the entropy principle. In other words, a trial
was made to correlate the physical phenomenon, of selecting the real tra-
jectory 1" from the family of virtual paths It o the reaching of a ma-
ximal probability.

On the same line, we propose a model for enlightening this connec-
tion,

a) Let us consider, in this respect, a point-like body moving in the
space dimension ¢, during the time interval ‘hetween the instants {s1. 82},
(s:7s,). We divide the duration (s;—s,) in a great number N of identica’,
clementary intervals, so that
(1) NSt

8s
and assume that €(q, dgfds, s) is a characteristic function of the motion,
in a sense which will appear clear in the forthcoming considerations,

1) We put forward the hypothesis according to which the probabi-
lity of a small departure e in the ¢ dircction, with respect to the real tra-
jectory 1, during the interval 3s, centred around the instant s, is given
by the expression
@ Plg. =1k Lighe)— L]~

$2—$,

where z=2(s), and K is a constant, The probability that a derogation
¢(s) occurs throughout the interval s,<s<s, obvioushy will be given by the
multiplication rule

Pisy. sa. 2y =TIplg. ) =T1{1 —R[L{g+)—L(g)] s l

«5‘ 5[
(3)
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¢} Further on, let us estimate the value of the characteristic function

L, on a curve deviated with = from the real trajectory I' assuming that

e |<1. Performing previousiv some partial integrations we get the follo-
wing expansion

o o R
Lig+e)=2(g+e.g+¢,5) '--f(M,SHE[Ec : tT(ﬁq')] !
s

b 1 { d
+lelen— Lien]+ Al
2 ds = % dsl_ ¢
d) But the probability £, entering the formula (3) must be a func-
tion depending on s,, 5., ¢, accordingly, the extraterms in (4), which cannot
be interpreted as coming from- a power expansion, must vanish when are
integrated over the range s, <€s5<s,
¢) As we have as an working hypothesis the limiting conditions

(4') &(s1) = efsq) =0,
it results that the term in (4), denoting a full derivative against s brings
just no contribution to the integral in {3).

f} We have now to investigate what happens with the last term in
(4). As e=g(s} and ¢=dg(s)fds=N(s) we may write

{4") e=h{g7 ()} =y(¢)
and moreover

i —]e“f'} ey
2 [T} 2 g3

e £[3,)
1 (o
(5) 3 3 £ eds = Es.fély'(e)de.
5 a5}

We mayv readly ascertain that the integral in (5) is a vanishing quantity
if the forthcoming condition is fulfiled

(6) £, =u {constant)
g) Now, let us specify the stationary character of the motion, id est

£ does not depends on s, inan explicit manner. Then, by a straightforward
integration in (6) we obtain for € the expression

) £~ rz{—]g + 1) =~ U,

We agree to impose to the Lagrange function in (7) the invariance restric-
tion under time reversal s - —s. This implies the vanishing of the func-
tion V(y). Finally, we get the expression

1
(8) £= B wgt—Ulg)-

h) Concerning the structure of the unknown function U(g), we put
forward the hypothesis according to which U{g) effectively reaches a mi-
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nimum valus for ¢=go. and the motion clongation never surpasses some
limits in the proximity of g.{g, <qo<q¢:). td cst the case of small oscilla-
ttons),

i} The characteristic function £ acquires. in this wav, the final form

. |- ... -
9) £(g., q) = JH Uglg--q0)*) + Const.

1) Proceeding from the above formula, and assuming that e(s) stron-

gly depends on its argument s only in the neighbourhood of s, and s,, we
reach the formula

(10) S [L{g + e} —1(g))ds = eS fe — -‘f(si s + 1 err=)
ds ~ ¥ 2
(11) T= :E"-—i(.f") ds; Q= e+ ex
T = 4 s 0 , =€ 1+EE s+ ...

k) Accordingly, we have

(1) . (,r,Tigu, 3 }

Plsy, 50, €)= n

1) Now, we ask the condition that the probability of performing the
motion along the real trajectory should be maximal. This leads to the sub-
sequent result

$2

0 P(s,, 525 €)}*=Y d
12 E—l’f__... = = P : =
(12) ( S ) oﬂr,_s{ﬁq ds(fq)}ds_o.
As (sy,s2) are arbitrary values, the condition (12) turns out be to equiva-
lent to the Euler & Lagrange variational principle
d
(13) & — 2 (e)=0.
e o (%)
From (13) and (9) it results that the motion cquation describes an har-
monic oscilation around the equilibrivm position Go
d? 2
(14) b=t 4 UG (g~go) =0.
dst

(In this respect, we have to remember that Ugu>0, as far as U reaches
its minimal value for g,). '

m) Now. let us crme ba 'k Lo the exjression (11) of the probability.
It hecomes '
(]5) _l.}.»‘l _’_

P'(sy, 8, €} =¢ ? (“““*"]

where
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But 0< I(sy, 52; €)< 1, entailing for i a ncgative value Conscquently. 1‘.)\c
= + = L ¥ : ] ]
denote K = — K, K,=0. The expected expression of the probability be
comes, in this way
14 f,’;,,l L]
- g 20T o g, E)
(17) Pls. 555 &) =¢ fige 2)
To remark that this cxpression depends —as was c.\;plcctctfl — c,(iic{l:yr((‘):]l
ey 115 o 1t . - ’ -+ n-l 1 .(
the quantities gq {equilibrium position) and ¢ (derogation Iro ‘
trajectory). . o R
Y n) }L]")urthor on. we trv to find out the statistical law for (|lst{}1)l}tll}15
the virtual trajectory nearby the real one let, in this respect, l_w..' .(;,u 1]:0‘
number of trajectories, whose departure lics hetween 0 and =. I{ we ‘1155{1;1 .
e reasonable hvpothesis, according to which N (z) 1.; lpl})P‘“_‘HIl]m . m:,
2 A M . ; i the trans
then the number trajectorics having a derogation = and Ving i

. | 1 . s n e e Ys hire gy does
gression strip (:—: == de, s+53;), will be 3N =nige)dez. where nly L

not depend on €. Consequently. the cdementary pm}:;n;ulu_\-__sg, tllml(::
point-like bodyv should travel at the mstant s, (to \\'hl(;]].ll :.:un_;_sp]nm g 'Jt
the real trajectory, a quotation ga) on a frajectory (Iti\ 1:!1}.:(1 writh &, W

hin the tolerance baud 3e s .

(18) 3% = flya. ep{ge)de. .
o) Obviously, this probability must be normaklized, id est

N

(19) S dE = S_,n"i:[o, sh{eple=1.

~—

From (19) and (17) we infet the elementary probability as having the ex-
pression

; Ehgt et
(20) o= V*" Up.e =71 3¢,

which correspond to a normal (Gauss) disstrihution, but whose dispersion
ever ilibrivm coordinate g,.
depends, however, on the equilibrien : te g . R
' p) For a purcly elastic motion the dl.‘épclbflOI;lls L()ltl‘bldnt. for any va
| inate Cany itude of the motion. .
f the coordinate and for any amplit ¢ _motion. B
e 0r) The free variable s is to be identified 1n classical mechanics

with the Newtonian time, Neweriheless, the results infered from this en-

: sral validity, For ins s may be identi-
tering upon have a morc general validity, ot instance, _

; e £ S and
fied with the geodetic length from the Relativity l_hcot“\ nf I:]m-ht:’l-gdciir
in this case - @ which will he o constant (quantity along the ge
trajectory, preserves its meantiy as mass of mertia.
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s} 1f the potential energy Uly) does not reach its effective minimum
at go. then Uy #£0 and. as a matter of fact. the formula (9) must be repla-
ced with a more general one, namely

. . I [ -
(21) $g, 9) = u* = Ua (¢—40) — 5 Ualy—gs)? +Const.

The direct consequence following from this amendment is the addition of
a constant force term in the right side of the equation (14)

(22) -u'f—(.] +Uulg—g0) = —U,,.
ds? "

which accounts for the fact that the displacements downward and upward
from the point ¢, are no longer equal. One ascertaing, however, that the re-
sult (16) is not changed when the function (21) is used instead of the M
restrictive version (9). Consequently. the final result. (20) keeps its mea-
ning along trajectory. excepting the points when U,,<0 and 82 corres-
pouds to the probability of deviation from the normal trajectory, in a lo-
cal variational process (the fixed points for which 8¢, =0, §g,=0, being
displaced together with the coordinate g,).

t) In this wav. the sharp determinism of Newtonian Mechanics is
to a certain extent infringed, in favour of a statistical one, as is foreseen
by Quantum Mechanics.

u) It is equally possible to define an entropy for our simple mecha-
nical svstem by asking the proportionality between entiopy and logarithm
of probability. In this way. the variational process corresponds to the rea-
ching of a maximal entropy state. This connection between variational
process and probability on a side, and betwceen probability and entropy
on the other side, is to be interpreted rather as pertaining to the metho-
dology of the theory of svstems, than to the statistical Thermodynamics,

v} Some peculiar examples can be calculated using the aforemen-
tioned formulas (these situations are characterized by a parameter having
the physical dimensions of (energy)™).

z) The connections between ,,motion” and , probability” seems to be
very sophisticated, and roughlv speaking, can be prescnted in many ,ite-
rations” : pure non-statistical mechanics, statistical mechanics (without a
global hypothesis like ergodicity), classical kinetical theorics, classical sta-
tistical Thermodvnamics, Quantum theories of motion.
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