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fli ‘“t( .ld]txlg .[ : rZII., ; =aj (_Inr__-, Iy =af; duy, du' being the usual area ele-
ent in the underspace of lincar momentum, we get after integration over
the region including the body

dW =(ci UL + o, Ul + ol , U + oty fUY) dy

for O;\J the  generalized covariant derivatives = U7, + MU ML, UKL
more complete cxtension of the obtair Xpressi e '

) ; xten: ained expression of t

is analvsed in other paper. ‘ T

) VI: Metnr: mqmgntum spaces and applications. Let us consider 2

ricmanman , primitive” metrics in Sy d&2 =y, d2idE . We define the ca-

nonic momentum metrics assigned to a M-space by the relation

ds==gljd3(‘dxj +qu d'/-‘d)(jk +gf,k;dx'jdx"'

i ] . : 5 g N
«, %7 stand for canonic variables and gi= <oloPy,m>
r

— ! !
St = <(<?:"P§7c +<PJ'J=CP§") Yim =, iy = <?5f\?ﬂ Ymn =

T 1]1““(5 n;'(ijt'rmh leads to an extension of the riemannian geometry and
¢ cuclidian  geometry 1s last case we i \

LA ref('r‘d(t g Lt‘l}(. In this last casc we consider the vector
ri= 1% cd to a cartezian unit base so that vy =% ¥,. Conscquently
starting from ltho. Lprimitive” cloment of area do =0 C5dETdE and fro}n'
the vector v in Zy we formulate the tnvariant Y = vdx

~ lldkmg into account 2 canonic representation of the primitive fiber
we obtain by integration =Y =1"dq, 4 V#da,,. The contravariant fac-
u)zs_:at;md.for the L(Jl:filﬁ}l\_unts of the canonic representation of v and da, =
R A b — P S o= 1 1

= Coregdi>, diupy = <of 0. di>. Alter application of the ¢ iC expres-
= Spdicx. din = <oh : e canonic expres
ot for 1{( G 6 42 we obtain for the above quantities expressions
n . L;m? of (dn!, dx"} nor exposed here. As a matter of fact these aspects
are linked with the formula of the canonic area

di= <di > =gyda'd + B ipd 28 gy dndu

analogous to the above relation for the metrics i i i

to tk : cs, also derive '

of the ,primitive” area clement. ) ATy
M:}s applﬂncattog we consider the energy from section ¥ for F; =ojda, +

t—!— a’ : gy Fro=olday +cf‘j:da,;l,‘. The stress field is completed by addi-

iona terms and the respective integration can be performed on the gene-

ralized integration theorems which shall be published later.
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THEOREMS ON EXISTENCE AND UNIQUENESS OF SOLUTION TO
BOUNDARY-VALUE PROBLEMS OF PLACE AND MICROROTATION
FOR COSSERAT BODIES

BY

1. NISTOR
Lo the memory of Professor Mendel Haimazii

1. Introduction. Theorems on existence and uniqueness of  solution
to boundary valuc problems of place for hyperelastic bodies are given by
Beju |1 . Beju's analysis of boundary-value problems of place in the non-
lincar theory is based on four basic theorems of Langenbach {2] in a theory
of minimization of functionals.

Using Langenbach's theorems. Chiriti 3 has establishud theorems of
existence in the theory of continuum with deformable directors.

In this paper wo shall study the existence and uniqueness of solution
to boundarv-value problem of place and microrotation for hyperclastic
Cosserat bodies,

2. Langenbach’s theorems. Lot © be o bounded domain in the Eucli-
dean space R* and let A{Q) be a Hilbert space on Q. The boundary surface
¢Q is assumed sufficiently smooth to assure the validity of the common
laws of transformation of surface intcgrals.

Langcenbach [2] has considered the nonlinear equation

@.1) Pluy=/,

with linear and homogeneous boundary conditions
(2.2) L{u)y=0, i=1, 2, ..., p,

where fis a given clement of H(Q).
The domain D{P) and the range R(P) of the nonlinear map are con-
tained in H(Q).
We put
Do(P)y=tfu=D(P), L{n)=0, i=1,2, .., p}.

Having introduced the nccessary basic concepts, we can now state
the theorems of Langenbach.

Theorem 1. If the following conditions are satisfied :

1) Do(P) and D(P) are linear manifolds dense in H(Q).

2) P has a bnear Giileawx differentiol P(u)l such that Jor cvery he
= D(P) the ficld P'(u)h is confinuous on cach 2-dimensional hyperplance pas-
sing through w in D(D).
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3) Py{0)=0.
4) P'(u)h is symmetric with respect to D,(P),

(2.3) (P')ht, B2y =(P'(u)h2, k). w=D(P), b, k<D, (P).
Sy P'{w)h s positive-definite with respect to Do P),

(2.4) {P'(u)h, 1) >0,

Jor all non-zero h=Dy(P). then :

a} If a solution u, to the problem (2.1}, (2.2) exists, then if is unigue

Surther, it establishes on D) an absolute minimum of the functional

(2.5) Fm):Swm¢wm—muy

b} Conversely, if on DD}, F(u) altains an absolute minimum at Hy,
then o is a solution of (2.1) and (2.2).

We note that the preceding is a theorem of uniqueness, not a theorem
of existence. In general, the functional F{x) need not attain an absolute
minimum on Dy{ ).

Theorem 2. 7f condition 5) of Theorem | is replaced by 5 P'u)h 1s
strictly positive with respect to Do(I), i.c., there exists a posilive constant ¢
such that

(2.0) (P*(uyh, By el Vi Do( 1),
then the following additional asscrtions arc true

a) Pue functional F(u) is bounded from below on (1.

b) The functional L(u) is strictly convex on Do(F), 1.0, for cach wuncquul
. veED(P) and each t<(0, 1)

F(tu+ (1 —t)v) <tF(u) + (1 ~)F (v).

¢) Any minimizing sequence for F(u) on Do P) s convergent in H(A).

By asscrtion ¢) above, a minimizing sequence for F(u) has a limit in
H(Q). If that limit belongs to Dy(F), by Theorem 1 it is the solution of the
problem (2.1) and (2.2). On the other hand if that limit does not belong to
Do(P), then the problem (2.1) and (2.2) has no solution, but we call the
limit of a minimizing scquence a generalized solution.

Theorem 3. Under the asswmptions of Pheorem 2, the generalized solu-
tion of (2.1} and (2.2) is unique.

Theorem 4. If condition 5') of Theorem 2 is veplaced by

5") There exist an elenent 1y =Do(P) and positive numbers C,. €, Such
that

(2.7 (P(n)le, BY2 ¢yl P'(@)h, h)> co|lhljt, VI =Dyl P),
then :

a} The generalized solution of (2.1) wnd (2.2) belongs to the completion
of D P) with respect to the inner product (u, v) =(P'(1)u, v) induced by P'(u).

Proofs of these theorems are given by langenbach 12].

3. The first boundary-value problem for Cosserat bodies. Let B be an
Cosserat body. We assume that the reference vonfiguration of 8 is a boun-
ded region 2C R3, with boundary surface #Q. The deformation of a Cosserat
body is given by [4]
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%)

(3.1) vi=yiv). Ry=Ruv), |
where vy and y; are the coordinates of the place occupied by the body point
in the reference configuration Q and the deformed configuration, respec-
tively ; Ry, are the components of a proper orthogonal tensor. .

The components of a proper orthogonal tensor {relative to an ortho-
normal basis) may be written [5] in the form

1
(3.2) R(;—_-

1 i 1
[( 1 —2 p,‘.:p,_.)SU + E?(?:-'i' é!:rpipl,]l,
I+ 7 PePe
where o are the components of microrotation vector, ey is alternating
symbol. _

We consider as strain tensors

1
(3.3) Ciy=3p il Y4 = E Cimn pn Kpm . 1.

where the svmbol .7, denotes partial derivation with respect to the varia-
ble v.. )
Using (3.2} the deformation tensor iy may be represented in the form

(3.4) Yo =H 2
where 1
(3.5) Hpy = 0 (280 + egy )
?-(I o PP )
(3.6) det(llﬂ-)#o.
It is casy to verify that
(3.7) H}‘-i = ]\,in“- -]1“16_“'-
(3.8) aRU = ttymHin R ns.
A

From (3.5). by means of the re’ations
{3.9) Etplpsr = 2815, Cisplpgr = Stn8jq — 81gdjp,
we obtain

i

I
(3.10) Crgt = 3 Crqiips H gl ye.

&y '
Multiplying both sides of relation {3.9) by eu,m and making use of the iden-
tity (3.9), onc obtains

(3.11) Hp _

aq’m aan
By use of the relation (3.7} and the identity
Expg ey = 5in Ryt Kon.
we may express (3.11) in the form
iHp  Hopy
(3.12) Zon 70

+ CipeH gt om.

R-U‘
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The equations of equilibrium of Cosserat media are (6]

(3.13) (Rislig)e=pFs, (Kiptyg)i + €13y 15 Riglog +pei R p By =0,
where

oW I
(3.14) t[}= dw 1 My = ’ IV=1'V('::'I"|, qu)-

dcyy e

In these equations we have used the following notations : #; and my-com-
ponents of stress tensor and couple-stress tensor, respectively, measured
per unit area in reference configuration ; J'i-components of the body force
vector ; By-components of the body gencralized forces vectors ; p-density
of the body in reference configuration ; IW-strain cnergy function per unit
volume in reference configuration,

In case when displacements #(x;) and microrotation ¢%(x;) are pres-
cribed on the surface 602 the boundary condition takes the form

(3.15) wxe) =ug(xy), odx;) =9x)).

Taking into account the condition (3.6) we find that the equation (3.13),
is equivalent to

(3.16) (Rigmyp) (it ciinyypBnglpgH i+ petin K pp BypH =0,

Using (3.8) the relation (3.16) may Le written in the form

('1\)19 &1\'“

(3.]7) —"([\,i’y?ﬂ-}'ﬂ).}l{.{k{+J'j_ptpq

. eByi—
2T (1o

Let us denote by e the vector (ur, 9;) and by #® the clement (%, ¢9).
The equations (3.13),, (3.15) and (3.17) may be written in the form

(3.18) A{u)=g, x1€Q, wu=un, x,€0Q,

where A is the operator defined by the left-hande sidc of the relations (3.13)
and (3.17), and g is a prescribed clement defined by g=(—¢F; 0,0, 0),
(§=1,2,3).

We choose a function @ which attains the boundary-value #® on &Q.
We put w=w%—v. The boundarv condition in terms of @ becomes the linear
homogeneous condition

(3.19) w=0, vi=o0.
Introducing the operator E defined by
(3.20} E(w)=A(u) ~A(v)=A(w +v) —A(v),

the boundary-valuc problem of place and microrotation is given by the
system

(3.21) E{(w)=f x:€Q, w(x,)=0, v,=Q,
where
{3.22) J=g—A(v).

Let Lo(€2) be the Hilbert space of square-integrable vector fields on
2. The norm of this space is generated by the scalar product
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(#. w) = 5(1«&,1); +oidddr, (1, 7=1,2,3),

where 0 =(1;. ¢), v=_{vy, &:). We define D(F) as the linear manifolds Qf
L,(Q) consisting in all vector fields of class €2 on L, and we define D,(F)
as the submanifold of D(E) subject to the lincar homogencous boundary
condition (3.19). Then D(E) and D.(E) arc densc in L,{Q). From (3.20}, it
is clear that the mapping I satisfics the hypothesis 3) of theorem 1.

We obtain (3.13) and (3.17) the coordinate form for the Iincar Giteaux
differential of F at any point wsD(E)

AW oK oV . OEW
!3;(??))][: ~ - TR 4- R ]\qj h!-'3+ ]\r’j-:._.-:n—— h“q"
""Ck} (l?p (}L‘L PGP G ‘”1,_‘

ok

3.23) eIV ARy ey .
( ' E’+-;|(?U)]t = — [( ‘ y L+ - - ]\’i;]fi.,. 3 1
e €D d¥is @9y
et ) ol cH
+ ]"U ¢ E— ll-"!,l, i';[[qi' + (!\’f‘}'_—_) <k ) 4 ;fp. a T
it Hop i GO
(I ok, Z1 L R (O del
+ ral CI\thJ_P-}-(i —%—-\—’-i—‘\‘i.jhp!(!—:;-j',_kB.i"hp-ﬂ |
€ €7q GO EPuipy 92
14 ey ¢ Iy
i (—Lhwﬁ- ‘( n— :,\(,\*—_\':, (x=1.2 6)
CCieinp Clpd, j €2y

From (3.23) it is clear that for cach 7 the differential is continuous
on each 2-dimensional hyperplane passing through . Using the relations
(3.7), (3.12) and the divergence theorem. we obtain

(] &w L
(E'oyi. ) = [ 316y + ———— (3100 +
CCp€C g COpit g
Q
AT’ el [‘)‘ . EJR: 5
+ Ay 8tyy) + - ‘ ; Bl + — . M-+ o 205 phg st
(3.24) Ers Ve = Hf— P
=4 AR Jv ¢ : oH “ .
+ —‘—""""d ]\” "‘3',%']1;* 37‘-3-5-3 (j + ﬂ.l' ;f.:}) :J?:- ar+ - "t: 3;;17 3 kT
dppiPe € Cp (D, 2q
: . AL P2 gy ) "
+ LHJ'_?,.,*;;; vzl AL B ekl d T = (L (w)hY, RY).
(gl Pp J L CPpt g
where .
oR -
87y, = Ryitop + <2l g B 8%, = Hoh g+ 3 a9 ke (=1, 2).

'Pe Qg

From relation {3.24) it follows that

d W R
(E'(w)h ) = S[—(—é— Seg; 3ch, + (2 —L Bty +
Ak CChg (Pq

1)
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(1R 115 vHy, it
+ —"f‘ —"-”— _\'[,ﬁ.hq 3.’11, 3]f + (2 '(ﬁ i ho'l‘:! s -+ ';{igr_'-(?ikh‘.a.;hq?‘ 3)
Oppig 0y g dpliy
(3.25) 213 2 g2
‘: o2 ‘f“’ By, sk, aldf, (a, B=1.2)
kg CPpCPq ‘
where ¢, =c.;, ¢ =v,,.
The condition (2.4) is satisfied if and only if
(3.26) (E'{w)h, k) >0,

for all non-zero % €D, (z.).
Similarly, condition (2.6) is satisfied if and only if

(3.27) (E'(w)h, h)> cS(zwa +dyb,)dx,
©
and condition (2.7) is satisfied if and only if

{3.28) (£'(w)h, B2 ci(L'(w)h, k)?:cgg(vw: +d,d)d =,
i
where i=(vi,¢,), (i7= 1,2,3), w is a particular clement of Dy(L) and
(E'(w)h, k) is given by (3.25).
Having set up assumptions sufficient to satisfy the premisscs of Langen-
bach’s thcorems for the system (3.21) , we have the following results :
Theorem 5. Let B be a homogencous hyperelastic Cosserat body. I f the
siratn energy funchion and the gemeralized body force logether satisfy the ine-
qualily (3.26) then conditions a) and b) of theorem | hold for the system (3.21}).
Theorem 6. If the inequality (3.26) in theorem 5 is replaced by the ine-
quality (3.27), then also conditions a)—c) of theorem 2 and theovem 3 hold
Jor the system (3.21).
Theorem 7. If the inequality (3.27) in theorem 6 is replaced by the ine-
quality (3.28), then condition a) of theorem 4 holds for the systzm {3.21)
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L’APPROXIMATION PAR PENALISATION-ELEMENTS FINIS D’UNE
CLASSE D'INEQUATIONS VARIATIONNELLES DE PREMIERE ESPECE

By
A, RADOSLOVESCU

Dede’ & beowidmeird doa Professenr Mendel Hafwons

Nous chercherons de  donner une approximation au  probléme
suivant sous contraintes unilatérales.

Soit £ un ouvert borné de K", de frontiére €2 régulicre.

On désigne par H'{Q) U'espace de Sobolev des functions v telles que :
(1) vell(Q). 2 eL(Q), i=1, .., n,

Xq
ont Lo{Q) est I'espace des {classes de) fonctions de carré sommable sur
ct ol les dérivés fv/dv, sont prises au sens des distributions sur Q. Muni
du produit scalaire :
T )

(2) (1:,1})1:811; dx + :"\-——-—

{ o]
HYQY} cst un espace de Hilbert. _
On désigne par Ho(Q) la cl*ture de G(Q) dans 1€}, .
Nous pouvons alors définir le sous-ensemble suivant A, des contrain-
tes de Hy(€2) :

(3) K ={veH)Q)fv-¢<0 p.p. dans Q},

fxy dxy

ol g est une fonction donnée & valeurs réclles définie dans £, avecgz 0 sur
é¢Q. On vérifie que K est un ensemble convexe, fermé de Hy(C)),
Introduisons maintenant la forme bilinéaire :
Chodu ot )
(4 alu, v =E Y, e — o x.
' ) ' ) 1PN Exy
2
Alors pour f=1,Q) donné, considérons l'inéquation variationnelle
suivante :
. { on cherche el tel que

(D}
- alu. v—uyz{f.v—u} Yok,

ol {...) est le produit scalaire usuel dans L,(Q). Ce probleme correspond
11] avec la formulation faible d’un probléeme de 1'obstacle.



