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In this autumn we have commemorated the 75" birthday of M end el
tlaimovici, one of the great mathematicians of Romania. From the
begining [ should sav that professor M. Haimovici was a Lrilliant geometer,
hi~ important contributions being mainly in modern domains of differcn-
tial geometry : nonholonomic spaces, spaces with affine connection, inte-
gral geometry, Finsler spaces, Lie groups and psendo-groups of transfor-
mations.

Also. his original work in mechanics is well known by the mathema-
tical world. The elasticity school from lasi is—in fact — a creation due to
ML Haimovici.

On the other hand, Prof. M. Haimovici had a valuable contribution
in o crucial mathematical problem of our century. He created an algcbraic
and analvtical theory for the study of involutive and noninvolutive dif-

ferential svstems, Tt is known that even E. Cartan and M. Kuranishi, two
proeminent personalities in the field. have studied fo rmany years especial-
Iv the noninvolutive case. Just in this case M. Haimovici, in the last years
of his life, has created a geometrical theory of exterior differential sytems
<ketched in three Notes in Comptes Rendus. His methods is also suitable
for the study of prolongations of diffcrential systems.

M. Haimovici does not make anyv difference between mathematics
and mechanies. For instance. the study of nonholonomic mechanical sys-
tems, the geometry of Vranceanu spaces, and the theory of partial differen-
tial equations are only some aspects of the same mathematical problem.
For this reason, we think that his notes in Comptes Rendus must be fini-
shed, both in the direction of geometrical structures of superior order and
new mechanical nonholonomic svstems, In this way we shall bring an ho-
mage to the great scientist.

Finally, we mention that this paper is dedicated to the memory of
Professor Mendel Haimovici.

2. \We¢ begin with an historical view on the appearance of the notion
of deformation in science and on some topical interest of it in mathematics.

It is known that in antiquity the architects used only empirical tables
based on a long practice. Only in time of Renaissance, when there have
been constructed monumental buildings, appeared the necessity of some
mathematical eriteriums on the resistence of materials, They are related
to the name of two great scientists: Leunardo da Vinel and G.
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Galilei In the history of science it is mentioned that eclasticity appe-
arcd at the same time with the \basis problem” of Galilei [57. But he
did not succed to solve it since for him both, beams and colunns were
immutable. Only the English scientist R. I 0 o k ¢ established in 1660 the
first criterium on deformations. He found the existence of a lincar relation
between the delormation of the length of a thin beam and its tensions.
Hool’s law has been generalized by AL Cauc h v in 1822, It appears now
as a lincar relation between tensors of deformations and tension tensor.
He also found the two clastical constants for the case of isotropic medium.
Later, in 1837 G. G r e ¢ n has gencralized this theory to anisotropic medium
and conjectured that there are no more than 21 constants. This was proven
by M. Born in 1914. Finally, T have to mention that nonlinear relations
between tensions and graduated deformations have been established in the
second part of this century,

Nowadays a deformation appears inany field of mathematics where
are investigated families of objects which depend on a parameter, or some
structures, or spaces and manifolds, or morphisms. Thus we have deforma
tions of analvtical structures and more general deformations of pseudo-
group structures, In particular, there are deformations of complex mani
folds and of their submanifolds. deformations of algebroic varietics, defor
mations of associative linear algebras but mostly deformations of classi-
cal Lic algebras. Taking into account their mechanical source. we found
here o theorems of vigidite, theorems of infinttesimal deformations and ot-
hees, A typical exaniple of deformation in topeiogy is the homotopy theory.
By micans of this theory two continuous mappings of a domain in a topolo-
gical space wee called hemetopical if one of them is obtained from another
by continuous deformations

The theory of de.ormations in geometry appears even in the classical
theory of curves and surfaces which is as long as differential geometry is.
In fact. roughly spcaking locallv, a curve in any space is nothing but a
continuous deformation. {(with some regularity conditions. of a portion of
a line. Tn a similar way a surface appears locally as a cont:nuous deforma
tion of a domain in A% and more general, a manifold as a continuous defor-
mation of a Jomain of its model.

3. In the sequel we are concerned only with deformations in differen
tial geometry. This theorv is right connected with infinitesimal motions
in Ricmannian spaces and with affine connections. Such kind of researches
have appeared in the last decades of the 19th century and they are stil
interesting inour davs. \We give here only few exampies: the intrinsic theory
of deformations (E. Cesaro), infinitesimal deformations of surfaces (A Voss),
deformations of remarkable families on surfaces (J.N. Hatzidakis) defor-
mations of superior order (G. Titeical or infinifcsimal transformations of
surfaces in centro-affine and projective spaces {O. Maver). Manv notes
and memoirs which have been devoted to deformations of geometrical
objects in spaces with fundamental group have been put together in a trea-
tise of G. Darboux and mour centurvin the celebrivted Lezioni di Geonetria
differen=iale of L. Bianchi. Tn the iast decade of the 19 th century, S. Lie (1893)
and \V. Killing (1893) investigated finite and infinitesimal motions in geo-
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metry of Riemannian spaces. They studied .transfc:nnationq for wlnchﬂtlhi
metric of these ¢paces is invariant and obtained the well l\'no\m(l1 frofn:iefo’c:'-
time . Killing equations and vectors”. But a great step 1n the stu ylo elor
mations has been made by S, Lie whose method is suitable for the s ut( ¥
of deformations in any space. Obviously we refered here to the operator
! B devivairee. o ]
(ﬂllLd'l'ﬁ-zccnppe;n'anr{- of Ricci caleulus and of Levi-Civita C(mmctl_o‘nls}!lo\culc}
also be considered of great importance for the theory of geometrica f( efor
mations. I'rom now on there are studied proicctive and affine _trans orma-
tions which are more gencral than isometrics. Many papers hav c llaecn con;
cerned with problems of classifications of Ricmannian spaces \\lt}lllresl;_pec-
to their fundamental group and spaces with affine connection. In tgl;; ¢ 1trec
tion we have to quote papers of L. Bianchi, G. F ubini, K. Cartan. }c u?u en,
V. Slebodzingki L. Fisenhart and in our country the papers of G. Vranceanu,
Al Haimovicr, A Haimovici, R, Miron, C. Ieleman, V. Cruccanu V., Oprolu,
aioveant., Gh. Gheorghicy. _ .
h (lllll(f;nih simal deformations of submanifolds in manifolds endowed with
a geometrical structure { Riemannian structure, Kithlerian struc_tur‘(;. Sasi-
kian structure) have been studied intensively by K. Yano. B.Y. Chen, A.
“ancu. N, Papaghiue, o
B("m-(i.u 'l';v :::'(}fl;lbtrica! school of Tazsy has an iwporant .(‘r)l‘ltl'l}‘)llh()n
to the studv of deformations in Rismannian spaces and (-structures q:l(la
manifold. The following ficlds of interest have been mtcnm‘\ ely Stll'(ltl‘t. :
1y graduated deformations of the fundamental metr‘:c tensor : (l(-fo.rn.m, Jond
of the Levi-Civita conneetion and of volum clement (2, 31 2} the finite an
infinitesimal variation of the metric : 3} deformations of gvomctrmﬁ] .f)})J?CtS
along a € mapping hetween Ricmanniaa spaces | 4) some generalizations
of this theoryv to ~ome Riemann'an fibre bundles and to classical structures
on a finite or infinite dimensional differentiable manifold [4].

In the next section we shall make a survey on the theory of deforma-
tions in Ricmannian geometry. The main purpose 1s to sctle the ideas of
theorv and to aveid the technical parts of the problems, -

s, Let (3, g) be a €= Riemannian manifold. We de_not’e_ by 14!((;0}5%).
T*M) the tangent bundle (resp. the cotagent bundle) to A The I-cin- vita
connection on M is denoted by V and the Riemannian metric on T Mbyg.

We start with the deformation of the metric g and of the volume cle-

ment {det g)"'% with respect to a vaoctor field v e#(3M). This deformmation

is given by [
{1 L.g=gi(0): Loidet @)= div o{det gy

where 2. is the Lic derivative with respect to v, gi(¢) and div o=
! -

=<g, g,(v‘) . are the infinitesimal deformation of the metric and res-

pectively of the volume clement [1]. This process can go further, by

applying again the Lic derivative with respect to o, Thus we have the

following sequence of svmmetrical funsors of type (0, 2.

(2) Log, () =g, «=1,2,3 ., where g.(v) =g.
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Interesting deformations are obtained when g, =0 or Yo =2ga where
{3 —x). Tf for exemple, we have g, =0 or g, =2g. we obtain isometrical infin -
tesimal deformations or respectively conformal infinitesimal deformations
spanned by the vector Tield ». H the following inequality holds 121
div e

{3, | & (v)— ———— ¢ <constani v v e ic M,
I dim Y/

where || L || is the tensorial norm and U is a convex domain homeomaerphic
to a ball from the model space, then we obtain quasiconformal infinitesi-
mal transformations. In a similar way, we obtain for &> 1 isometrical amd
conformal transformations of order o, Now, by applyving the operator ¥ o
the sequence g,.») we obtain a sequence of tensor fields of {ype [0.3]
given by

(4) Vialt). =12

’ *

where the first term of the sequence 1s just the Lie derivative of the connee-
tion V with respect to the vector field « Hence () measures the graduated
deformations of the connection. When the sequence stops, we have also
some specitl deformations. Thus for z=1 we obtain the affine deforma-
tions and the projectiv transformations on M/ spanned by o, Therelore,
when z -1 we obtamn alfine or proiective transformations of order .

Let us take other two sequences of tensors obtained by suitable con-
tractions given by

(5) divgs =Co(y® O gald)).  div g,(7) =Cule @ Veold)) =2

i
It is ecasily scen that for 2=1 from the [irst relation. we obtain div & and
from the sccond we have div g,(#) =27 which is the Laplace operator on
2 Riemannian manifold. Mere there are also interesting some particular
cases. Thus, since for x=1. div, e =div 2 =0 implics the existence of uni-
meodular infinitesimal deformations, we say that for o1 we have similar
deformations of order 2.
When we have
10) A= 0 or v = Vg,

we say that we have harmonical infinitesimal transformations or respec-
tively almost harmonical transformations of order « -1 3.

6. Some applications. I{ in particular, dim M =3 and the Ricmannian
structure defines the structure model space for the mechanics of continuous

mediums in sensc of Noll "6, 7. 81, then g,(v) define just the sequence of
Rivlin-Ericksen tensors for the deformations of velocity of a non-statio-
nary motion,

It is known that for materials of differential tvpe, the tension tensor
Is given by a polvnomial in g, (@) as follows 71,

(7) T=—pg + nguf0) + B1g2(8) + Bel £4(0) 1+ rgale) + ...
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For the case of incompressible mediums the pressure 1s an arbitrary
function and the other coefficients are constant. 1 ‘
Therefore. the tension of a continunm medinm depends only on pres-
cure, of the metric of the model space and of its successive deformations
with : irecti 1 motion,
with respect to the direction of the i - -
I"oll3 the case of fluids of differential type. the universal (‘!ef(.)ll.nd.l‘lOIl.i
of an arbitrary order are given by means of almost harmonical imfinitesima
transformations given by the sequence
{62 A v=— Vo,

More precisely, for the case of an incompressible fluid we get universal

solutions of zero degree if we hu\-'o%;' = v/, (Euler equation) ; universal
solutions of [irst degree if hesides of this we have Av=Af, ‘(.\;lf\'lvl' :]:ul\\t:’.:
equations) ; universal solutions of sceond degree 1f hesides of  the
have clivg,_,(;) —.3;:::\/‘/'._: Reiner- I_(i\-lin cuations), .
In particular, for incompressible fluids of Navier-: 1.0 \(I.h‘ -'\-I-lc] the
universal deformations are characterized by the fo]‘l()wmg . the I?(fl Cri
tion of the motion s a potential and its velocity is almost l.lc'lllll(')-ll‘l(.fa -
Remark. 11 is an open question the mechanical mgn{hrgmui’ ol !:.
terms of the sequence (5,) and the significance of thewr vanishing 01] ?qrﬁq.
7. The purpose of this section is }0 s:lusi_\"Ru-umnm{'}n {??rf{)rl-m:c;
that s, mappings of class O, fi: :.1_[_;;_,~¢(JI 2" \\'_hvrc M E g
Riemannian wmanifolds of class 07, .'\cxl, W (‘()II:‘.\I(I(:I H nmr}).lll_:._tn”(’) =
torial bundles f: T(M) = 1(M) defined by =0 Q) —M 77 {. ' ) 4
such that #'ef = fyom. We I‘('Lu“.lllill the I_%_icmannian vector b.un(fl‘c If&ﬂi")mj
— {3, y) has as fiber a vectorial space £ _cml()\n,;d \\'1t_]1 an inner pro IL/ILE, ‘,
which by mcans of the isomorphism 8,1\ F. v) =V, =="1(x} defines on (A,
a Riemannian metric denoted also by +. 1t is known that on V(M) there
exists @ Riemannian connection 72 induced by the metric - that is, Dy =0.
We need also the induced veetor bundle fo(17(M)) =M x Im(f,) a_nd the
notion of comorphism of vector bundles expressed by the following commu-

tative diagram .
) J'/fi( V(M) ———— = V()

- (M) * x’

1
3V (S }

Here, the mapping j is the f-comorphism of /(M) in V(M) which for each
v €M establishes the continuous lnear mapping 7 (77(Im{ /) lajw —
- (K} tween local fibres. B
(I/(II{)%;I::?(‘UIaI‘, when we take the tangent bundles 73 ;11_151 'I:M , tl]ns
mapping is called the pull-back by £, of the tangent bundle ,[.M banFI t-ll?
sections of =" a vector hield .,;1]011;.;_[,.". Ina :':nmla.r way there are outamm :
tensor fields, Levi-Civita connectivns and Lie derivatives along fo".
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Let w be a vector field along f, which defines an one parametrical
family of morphisms (/,), such that for t=t, we'have (fo), =/,. Every morp-
hisin is defined by

(fo)e(¥) = explo fw(x; for any xe 1f.
By using (8} and derivations of mappings, we find the pull-back of restric-
tions Im(f,) of ¢’ and v’ expruessed by
(9) Hhe'y=e (V= V
S =g FUfD¥]= V).

All these geometrical objects are defined on m(Im{z)}. If £y isa diffeo-
morphism on Riemannian spaces then the new objects are defined on the
whole manifold (M, g).

Remark. Since the Riemannian bundle are endowed with pairs of
metrics g, +) and corresponding with pairs of operators of derivations
(V. D), from (8) written first for tangent bundles and then for Riemannian
bundles, we can get the pull-backs of such pans of geometrical objects and
operators,

We pay morce attention to the comorphism from (9} of the tangent
bundle to 3" and obtain that the deformation of the Riemaunian structure
and of the ] evi-Civita connection along a morphism is just a finite varia-
tion or respectively an infinitesimal variation of them on (M, g) or on «
domain of it. Tn other words, the deformations of morphism of Ricmannian
manifolds (hundies) arc reduced to finife varations or infinitesimal varia-
tions of the metric (pairs of metrics) and of the connection {or which the
metric is invariant (of the patrs of derivations operators induced for which
the pairs of metrics are invariant). For this reason we can use the deriva-
tion operators induced by these metrics. Such a study has heen done in [37.

Linal remark. 1t appears as necessity the study of special Riemannian
morphisms : immersions, submersions. transversality to a submanifold
NCM’', embeddings, diffeomorphisms. The study sketched before could be
useful to some problems on the stability of morphisms. Finallv. one can
try to bring together by classifications of Ji-morphisms some characteris-
tics of subsets Im fHCM" and =oj( f; (Tm f)C M.
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GEOMETRIES NON-CLASSIQUES ET PRFZ—R!ELATIVIST'ES ]
CAPABLES DE DECRIRE LA PHENOMENALITE RELATIVISTE
II. LE FORMALISME COMPLEX VECTORIEL
PAR

NICOLAS TONESCO-PALLAS ¢t LIVIU SOFONEA
fiided i la mdmsre du Professenr Mendod Hadmosiel

{ 1. La géométrie de Pliicker-Cayley et le formahs.rne‘t:(l)n_ltplt‘ax-‘\'?ée,g-
toriel. Fn 1868 1869 J. Plicker et AL C ay ley ont 1vnt10( U tt‘ltlr:h"_
métrie la notion de coordonée de ligne, associde aux %‘(deonin%OS ;11 :].()L.
drales de deux points sur une ligne droite, dont e attache (!1‘1':1 Ut I;UW ).0:].:
les coordonnées tetrahédrales Fy( v, Aye Vs vy) o PRy, vy, a v Les
données de Hgne de la droite 1) sont déflinies par

{1} Pumn= (v — v s (no =0 1, 2, 3).

Les coordonnées p,, ont une signification purement gcorz;‘etrlclLle,
i5 ot ion se rec ' me des éléments d'une re-
mais par leur construction se recommandent comme

présentation  4-dimensionclle. On considre la transformation suivante

r~ i H " -l f [
Ty qui s'applique sur les {v,} ainsi que sur les {ppa} -
(2) vo=Xscha4xsha, yv,=x,. v,=v,cha+trsha. xy=n
Por=xaxvy — ¥ ve= (g ch o+ xp sh ) (v ch 2+ vy sh o) —
—(xy ch x4+ xg sh x){xg ch o + vy sh a =303 - 2736 = Py,
(3) Do =Dboz Chh 2 +p18h o) pos=poCh o pg ch a ;
Ppun=pncha—pgsha, pre=pochatppsha; pua=pos )
Un cnsamble de six grandeurs, qui se transforment par rapport t1 Ji,,fl
fes i -vecte ‘aractére vectorie
comme les coordonnées de ligne, forme un 6 \(?Ctt.,tlr (le carac
se justifie 4 posferiori). L'invariant introduit par {pe cst
2 Y 2 o i
(4) Iy =(p§i+ o+ Pga) — (Pis + pic + pi)
Les coordonnées de ligne {pn, : réeles) sont associées, d'une maniére orga-
nique, au grandeurs complexes

(3) Qr=Pos +iPes, Qe=postipa, Qa=pos+ip1s,
= Qi+ 05+ Q5= + Pl +05) — (Pt Pt Pl
+ 2i{ PPt PoePsy + Posprat = I+ 2il,; (IyI. — invariants).
Les Qx sont les vecteurs complexes (Q-vecteurs) qui se transforment

(6)

el Y .
par rapport 4 Ipe de la manidre suivante



