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NEW CONSIDERATIONS CONCERNING THE CAUCHY TYPE PROBLEM
IN THE NONLINEAR BENDING OF A STRAIGHT BAR

LY
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i'o the mcmory of Mrofessor Mendel Hamozvic

The Bernoulli-Euler equation represents a model for the nonlinear
deformations of the elastic bar i.c.
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Here / represents the bar length and [ is given by
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where M is the bending moment, and EJ is the flexional rigidity (E -~ the
elasticity modulus, I — the moment of inertia of the cross section).
Solving {1} under initial homogeneous conditions

(3) ¥(0) = (0} = 0

results in the obtaining of the deflection in the case of the cantilever bar,
while the bilocal conditions correspond to the simply supported bar.

To build up a general process of calculus of the deflection under both
types of conditions, a finitc analytic expression of the solution of (1) is needed.
As far as it is known, this is possible only for constant f.

Numerical methods do not lead to a satisfactory result in this diree-
tion, as they essentially depend on the conditions and consequently do
not allow qualitative interpretations of the results.

Therefore, in order to obtain a good — even if approximating — re-
presentation formula for the solutions of (1), we firstly introduced a new
variable and made a function change that led to an invariant over the Ber-
noulli-Euler class equation. The solution of this equation allowed a ra-
pidiy convergent expansion with respect to the newly introduced variable.
However, getting back to the solution of (1) involved restrictions on f, be-
sides smoothness — which is obviously ensured bv physical reasons. Namely,
we succeeded in establishing [1] a good approximating representation for
functions f belonging to the class
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‘Pf representing the primitive of /. Besides the existence, these primitives
must allow finite analvtic expressions, in order to ensure casy computation.

In what follows, we shall enlarge the class of Bernoulli-Euler equations
whose solutions allow a gencral representation formula as mentioned above,
and apply it in the casc of the cantilever bar.

This will be performed by using the lincar cjuiva‘en-e method for
polynomial operators, introduced and developed in [2 . [3] for instance.
In order to apply this method. let us make in (1) a change of function
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that leads to the svstem
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whose solutions obviously satisiy
(7) 1w(0y=1. z{0)=0.

The nonlinear system (6) is of pol ynomial type {for the general defi-
nition of a polynomial operator sce 4]).

The representation of the solution of (6) is the consequence of a more
general result, valid for polynomial systems 31

Indeed, Tt us consider the polvnomial initial problem

l w'(a) =Py, w), w= (CH{a Dj}}"
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Consider the mapping #(xv, ) =exp (& wi>), &= IR", that transforms
(6) into the lincar PDE
(9) T~ <z, P(x, D) >,
(X

and the initial conditions (8') into
{9°) v(a, E) =exp (< Eowy )

It is important to notice that the lincar problem (9), (9') fully repre-
sents the polynomial problem (8), (8"), and is nat its approximation.

More precisely, it was emphasized in [2] that © establishes an one-to-
one correspondence between the set of solutions of the nonlinear problem
(8), (8") and the set of analytic with respect to £ solutions of (9), (9"). In
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other words, the polynomial problein (8). (8') is ¢ |ui i
.t 3 al pre ). (87) 1s c¢uivalent to the linear

problem (9), (9') modulo analiticity of v. This last condition vields for » the

expansion v(x, E_)‘= Z\:L'J\, (¥) BY/v!, wo(x)=1. and by thus {9) leads to the
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linear infinite system
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to be solved under the (initial) conditions
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The associate infinite matrix A depends only ici
‘ : : g y on the coefficients a,,
and 1§Vrow-nnd column-finite, G5
ith these preparations we may enounce the | i i
. preg 3 nce the following existence
Proposition 3. The linear problem (10), (10"} wllow 3
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expansion of the solution 05 ossoming
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where Ay are obtained by recurrence
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The first components of V in (11) represent the Tay '

_ 0 : vior serics develop-
ment arround a of the solution of the polynomial initial problem (8), (8"). 7’%5
expansion (11) holds at least on the inferval
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We shall not give the proof here ; this was already done in {3].

Remark. The first » lines of the matrix H(x, a) represent in a way a
local inverse for the system (8), independent on the initial conditions (8').
Therefore, it will allow to build up a transport matrix for the solution over a
choosen interval, provided regularity holds, taking steps such that (13) be
satisfied, and considering the first » lines of II(x, «), successively calculated
at t'he points %y, 4 <x; <<% X <L =b This matrix is a characte-
ristic of the ejuation only, as it depends only on the coefficients 4, and is
independent on w,.

Let (1{1‘5 nol\'v applk' t}l}is proposition to the system (6). In this case, the
corres d 2 ' i 3 '
et 1)3.)011 ing linear PDE by the transiormation 2(x, ¢, £) =exp (o# +Ew)
(14) “ =j(x;.(cr i +E bail),
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and, consequently, the matrix A is of the form

(15)

B, < M(2, 2+ 2), By, =[k3L,,+ (25 1) 3],

0
A= f]| ¢

3! being the Kronecker delta.

) For direct applications (by means of programming), the most interes-
ting and important types of f were treated, for a cantilever steel bar of 100
cm of length and of rectangular cross section, acted upon by a concentrated

i B T 1 Fs
o B, 0...

moment, respectively a concentrated force at the free end.

cross section of
linearly warying
2 height

== —3.201x%

% 1072 g3

B=9.603 cii/d

e 0
const. bending

A(100— u,)=8.39 cm

TARLE [
f‘é = _‘i Values of Results by lincar Results by using the
o rr ¥ cquivalence method invariant equation
L1 [
NP | | 1wy 1L.O66 cm 14, = 1.46 cm
ax-|-B r 0 (1001 = H.21 cm y(100 1, = 14.28 cin
const. bending
cross sectiol moment 1gh= 0.3168 tg0 - 0.3183
1 of lincarly
varying width | 2
- wy .57 cm
== 13125
3—1393.75 em vo — 0.0] (100~ 1) 9.20 ¢ & @
lincarly varving X
bending moment 1gl=0.1453
O o _2__1_| w04 em 1, 0.55 em
(@x+ By

(100 —1,)=8.45 cm

linearly varyiog
bending monient

1g0=0.0862

moment tgh=0.2118 tg0-0.2143
2.2
A ;0. 18 cm
e —0.01 (100 —1,)=3.06 cm f&G

elyx +1)
constant cross
section

c=3.809 %
w1073 cm ™!

3.1 [
v=0
const. bending
moment

w,=2.88 cm
3{100—1,)= 18.64 cm
tgh=0.3979

u; = 2.78 cm
y(100—1u,)=18.67cm
tg0=0.3981

3.2 ‘
== .01

Unearly varying

bending moment

;=101 cm
100 — 34} 12,60 v
tg0= 0.1897

14;=0.97 cmn
1 (100—1,) = 12.66 cm
tg0=0.1937

2
o
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The nonlinear problem naturally invelves the calculus ofu, = —:is_y" dx,

0
and 100 — «, represents the final point at which the deflection has to be
determined. As by the abiove cxposed lincari equiva'vn ¢ method, repre-

sentations for both 3 and tg U= (j*"- are ohtained, the calculus of
dx
%, was performed without difficulties. )

In all the enlisted in table 1 cases, corresponding to the numerical
cases considered in |17, the construction of an approximate of IT up to the
6% order only was nccessary to cnsure a relative error of 10 * order, which
corresponds to 1072 cm of absolute error. The comparison with the results
obtained by using the invariant equation method (sce 1]}, provided feg,—
which is true for the point 3 and only for v =0 at the points 1 and 2 in table
I — emphasized that the convergence in 7= f is not scnsitively better
that the convergence in x, and that considering in the lincar  ejuivalence
method an 8" order of approximation only, we should obtain the same
crror. The seresults were obtained by using an IBM 360 computer.

The point 3.1 corresponds to a constant f, therefore comparison with
the cxact solution can be made. These exact solution values arc: #; =
= 2.66 cm. v (100 — 1) =18.T1 cm, tg §=0.39928.

Therefore, the representation formula obtained by linear cruivalence
is sufficiently accurate,

These results put into cvidence the possibility of studying cases of
charge and flexional rigidity, i.c. forms of f which do not belong to the
class @ and conse juently cannot be treated by using the variable h="Pf.
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