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peut &tre 1éduite A la résolution de quelques problemes de la premiére
colonne {ce qui correspond A quelques pas dans la méthode de pénalisation
chaque pas revenant d la résolution d’un problime discret sur le méme
cspace 17, des éléments finis). La limite de uy, lorsque e—0, cst alors une
bonne approximation de .

D'autres résolutions de la matrice ci-dessus pruvent se baser, par
exemple, sur un choix de type s =/ ou € =/4* ct alors nous avons, évidemment,
=1t avec -0, Mais la stabilisation du choix de la relation optime entre
z ot I dans le sens de la rapidité de la convergence my, =t avec e =0 ¢t -
—0 est un probléme qui demande une analyse plus fine, différent d'un type
A Pautre de données du probléne,
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THE PROPAGATION OF THERMAL STRESSES IN THIN METALLIC
RODS

BY

ELISABETA RUSU
Ta the memory of Professar Mendel Haimoziri

The problem of propagation of thermal stresses in thin rods was
considered by L. Sneldon [1], O. W. Dillon (2], in the linear
theory of coupled thermoclesticity.

The generalized theory of thermoelasticity has been  derived by
A.E Green and K. A, Lindsay [30.

In this paper we consider the problem of determining the displace-
ment and temperature in a semiinfinite bar x>0 for which the end x=0
of a bar is subject to a) constant strain; &) constant velocity (impact),
in the generalized theory of linear thermoclasticity [3]. The Laplace tech-
nique transform is used to develop the solutions, for small times.

The basic cquations of the linear theory for an isotropic solid with
a centre of symmetry at cach point (one-dimensional case) are [47:
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where u denote the displacement in the axial direction x. The initial con-
ditions are
(2} u(v, 0y =0; u{x. 0)=0; Hx,0)=0; 0(x,0)=0; x> 0.

It is convenient to write the basic equations (1) in dimensionless
form. We consider the following variables :

{3 X=ax; U=au: ¢;=vf-: T=aunt; = At
P
2
(4) =.’.L-v-1: B=aay, ; g=-.-....0°1_n=_.
I ad(h+ 2u)
The equations (1) respectively assume the forms
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We put {(H(s) is the Heaviside step functions) : i
(6) U'=H(x) U(X, %) 0"=H{=) 8(X,
Let - denote the Laplace transform of distribution (6).
In all the problems considered herein, the initial conditions are the
quiescent ones (2) and only solutions which remain finite as x approach
infinity are wanted. The equations (5) becomes
as = " 4
—_— U= L+ Bp)y —
(dXz }5) l+2p.( ?) ax
¥ d? mb
— Aptfor =2 =
( =t p) e
Then U* and 6* obey the cquation
¥
2
) {r b+ b epll+ BT+ 4+ AP T Ty =0 |
The general solution of equation (8) is of the form
(9) U = Cre™ T & Cuo ¥ B = Cye™ T 4 Cpa X
where 2; and %, are the roots of the cquation
(10 M— 22 pP+ p Aprtep(l + Bp)l+ p3(1+ Ap)=0
By (9) and (7) we find the general selution of equations (7)
Ut=Cie™¥ + Cpe ¥
(11) L ,
0= — ﬂ"( M Ce T + A C.e l,x) '
d —p--Ap? M—p—Ap?
Boundary value problems. a) Step in strain. The problem in which *
the end of the bar, initially at rest, is subjected to a sudden charge in
strain of magnitude &, while the temperature on v=0 is helt constant
is developed by B. A. Bolev and 1. 8. Tolins, for the half-space,
and by O. W, Dillon [23, for the semiinfinite bar, in the linear theory
of coupled {classical) thermnoelasticity. The boundary conditions are: |
(12) u'(0,8) = H{f)e,: 8(0,8}=0, £ >0 x=0;
We note that we can give instead of «" in (12), the stress ¢, =H(¢)a, ; 1'
=1
then ¢, = .
At 2 o
The transformed solution (11), subjected to the conditions
(13) dU' & 0,)=0 on =0 -
dX P

is
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Let us obtain the inverse Laplace transform, for smal values of
time. From Abel's theorem it follows that high values of p correspond to
small values of =. Expanding the expression of roots 2, ». in MaclLaurin
serics, relatining the first four terms and disregarding <? in comparison wit
¢, we have [3]

|I —— | [ —
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We take
kl_‘x'(1+___:li-___) k,_]/;\(]__.iBE 0)1=M_+_13’);
2{1~ 1) 2(1— A4y’ 2{1—4)
- X_[1+ (242 —AB—-24 — B)e C=
24 2{1— A)*
_ X(4A4°—34?B— 64AB—4A —B)e
(16) 164 YA(1— A)3
D N(6A* 5438 + 5428 + 643— 1442+ 54B 424 —B)e |
324 A (1 — Ay
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? pri\2

From (4) we have
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In [3] on proves that ad—7220. It follows that 1--
(1__A)w15=(1"{_m,_"'.!£{_f;0 for X2
2{(i— A)?

kaez 0 and k4= 0,
From (i4), {i13), and (16) we obtain

-}i +_¥E &]g"kﬁg—ka_

Ij =Eo{—::"—'L'—'—[Po
VA(1— Ay | p PP

_'_l'[Lo+Ll+ -L—n +I£]g klf'g {t A)m,;}

A+B20 and

0, and because 5 and e are small

2 A L A
(17) — b M, M, M
0*=_E°_°m_..{[ M, +_.._3+____+__'], Epgoil sdag _
a(l — A)p* ? S 12
r T
—[No+ A +£: +§—33]s "-J”e"-}
where ?
M,= j_Be(l+ )
(1)
M = L g 2B(1+ A)—(A42—-2B—1}] o
1—d {1-—4)°
1 e 3B(1+A4) =2(A2—2B~1)+2(1 A4 +B)] 2w,e
M, = : U
(1 —A)2 (1—dy 1—A
M. 1 __s(‘lB(l+A)H3(A2-—ZB—1)+6(1——A +8)]
T (1—ay (I— Ay
) 2w, E w, €
(1—A4)2 1—A4
Afo= i‘{n
1 e(2B(1 +4)—(4:—2B--1)] B(1+A)J
= = +ap—&|C +wy——
M=172 (1—A) ’ (1—4)
i [3B(1 +A4)—2(42~2B—1)+ 2({1 —A + B)]e
NQE == +
(1—4)* (1 —dp
™ —Ce i 2B(1+ A)—(4*—2B "1)+‘l’_”_._
(1 —A) (1— A4)3 2
H B{l1+A4
—w;— £(Coy + D)—-s(%’- m,}(—l(fz-—)
Ny= ! . e[4B(1 + A) —3(A*—2B—1) +6(1 —d + B) N

p(1-AY
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Using the relations

1 |

Gl P Rl et e

and performing the inverse Laplace transform in
of Boundarv-value problem (7) (12)

a)* " LH (7= 2).

(17) we find the solution
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Note that in the gencralized theory of lincar thermoelasticity U and
G are continuous and there are not displacement and temperature at any
v prior to arrival of the wave; there are two fronts of wave which arrive
in anv x.

b) Constant Velocity Impact Problem. The problem in which constant
velocity is imposed on the face x=0, when no heat flows across this face,
was considered in 37.

Thus the boundary conditions are

(20) : { 1(0, 8) = v H{t}
3 00,6 =0; t>0; x=0;
In this case, the transformed solution (11) for the problem (7) (20) is

M —p—ApY) Mg—p— 4P e o) '

'{_,-"'=v.,= —— e — ‘
. PUO+ARR—78  ppAp0E) ]
(21) Gre 0 | Ry . M2, , .M_\,}.
d  lp(p+ApH03—2Y) p(p+ AP )R — 03
Now we find
Tf*-——t‘o{‘l‘[sw Sty dny Se] pong e e 4
P e P
L | — ['1‘,,+ I P
22) (1 A) b P
7= _mﬂfmo{ 1 [V0+E—‘ l Vz_ +K3-s“'=f’e"‘ o I
d p(l— A) p PP

1
pYA (1~ 4)
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where
5,,--1[0(1+—“1BE ,
(1—:)s
.5‘_,-”1 (1-}- _‘i{i)_,uo( 1 + (12 A B)E
(1 ==4)2 1—A (1—a)® '
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1=ied)? = (1Ap TR
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Be . 1 (1-A+ B Be )
=N +:\ e —
e N’[“ 2(1 --A)] ‘( 24 2(1— Ay 44(1—4)
1 - A+ B Wyl I 3Be
+~\,°*e_+( + Be | )s+ ’ . ]
8Ar 21— A) 44(1—.A) [642(1— A)
Be . 1 (1—dA +B)s Be )
=N, {1 No|—— + . +
& ‘\‘( +2(l—-A)) ( 24 214y 44(1— A)
_ A+ B 4 A+ B)e 3Bt
+N, —3—+(1 i Bje 2l ) + - : )+
gAr  2(1—A) TA(1— Ayt 16A4%(1—4)
\ 5 h (1-4+Be (1l-A4+ Bje
i ( 16.13 2(1— A) 4A(1~ A)
3(1— 4+ B)e 5B« )
16A2(1—1) 3241 - 4)

By performing the inverse Laplace transform in (22) we find the solution
of boundary value problem (7) (20)

3 o vae 4 Lo py
0 (X, T)=p-°{H(T k,){(-:—kl)s.,+5i (s R)Sit 5 (5 B)Sit

ky)?

- (- le--moe  —— Hiz— by [ sk T+ = Tat
T o A o )=k T+ £
(T,jl)a. o L R T] —4,
e Dt
v m OV of Hi=— k1) [, (= kl)!]_ (= hl)al",+
B(}Ll'-)= b °{ r [( kx)Vo'*'——-——Z! 1t __._.._31 _

T v k)?
P ) A PRI i) S [(r- PRV it b
4! VA —4) 2!
B e |
3 4!
As in the Boley-Tollins problem, U and 8 are continuous :f.n((il ;hegr
are two fronts of wave which arrive in any x. For x -, U~0 and 0—0.
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AN ENERGY EQUATION IN THE THEORY OF MICROPOLAR FLUIDS

BY

YALERIU AL SAVA
To e memory of Prafecor Meadel Haimoii

It is shown that a weak solution of the cquations governing the
behaviour of an incompressible micropolar fluid lving in a space L*((0, T):
L7 xL¥) where 2/p+2/y <1 and pz 4. sdtisfies an energy equality rather
than the uswval energy inequality,

1. Preliminary results. It is known 1] that a weak solution {v, v} of
the cquations governing the behaviour of an incompressible micropolar
fluid, exists satisfying the cnergy inequality

f

_ | 2(t) I3 +7 1t vit) -§+S{z;¢, V() |3+2(a+8) | V. v(z) B+
() )

2y ) Vv(E) B+ 20 00 B(=) (B ds S0 e(0) IE4+7 1 v(0) 82,

whenever {#(0), (0} £2x L2 Here b(s) is 4 matrix of components b=
= (EI( X Vi— €ty V-

In this paper we shall show that the weak solution lying in a space
Ly((0, T); L7 xL?), where 2/p+2fg< 1, and pZ4, satisfies an energy equa
litv rather than the cnergy inequadty (1)

The equations governing the behaviour of an incompressible micro-
polar fluid, in the absence of body force and body couple are

(2) v{f) + (2(t) . V) v(t) = (i + %) V() + 2V x ¥{f) — 1 [p VA (t),
(3} Fv{t) +5((t) . V) v(t) = (2 + 4} VV . v(t) + vy VEu(t) +xV xot) —2xv(t),
A v . v{t) =0,

where v : #—2(f) and v: {—v{t) arc vector-functions with values in one of
the function spaces defined below, representing velocity and microrotation
respectively, and p: {—p(f) is a thermodynamic pressure; g, x, «, p and v
arc the material constants. These cquations must be supplemented by
boundary and initial conditions. The usual boundary conditions can be
written in the form

(5) {o(t), W)} =By xHy, >0,

which implies that v{f) =0 and v{£) =0 on the boundary. In addition, we
suppose :



