192 MIRCEA LUPU 8

! 0 2tz anls,. o)l ¢ 211, k)
(3.4) Au= { S By = =

2=, ha) nT nm V(=) i — T W(t,)
Pour ce cas-la. dans la relation (3.3.) on calcule if avec (3.4.); en
T
intégrant par la suite (3.3) de O & L{p. =) et aprés § de w2 0 on obtient
U - il -
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En évaluant par la suite le débit & U'infini aval ol le jet est large de /. on
obtient de (3.3).
L, w) =l Y,
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Par la mise & profit des nouvelles propriétés des functions de Tchaph-
guine étudiées par C. Jacol [2 on peut faire des déhmitations au cas
des calculs numéri ues pour la ligne de passage {3.6).

(3.5)

1)y rcosp+1]x

(3.6)

Stu= " alors de (3.6} onalerésultat obtenu par Aslanov et Legkova
2

f3] pour l'ajutage de Falkovitch. Egalement. toujours de (’)6) lorsque
7, =0 pour I'ajutage a une scule vitesse critique de €. facob (27 onale
résultat obtenu par Galina Camenski (14
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ON THE BENDING OF MICROPOLAR PLATES RESTED ON A VINKLER
FOUNDATION

BY

A, MANOLACHI
o the mienrory of Professor Mendel ifafmozivi

In this paper we present an introductory study concerning the linear
bending of a thin micropolar plate rested on an elastic foundation of Vinkler
type. In the first part we establish the form of the general solution of equi-
librium equations. In the second part we consider the small deflections
of an infinite plate acted upon by a concentrated force.

The ficld cquations used in this analysis are those from the papers
1].

L. 1. Statement of the problem. Consider a thin elastic micropolar
plate of constant thickness 24 in equilibrium under a given system of exter-
nal loads acting on the lateral surfaces, Ng=1,

In the absence of cxtensional deformations paralel to the median
plane, the differential equations governing the small deflections of an iso-
tropic thin micropolar plate are:

[2

»

DAAw —BohAw 82l 701 —9100) = p(¥1, va),

Adp, + By, +82h(e w5 —2,) = — g,(xy, x2), p=1, 2.

[1.1 A ey 4 S
( ) - éx¥ éxt ' o fxy T
2097 % D1 D'(1 +v)
D=2 )._ZI:I: ,‘12_(___.__)4_3[. H=_("“— .
31 —v?) = v 2 2

where @ is the deflection function, ¢, are the components of the local rota-
tion vector (microrotation); %, v. #. I, v, & — the material cocefficients,
p and ¢, — the external normal force and tangential couples respectively
acting on the lateral plate surfaces. _ ]

When the plate rests on an elatic foundation the superficial loads
can be decomposed into two parts, [3, 0

Plys xo) = P(vy, xa) + 07 (), xa),

Go(x0, 12} =@ (2, x3) + g, 1),
in which, 2> and @, are given loads at the surface, x;= +5, .p* and ¢, being
the normal force and tangential couples appearing as reactions due to the
intime contact between the plate and foundation.

(1.1.2)
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Considering the material of foundation be a classical continuum und
the response of foundation be of Vinkler type, we can disregard the reac-
tion couples ¢, and assume the reaction force of the form:

(1.1.3) prxy, va) = ke, 8.,

where 4, denotes the foundation modulus.
Morecover we can suppose also that

(1.1.4) 0,=0, p=1,2,

that is, no external couples act on the lateral plate surfaces.
In view of assumptions (I.1.2)—(1.1.4}, with the notations

Sah &y B Sak
o= —, k==, n==, §=——
D D 4 A
(L.1.5) P
Xy,
g{ay, v} = ;,) ) '

the equilibriom cquations can be written under the form :

1.16) Sdw (AW + 90y - 91) FRW =0,
(1.1,
A, + g, 8 @ P} =0, ¢=1,2.
For a given problem, the solution of the system (1.1.6) must meet certain
bhoundary conditions along the plate cdge.

It was shown, in (2, 4], that no more as four edge conditions can be
associated to the svstemn (1.1.6). They are selected in accordance with the
physical conditions imposed upon the edges, among the {ollowing two sets :

(I]'}) u;:?_p' w,"=;;_ J]"=J?' I-,'n= I
or
(1.1.8) oy =@y, Dr=me Riy =Ry Ru=R,

where ., denotes the normal derivative along the plate contour M, the
bending moment, 17, — the transverse shearing {orce, and K, (¢ =1, 2)

~
the components of couple-stress resultant @ () — are given functions,

When the plate extends to infinity, we require also some supplimen-
tary conditions assigning the boundless of the stress and couple-stress state
for large values of r={(1{+ i)'/

Note that, when the material constants verify some positiveness con-
ditions [4], the solution of the houndary value problem consisting from
(I.1.6) and appropiate four edge conditions among (I.1.7) and (I.1.5) 1s
uniquely determinated.

I. 2. The general solution of Eqs. (L.1.6). The general solution of
equilibrium equations is assumme to bte the form:

(1.2.1) w=w'+w', =gl +g, p=1. 2.
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where (. w1, 21) is a particular selution, (w®. »%. 78) being the general so-
lution of ([.1.6} with ¢=0. Let us denote this svstem by (I.1.6),. Assu-
ming w and g be known. it remains to find functions #% and <2, In this
order, we seck the solution of (1.1.6), in the form : ’ '

(1.2.2) W=V, W, =, 4,

where 1F, & and ¥ are new unknown functions sufficiently smooth,
Eqs. (1.1.6), are satisficd when the functions {1.2.2) verify ;

{L.23) (1422 -3 =0, A g 1N+ =0, AAW o(IF 44 Y +AW =0,

. Fhe first equation gives, independentely on the last two. the func-
tion W,

From the second equation, we can express function ' in terms of 1
when this s known :

(1.2.4) A A% =8I0

l‘_‘liminatiug Y among {1.2.3); and {1.2.3), we deduce that 11 must be solu-
tion of the equation :

(I1.2.5) AAA — (3 +a) AAW 4 LA — 31 =0,
which can be written in an alternative form as
(1.2.6) (A= A =2 (A7, =0,

if 74, %s. 75 are the roots of the equation :

(1.2.7) 2Bt o)tk kS =0,
. To approximate 1he roots of the algebraic Eq. (1.2.7). we assume the
ratio
7
i = —,
0

be small compared to unity so that the terms containing %* and +* can be
neglected.

This assumption is not so restictive since in virtue of (I.1.5) and
(1.1.1). one has:

G 8_7-""‘ 2h(y + 2)) s 3 =)l v _ (‘{)2

'{;1— = - =

8 D S8ak RE
where the constant «* is given by
20y +2y)
ib

=

and defines the micropolar characteristic length for bending. which is asso-
ciated with the microstructure scale 41,
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sSolving Eq. {1.2.7) in the lincar aproximation for v, we {ind :
3
by 8(1 + __’?_‘-) ]

k+ 82
(1.2.8) . ) -
Y Ak KT 1—-i-]. Py = A,
2(k + 89) [ 2(k+87)

the bar denoting the complex conjugate number.
It is not dificult to show that

(I1.2.9) Im{»;} =0, for 0= n<4 k,
where &, and Re{x;} are alwavs possitive,
Putting :
(1.2.10) = YA, %= Y =0, (=l 3.,
and assuming the function 1" of the form
(L.2.11) W=, +H.+H,,
the equation (1.2.6) is satisfied when W,=,i=1, 2, 3, verlfy equations :
(1.2.12) (AW, =0, (A=) W,=0, (A—%)W,=0.

We can also rewrite Eq. (1.2.3), which determine the function @,
under the form :

(1.2.13) A—)d=0, 3=

1+ x

>0,

Thus, the form of the functions expressing the solution of homoge-
neous cquilibrium equations is entirely determined by the solutions of Eqs.
(I.2.12) and (I.2.13).

Particularly, when functions ¥, ® and Y depend only of radial co-
ordinate », the general solution of equations (I.2.12) and (I.2.13) can be
expressed by mcans of Bessel functions thus, [6, 71 :

Q)(E) = uru('/-og) + BnI{o(an).
Hl(E) =4 110(215) +31Ko(‘/-1ﬁ).
(1'2'14) ”,2(5) =C2fo'/-(2£) +D2H('r11’l('f¢25).

Wa(€) =CsJo(%:8) + DHP (2,E), E= %

where R is a standard tength, J,(...) — the Bessel function of the first kind :
I.(...), Ku(...) — the modified Besscl functions, H?(...) the Bessel func-
tions of third kind (Hankel functions), of order » and, 4, ... B, — some
arbitrary constants.

Note that the complex valued functions.

Jol#a8), HP(wak), Jo(w:E), HEN(7aE),
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are defined, as results form (1.2.8) and (1.2.10}, in the domains :

T carg i ° WE %5
— =9 e o~ — - arg

e o 2 s 25y
4 2 2

At this point, we pul down some notations which will be used in the
following :

P=arg ¥., (Arguy= 2' (m—arg X)),

(1.2.15) 7 =7, +1’T =V;(COS q) +?‘Sin Q)p

#p =0 +1y =5{cos 29 +isin 2¢), s = | A,|.

In order that W be a real function, we choose the constants C,, D,,
C,, D, appearing in the expressions of 1V, and 17, under the form :

(1.2.16) CatCh=-—-4d,, Co—Cy=id,,
DatDy=—B,, D,—Dy=iB,, i=} =1,

where 4., 4, B, B, are new arbitrary real constants.

When (1.2.16) are substituted in (1.2.14) and the result in (I1.2.11),
we find the final form for the deflection function 17, namely :

W(E) = To(:8) + B K o(2.8) + AU(E) + B.F (&) +
+ A5V o(€) + BiGolE),
in which the real functions U/, V,, F., G, are defined as:
2U () = Jo(x2E) + Jo(28),
2iVo(E) = Jo(#8) = J o(%4E)
2F(8) = HN(B) + HP (%,E),
20G(Z)= HP(nE) — HP(E).

_ Note that, functions U, ... G,, have, among others, the following pro-
perties :

{1.2.17)

(1.2.18)

AUp=—(pUs~yVe),  AFy=—(pF,—Go).
AVy=—(yU,+8V.), AGo=(vF o+ 8Go).

Without giving the explicit calculations we note only, that the equali-
ties (I.2.18)' are obtained on thc basis of definitions (I.2.18), using the
fact that J,, ..., H{? are solutions of Eqs. (I.2.12).

Setting (1.2.17) into (I.2.4) and secking the solution of this last equa-
tion under the form (I1.2.18) with some new coefficients 4;, ..., Bj, i.e.

W(E) = A To(#:E) + B o(4,E) + AU (E) + BoFo(E) + AaVo(E) +
+B§Go(£).

(1.2.18)"

(1.2.19)
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after some calculations we obtain the {otlowing relations between the un-
knowns ;

s 3 8
A 38 Pl
258 71 —3

(1.2.20)  qim 3 (B+8)da—vd ) ATY . A= —3[ndy +(3+8)A, A7

Bi= ~8[vB,+(4+8)B, AT,

B =scos 2o, v =s5in 2o,

Bi=—3[(8+8) 5, an_\—
A= (IB LE b.'f'! +v3,

Now, having both functions W{Z} and ®(E), the microrotation vector
components are obtained from (1.2.2).

When the studied problem has an axisymmetrical character, func-
tions @, 1" {and ') due not depend on the polar co-ordinate 0 and, (1.2.2)
becomes :

]I'

et I e P S
(1.2.21) R et L
ar Rt cr N

d“

where g, and gp are the components of microrotation vector about polar
reference system.

II. Infinite plate acted by a concentrated force. \We suposse a con-
centrated normal force of intensity () acting upon an infinite plate in the
origin of the co-ordinate axes. The problem being axisvmmetrical we assume
the displacement nicrorotation fickd. be of the form

(11.1.1.) W= (E), 5 =0. pp=n14(E).
In view of (I1.2.21), we have in this case

b i cu
0, =

{11.1.2) = =
JE K I

where @ and 'I" are given by (1.2.17) and (1.2.19). respectively.

Since 5, ={ is possible onlv if @ is a constant, the first conditions is
satisfled when
(11.1.3) A, =B,=0,

In addition, the physical nature of the problem requires that 1V(g)
amd 'T(E) be choosen as:
IW{E), be boundud i the origin, that is:

{(IT.1.4) W(E}— 11, when £ -0,

— 1V, ﬂ and g vanishe [or large values of £, that means:

. A1 :
(lll.j) I (E| — ), E{' - 1), ?‘,r:_c:_] 0 when 2o,
Z
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Since the general solution (1.2.17) and (1.2.19) contains both funec-
tions which become unbounded for small and large values of their argu-
ments, as follows /7

— for 220 To(nE), Ug(Z). Vu(E) =(X1). Fo(Z) =0(E%n E),

KifaZ) =) [Fuff). Gu(E)=0(E),
we can satisfyv conditions (I1. 1. 4) and (I1. 1. 3} onlv if
(I1.1.4)' By=B;=0,

(IT.1.5) Ay=d,=

Consequently, the solution of our plublun rcaulting from (1.2.14),,
(I.2.17) and (1.2.19) in view of (11.1.3.). (11.1.4)" (11.1.5)" are:

W(E)=0, J(E)=B.1,(5),
(11.1.6) 3(3+93) 8
wu)=__i_uswﬁ) < BGeld).

By substituting 1'(£) into {1.2.2) and using the derivation formulae
of Hankel functions :

(11.1.6)" Ly (1)) = — 192 0).

e

after some operations, one finds :

Be 105 (8) +56.(8)],

{I1.1.7. — =
) ’?0( ) RA,

where
da

8= —(3+8)n]. b=8[yq+{(3+3)7

Here, F,(Z) and G,(8) are expressed in terms of [,(x.8). J, (228), H (%48),
H® (x,£) by formulac analogous with (I1.2.18).

It remains to determine the constant B,. 1o this end, we consider
a circular plate element of radius = =0 (z—0) having the centre in the origin
and express the cquilibrium condition between the force ¢ and the resul-
tant of gencralized transverse shearing force I/, along the circumferince
C,. This means that :

(11.1.8) RV@ +0 =0,

-
-
z

where, according to 2, 4], V, 1s given by :
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V= —DAw., +82h{w,y +wutty — pt) + D1 —v)lw. pund
(11.1.9) ( ! 1= R A D= ) [ et
H3) + (10, 11—, a2)A ], .

Here (...),n and (...}.. denote the normal and tangential derivatives along
a regular are of normal u(n,, n,).

In our case, the arc is the circumference O itself. where the dircction
of the outward normal coincides with the direction of the radius vector.
Morcover, when the expression inside the brackets is an uniform functions,
the integral from (II.1.9) extends to the first three terms, only. becoming;

(11.1.10) SV,,ds =S( -DAw, o +82h{w., + 9oty — pis) Ids.
Ce g

Since at the cercumierence C,, one has :

; 2l AN
Aw,, = ~| iAl , - l—d— Dally p,1z2=?u(=—l£—l ,
R» dE R 4% R gk
we can write the integrand appearing in (11.1.10) as
(IL.1.11) Tme 2 A ok +9)],

- E‘d&
Further, substituting the term 1V 4 by (1/8)AY according to (1.2.3),, we
get

) . SR
(I1.1.12) JEECSELI T o X

Redg -8

Using the expression of W(Z) given by (11.1.6),, formulac (1.2.20),
(£.2.18) and the relations
dG,

drF - : : .
d&g= — (4F 1 2Gy), dE (vF1+40),

(p=Vscos o, ==Vssin¢).

which are obtained, directly, on the basis of (I1.1.6), after some manipulati
ons, we find :

dAW -
T:st[/m(a),
(I1.1.13) g
dAd 8 3
i A—SI/SBQA(E)—A s s () B..
1 1

Functions A(§) and %(E) appearing in (IT.1.13) are defined as :
A(E) =cos 39F,(E) —sin 39G,(E),

(11.2.14) _ ‘ '
7(8) =cos ¢Fy(E) —sin G, (E).

|
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They are power series in £ appart from some singular terms which in the
neighborhoof) of 2=0, have the form:

. 2 ; e
(II.IIS) :\(ﬂ)——;éﬁbln 2.'J+0(__]]1 t_.)-
7(3) =o(Eln ).

Inserting (I1.1.13) into (I1.1.12) and performing the integration in
(IL.1.10} with ds = Red 0, in view of (I11.1.15), one gets :

133[1’3:“_( e "]fg)bin 29 +¢(..) ]+Q=0.

R? )
Passing to the limit for e —+0, we obtain the value of H, ;
QR=A,
4sD(A; +oR*8)sin 29

Bo=—

With this B, the deflection function I and microrotation gy are
determinated under the form :

W) = QRA,

(11.1.16) ’ 1sD(A, + o R28)sin 2
B ORA,

Al s (A, +oR23) sin 24

1".:(5.»}-

.

Po(B) = [SA(E) +8%(2)3.

The appropriate  expressions of stress-couples,  couple-stress resul-
tants and transverse shearing force are obtained from the stress-strain rela-
tions given in [2, 4].

Discussion. In this paper we initiate a preliminary analysis concer-
ning the deformation of an elastic thin micropolar plate in the interaction
with an clastic foundation of Vinkler type.

Although the Vinkler foundations is the simplest model of founda-
tion 3, 5], the analysis of the solution obtained in the case of an infinite
plate acted upon by a concentrated force, sugests a conclusion. Tt appears
from (II.1.16) that the structure of the solution characterising the bending
of a micropolar plate rested on a Vinkler foundation is the same as that
for a classical plate (with a certain rigidity) rested on an ,improved” type
of foundation, known in the litterature as the generalised or Pasternak
foundation. Therefore, we can conclude that in the analysis of the response
of a foundation, the nature of the structure rested on the foundation must
also be taken into account. Obviously, this is only a theoretical conclusion.
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SUR UN PROBLEME D'ELASTICITE PLANE EN
POSITION DEFORMEE

PAR
C. MARINESCU

Dédic o beowmoive die Professom Mendel Hoaaocind

Dans cot ouvrage on considére un caleul qui s¢ proposc, d'une coté-
répondre aux critiques  lides  aux, ¢quattons de I'élasticité ¢n position
initiale {non déformée) — et de Tautre e6té, éviter Ies difficultés résultées
des équations eu positions déformdée.

On propose un caleul en position presque déformée — un caleul du
second ordre, qui met en évidence une linison aveel ¢s tensions qui provien-
nent d'un caleul en position non déforniée-caleul du premier ordre,

On considérera une position provisoirement voisine cventucllement
celle déformée, qui sera écrite en fonction des coordonnéoes initiales {v, v).

Solt en ce sens un rvectangle défint par les dimensions (dv. 1) et une
position quelconque voisine possible {fig. 1.

Les éléments qui caractérisent la position veisine setont noteés par
un astérisque. En ncgligeant pourtant quelques termes on a

T b [(n + iJ s 2 :11-)

& cl - .
- 0 éx éx
Dc ] B (1)
T e [ G o
el F A =BC—dy, |1+ —]|dy].
oy oy
Fig. | Soit por, piy. Py les efforts sur des surfaces du parallé-

togramme £°5°C*D*. On considére aussi une hypothése
sur la nature de la conservation de Iintensité de la force massique autant
e intensité qu’en direction. En vertu de cette hypothése on a

XdAd=X"dd", Ydd=Yrqg4*

Lne premiére forme des équations d’équilibre en position veisine est

B BT 4 P gy T 4 Xdvdv =0

dx '
2) f'ﬁ"-’-d.\: BC* + "—Eﬂ dyv 4B +Ydxdv=0
&y v

On tient compte que les formules (1) conduisent &

e | P -__:.‘-—’ - . S
TF: [ (I pict +(’—J T (1 + 1)dr, H*C';:(I + -i-) ds.

A cx ax




