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We remark that /=m is necessary for the symmetry of G. For k=n =1 and
! =m =u one obtains the z-lift of g considered by M. Matsumoto ([5],
p. 105). Generally, G with / =m is quasi-Riemannian. The «-1ift is Riemannian
if —1<a<i. By a direct computation it follows:

Theorem 6.1. a) A CS-prolongation of g withk=n and l=m=«a is al-
most hermitian with respect to I if and only if a=0. b) A CS-prolongation
of g with | =m =w satisfies G(PX, PY)=G(X, Y) for every X, Y eS(TTM)
if and only if a=0. c) A CS-prolongation of g with l=wm and k=m satisfies
GOX, QY)=G(X, Y) jor every X, Y =S(TTM).

A pair (G, P) on 7'Ml is called almost Hermitian hiperbolic structure
it G{PX, PY)=—G(X, Y} holds for every X. YeS(TTM). By taking G
as CS-prolongation of g, onc obtains, after a simple computation

Theorem 6.2. The pair (G, P), where G is the CS-prolongation of g with
lemm=o is an almost Hermitian hiperbolic structure if and only if h=n=0
1.2. G 15 as follows
(6.2) GlAd,+ QB,, 4.+ 05:) = a(g(d,. By) + g{4., By,

Now we take G given by (6.2} and we obtain

Theorem 6.3. a) The almost product structures given by (5.5) and (5.6)
parring with G give almost Hermitian hyperbolic structures if and only ifc= 0.
b) Lhe almost product structures given by (3.3) and (5.4) pairing with G give
almost Hermstian hyperbolic structures.
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ON SEMI-INVARIANT SUBMANIFOLDS OF AN ALMOST CONTACT
METRIC MANIFOLD

BY
AUREL BE JANCU

To toc memory o) Profesor Mendel Haivowis?

1. Introduction. Let ¥ be a (2 +1)-dimensional almost contact
metric manifold with structure tensors {9, £, 4, ), where o is a tensor {ield
of type {1,1), 2 is a vector field, » 5 a Iform and ¢ i~ the Riemann an
metric on N, These tensor twlds are related by
(1.1) 2N = XN ohq(N)E; 9E=0; x(E)=1; 5(pX)=0 and
(1.2) @YX, Y ) =g(N, V) =n(X) . 5(Y) 5 (X} =g(X ),
for any vector fields X, Y tangent to V.

Let M be an m-dimensional submanifold of N, \We assume that the
structure vector {ield £ is tangent to M. Then M is called a semi-tuvariant
stbmanifold of N if there exist on M two diflerentiable orthogonal distri-
butions £ and 2L such that the following conditions are satisfied :

(iy PV =D@DL@i{E}, where {E} is the 1-dimensional distribution spanned
by § on M,

(i) the distribution D is invariant by 5, that is, o(D,) =D, for cach x =M
and

(i) the distribution D4 is anti-invariant by 5, that is, (DL} 7,ML, for
cach x =M, where 17.ML is the normal space to A at v, (sec [1]).

We denote by 2p (resp. ¢) the real dimension of a fiber of D {resp.
Dy and by P (resp. () the projection morphisms of T3 to D (resp. D+).
Then we see that for p=0 (resp. ¢=0) we obtain an anti-invariant subma-
nifoll tangent to g (see {3]) (resp. an invariant submanifold (sce [4])) of
N, Morcover, when g =dim ¥ ML we obtain generic submanifolds studied
by K. Yano and M. Kon in [27. It s casy to chieck that cach hyper-
surface of N which is tangent to & inherites a structure of a semi-invariant
submanifold of N.

For any vector bundle H on M we denote by I'(/) the module of all
differentiable sections of H on a neighborhood coordinates on M.

Now, suppose 1) Le another invariant distribution on 3. Then we
have D, < D, for any x = M. In fact, if X e1'(/)') then there exists Y €I'(D')
such that X =Y and we have

(oY, Zyy = g(Y: €, =0 for any Z&I'(DL) and
s(oYe L) =-5(Ys 9E:) =0,
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In a similar way follows D7=DL for anv anti-invariant distribution
D" on M. Thus we have

Proposition 1.1. '11. Let M be u semi-invariant submanifold of an al-
wost contact wmelric manifold N. Then the distribution D is the maximal in-
variant distribution on M and DA is the waximal anti-invariant distribution
on M.

In the present paper we obtain in §2 necessarv and sufficient condi-
tions for a submanifold of .V in order to be a semi-invariant submanifeld,
Also, in §3, we give integrabilitv conditions for distributions D@ lsl and
DL@{E} by means of some Nijenhuis tensors,

2. Some characterizations of semi-invariant submanifolds. Suppose
M be a submanifold of N tangent to the structure vector ficld E. Then we

put
(2.1) 2N =0X +oX,
for any X tangent to M. where ¢X is the tangent part of oX and wA s

the normal part of »X. Also, for any ¥ normal to M we put
(2.2) oV =B1"+CI
where BV is the 1anzent part of 2 and €1 is the normal part of ol
Now, we can state
Theorem 2.1. Let M be a submanifold of an almost contact metric

manifold N tangent to the stricture veclor field 20 Then M (s a semi-invariant
submanifold if and only if we have

(2.3) rank. p=constant on M and
(2.4) eol =0,

Proof. Suppose M is a semi-invariant sulmanifold of N. Then for
any X eI'(T'M} we have

(2.5) X=PX 40X +4(X)E.
Thus applying 9 to (2.5) we obtain
(2.6) pX =0l’Y  and  (2.7) oX =20X.

From (2.6) follows (M) =g(D)=D. Hence rank. Y=2p on M. Also, hy
using (2.6) and (2.7) we obtain (2.4).

Converscly, suppose (2.3) and (2.4) be satisfied. We define the dis-
tribution D by D, =Im. ¢, for cach x€M. D is a differentiable distribu-
tion since it is the image of a differentiable morphism of vector bundles,
which is of constant rank. Moreover. D is an invariant distribution since
for each X =¢Y e1'(D) we have

X =20V =9V + (wod) V =41} = 1'(Im. ) =I"(D)
Also, D) is orthogonal to {E}. In fact, we have

Y, B =g(e), &)= s(Y.gE)=0

- "F::ﬁ.._
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i al ¢ : arv distribution to D@{&} in
enote by D4 the orthogonal complementary s _ ) }
!J".ti?o'l'hcﬁ D4 is an anti-invariant distribution. Infact, for any X eI’{(D1)
and Y =0+ IF4+7(Y)% where [7=I(D) and 1" &F{D4) we have

g(pX. Y) = —g(X . gU +31V) = —g(X, $IF) =0,

since YW el(D). Thus M is a semi-invariant submanifold of N. .

Theorem 2.2. Lof M be a submanifold 0_‘{ an almost  contact metric
manifold N tangent fo the structure i'zj(‘fO.V freld 2. Then M s u semi-inva-
viant submanifold of N if and only if we have

(2.8) rank. B=constant on M and
{2.9) doft =0.
) ; P ols o semi-invari submanifold. First, we see
P’roof. Suppose N is a semi-invariant su . '
that Tm. Iff,c 1’)R for cach ve M. In fact, by means of (1.1} amd (1.2)

Wi have

(B, V=gl YV)=—g(¥V, ¥)=0 and
(B, =gl B)=—g(}. 98) =0
any 17el(TMLY) and Y =1(D). ‘
o 1[3:1 the cl)ther l)mnd. we have DLclm. B, for .cach ye M. Indeed, .:f
we take [ eD(DL) then U €I'(TA+) and by using (1.1) and (2.2) we
obtain ‘
U=Bzl7 +Col.

Hence U= BaUeD'(Im. B). Thus we have fm. B=D+ which implies
rank. f#=constant on M. ) ,

Next, for cach 1 el'(TML) we have OBV =(g0B) ¥ +(woB) 1" Hence.
(Yo )17 =0 since (90B)V and {wel)I™ arc normal to M. A i

Conversely, suppose conditions (2.8) and (2.9) be satisfied. lThen wc
define tllu‘ (listgibutil())% D1 by DL =Im. B, {or each x=3. We note that
DL is a differentiable distribution which is anti-invariant by 5. 11.1. fact, D.l
is a differentiable distribution since it is an image of a _d‘lfferentnple n;o;—
phism of vector bundles, For cach N & U(D4) and Y (T M) by using {2.9)
we have

(X, Vi=g(pBI7, Y)=s(yBI', Y)=0.
Thus DL is anti-invariant by 3. Also, we have
X By =g(BV, E) =gz} &) =—g(I', 93) =0

for cach X el(D1). Hence DL is orthogonal to {Ef. -

We denote by D the complementary orthogonal distribution ‘tIo
DAg{z} in TM. Then we see that D is an '11‘1\'armn't dlst.nbutlon on Af.
Indeed, for any X el(D). Yel(Dy), I"=D(TAL) we have

gleX, V)= g(X, 5Y)=0,
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8(eX, &) = —g(X, £} =0 and
e, V= —g(X, oV) = - gX, BF)=0.
Thus M is a semi-invariant submanifold and the pr i
ni ariant s : , oof is complete.

) .3. In.tegrablhty of distributions D@t} and DEEB{E}. Let p,’lefcbe a
semi-invariant submanifold of an almost contact metric manifold N, Then
by (2.) we have a tensor field ¢ of type (1.1) on M. The purpose of the
present paragraph is to obtain integrabilitv conditions for D@{E and
DL {E} by means of Nijenhuis tensors of % and ¢. J

First, we rccall that the Nijenhuis tensor [g, o] of @ 1s given by

(3.1.) [0, 9J(X, ¥) = 92X, Y] +[oX, oY [—of[X, oV] + [¢X, Y]}
for any X, Y tangent to M. Also, we nole that ¢ satisfies
(3.2) Y= —p
Now, we take X, VeI’ H 4 irec i i
Baal(3 9} ot {D) and by a direct computation, using (3.1)
(3.3} [ o)X, ¥)=1iy, G, Y) - Q([X, Y —oflX, 4Y] +[4X, Y]}
and
(3.4) [#, @1(X, &) =[d, $I(X, &) —Q([X, £)) —w([$.X, )2
For any vector field U on N we denote by UT (resp. U4) j
1 ¥ . t
part ({_tl?lsp. norr:l;ril Eart.)f Then, from (3.3) and (3.4)(wepha\'c) e tmnsent
eorem o5.1° Let M be a semi-invariant submanifold of an almost
gt::lz;acér ¢:;2friz ;;nw-zfo[d N. Then the distribution D@ {E} is involutive if and
(3.5) [2, 2] X ¥)T=[¢, 4] (X, V),
forany X, Y =D ().
Taking the normal parts in (3.3) and (3.4) we obtain
(3.6) [, 9]{X, V)L = —([X, $Y]+{¥YX, V) and
(3‘7) [97 ?](X' E)L = ‘-b)([({))ﬂ.-' a})'

Theorem 3.2, L. M AR THYare
;c;ﬁ;acg; mz;;!rz}faz;mufo!d N, Ib;:{,}?t}i:”:;i;;:’fg:;:z(ﬁ: z;‘eg’?g}n:'};o?iv?){ﬂi”:r :3{”:13:5;
(3.8) (9, 2I(X, Y)L =0 and  (3.9) Q([g, YUUX, ¥)) =0,
for any X, YeD(De{). o
and (331 Al g s of G Then (3 follows from (1.
[, 92X, V) = —P(IX, ¥]) + [4X, $¥]) —${[ X YT+ [pX, Y]

for each X,YEI‘(DEB{E . Henece [4, 00X ¥V
dition (3.9) is accomplis}%?:d. -4 Y)<HDS{E) and the con-
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Conversely, suppose (3.8) and (3.9) Le satisfied. Then from (3.6},

{3.7) and (3.8), follows
{3.10) X, E]=MDa{E}) for any X =1'(D) and
(3.11) HIX, 2Y]+[oX, Y]} =0 for anv X, Y =1'(D).

From (3.11) we obtain Q([oX. oY ]—[X. ¥Y])=0. Thus by using (3.1) we
have Q[ 2](X. Y)T)=0.
On the other hand, from (3.3) we have

Olle, @](X, ¥)T) =0(1d. $1(X, ¥)) —Q([X, Y]).
Hence, by using (3.9) we obtain
{3.12) O{[X, Y])=0 for any X, Yel(D).

Finally, from (3.10) and (3.11) follows the integrability of De{&}.
Now, we take U, Wel(DL@®{E]) and obtain
[4, VU, W)= — P([U, W)
Thus we have
Theorem 3.3. Let M be a semi-invariant submanifold of an almost con-

tact melric manifold N. Then the distribution DJ-G-){E‘} s involntive if and
only if the Nijenhuis tensor of b vanishes ddentically on DL {E}.
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