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By performing the inverse Laplace transform in (22) we find the solution
of boundary value problem (7) (20)
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As in the Boley-Tollins problem, U and 8 are continuous an((il ::ihe[)e
are two fronts of wave which arrive 1 any x. For x -, U -0 and 8-0.
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AN ENERGY EQUATION IN THE THEQORY OF MICROPOLAR FLUIDS
BY

VALERIU AL SAVA
o the wiesory o) Pratecor Memdel Hammavii

It is shown that a weak solution of the cquations governing the
behaviour of an incompressible micropolar fluid lying in a space L#((0, T):
L2 xL?*) where 2/p+2/y<1 and p=4, satisfies an energy equality rather
than the usval energy ncquality.

1. Preliminary results. It is known 1] that a weak solution {z, v} of
the cquations governing the behaviour of an incompressible micropolar
fluid, exists satisfying the cnergy inequality
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whenever {o(0), v(0)t £ x L2 Here 5(s) is & matrix of components by =
= (('I( \.'J)Ui — EmijYm-

In this paper we shall show that the weak solution lying in a space
Le((, T); £#xL#?), where 2/p+2/g< 1, and p=4, satisfies an cnergy equa
lity rather than the cnergy inequaqity (I).

I'he equations governing the behaviour of an incompressible micro-
polar fluid, in the absence of body force and body couple are

@ )+l V) olt) = (a + AT + 5V x5 — 1o VAU,
(3} 5v() +7(0(t) . V) 9(t) = (x + B) VY . v(t) +yVHu(t) + %V xv{t) ~2v(t),
(‘i) V. o{t) =0,

where v: {—2(!) and v: f—v(!} are vector-functions with values in one of
the function spaces defined below, representing velocity and microrotation
respectively, and p: £ —p(f) is a thermodynamic pressure; p, x, a, 8 and v
arc the material constants. These cquations must be supplemented by
boundary and initial conditions. The usual boundary conditions can be
written in the form

{(3) [o(), vt), =By <Hyr, (>0,

which implies that v(f) =0 and v(¢)=0 on the boundary. In addition, we
suppose :
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6) : v{0) =2%  ¥(0)=»°,

where v® and ¥° are given.

Definition. A pair of functions {v, v}: t={e(t), W{t)} is called a weak
solution of the initial-boundary-value problem (2) —(6) if it belongs to L*(0, ) ;
A1 x HyHOL((0, o) ; L2 x L) and satisfies

L)

[ (@0 + o) . Fe). o) + (B (@), Vi) +

i +x(v(t), ¥ xu(t))} dt = —(v°, #(0)).

o

{00, 40 +7(000) - THO. )+ + 2O, TV - ) +
4]
(7) +y(v(2), VE() +%(v(1), V x 9())
2fv(t), $()}dE = —j(v°, w(0)),
for all usCY0, w); €5) and §=C({0, »); Cy).

In (1] it was shown that problem (2) —(6) has a weak solution whe-
never {z°, v} =.0%xL?, and satisfying the energy incquality (1). Here C§
is the sct of vector-functions defined in Q (a domain in K?), having conti-
nwous derivatives of all orders and being zero in a neighbourhood of 202
(the smooth boundary of Q), €7 is the set of vector-functions in €g° that
are divergence free, Hy* and #&§* arc the completions of € and €4, res-
pectively, in the norm

o ll= 1 Vit [l = (S Vu I’dx]m.
9]

The space C}([0, %) ; €5°) is the set of al functions ¢ : {—+o(f) defined
and with continuous derivative for all ¢ from [0, o), with ¢ taking values
in €.

The weak solution has certain properties which were also given
in [1]. Two of these, that we need in following, are:

Theorem 1. The weak solution {v, v} of (2)—(6} is continuous as a
Sfunction of t in the weak topologv of L2 <Lt

Theorem 2. Let {v°, vo} €.£% x L2 and let {v, v} be a weak solution of
(2) —(6). Then, after suilable redefiniticn of {v, v} on a set of values of t of
one-dimensional weasure zero, we have,

(v(t), w(t)) +5(v(0), SO =(v*, (O} +(v*, 2(0)) +

+S{(v(f), () — (v(7) - Vo(=), 1(x) — (1 +n)(Vo(z), Va(=)}+
(8) ’ + w(v(z), Vv x u{z)dt+

H

+ [ GO0 $E) =300 94(2), U= (o + BT D V9=
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~v(Vy(z), V(=) =2x({s). w(=)) + #(V xv(z), $(=)}d~,
for all {u, ¢} =C7([0, ) ; €7 xCJ), and all t20.
2. The energy equality. Our main result is
Theorem 3. Let {v°, v} L% x L2 and let {v, v} bc a weak solulion
of (2)—(6). If {v, v} €L%((0, T); L7 x L") where pZ4 and
(9) 2{p+2fg=1
then {v, v} satisfies the energy equality

vty llE+ 7 1 v(@#) 12+

(10) +§ {20 1§ Vo(r) [B+2(x+8) | V- v(=)|E+ 2y || V(=) [+

0

+2x [} b(=) I8~ =1l (0} [3+7 11 v(0) I8, OSI<T.

‘ Proof. First, notice that we may assume T <co. When #=0, (10)
is true because of {8). Lct £, be fixed, 0 <, 7. Let

(ko) ()= { A==, ()0 = | L),

be the mollifiers, so that &, I, are C®, real-valued, nonnegative functionsze
supported in 7 —¢, &}, and Integrating to unity, Let ({o*, v})CCG ([0, 00} »
€7 x CZ) be a sequence converging to {, v! in L#{(0. T) ;L1 x LI)NL{0. T)
i1 x HIYHNOLY(0, T); L? xL?). Such & scquence cxists because {v, v},
is a weak solution and the assumption 7 ~lco. Sect t=¢, and =4k 0"
$=L3v' in (8). One obtains

’n

S koo —t)(v(ts), v*(8))dt +5

L{te— B(v(te), v{E))dt=

O ey
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+S S.é,(tﬂ‘:)(v(t), wi(n))dr dt + js Sl,(:—r)(v(t), V(<)) dt
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+{x+ B8V v(t), V- V(=) +y(V(), Vv (o)) — x(V xeft), V<)) +
+2x(v(t), v{(z))} d= dL.

In this formula, ¢ must tend to infinity. The only term that gives some
trouble is the nonlinear one, but adopting for our usc the calculation in
[3], one obtains

te ta
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[¥] LT

wherc a. b arc positive constants. Here, we may reduce ¢ to obtain a pair
(P, ¢) satisfying 2/p +2/¢g=1. The first lntngr.ils on the nght hand side of
these formulas are bounded by v |5 # .- and [ v, vil, respecti-
vely, which are fintte since g>2 and T oo, The second mtegrals do not
exceed a constant time { o' v 32 Lo vt and | v v B v

— v 921 respectively, and these go to zero. Thus, we obtain

[ &utto =) (wit). s 47\ Llto—t)(o(0). (Ot =
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+(V(t), V(o)) +2x(v(t), v(z))}d=dt+
+xSSk‘(t (vt V xr{=))dz dt +

'l rl

+xs S Lit—1) (V xo(t), ¥(z)) d= dt.
00
The terms here involving the derivatives of & and I, vanish if &,

and [, are chosen to be even. By letting e go to zero in the remaining.
terms in (11), and using the similar arguments as in (2] we get

ot 471 vits) ::+2u§ | Ve(t) |3d +

w
ty ty
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Q

which is (10) for ¢ =1,. Since ¢, 1s arbitrary, the proof of theorem 3 1s complete.
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