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On obtient =

. ’T) - -
(44) zaz(?f’i vxg, V0|

¢ ot

Le 4-vecteur complexe se décompose dans un ortho-vecteur Z* ct un
pseudo-vecteur G2

(45) Zi= iy ge
. '}-.' - i~ rr =5
(46) ?‘=(+Vx 18U z'VU) aaz(—vXU v iVL').
¢ o c it

Les composantes de la décomposition sont significatives, car on cons-
tate leur caractére conservatif

(47) 7 =0, g%=0.

Les équations d'évolution des @ s’expriment par des relations 3 carac-
tére conservatif des composantes

(48} F2_J*=0, G°-F==0.

(%, J* sont des 4-vecteurs conservatifs qui expriment les densités des sour-
ces des composantes). Aux composantes U, U on peut associer les grandeurs
[liées au concept de force]

~

(49) fr=(+px UsqU, ipU), g5=(—px U+qU, ipl))
qui proviennent de F*, é“ par la substitution formelle ai—»];az(;'), iq)
xu

qui ne change pas le caractére de Ia variance. Le formalisme des Q-vecteurs
se montre, de cette maniére, capable de donner un modéle mathématique
approprié pour décrire quelques situations physiques remarquables.
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FINSLER GEOMETRY ON VECTOR BUNDLES

BY

FRANCISC C. KLEPP

i R ¥ LA
To the memory of Profesior Memdel Hatmovic

‘T'he notion of Finsler bundle and its properties have b'cen- given by
M. M ;}12 umoto [!]. The purpose of the present paper is ;0‘ 1r1ttzoc1uc§d}?sc
;30'11ccpt, called Finsler vector bundle associated to a R \;C or11 )ulf o
and to define a Finsler connection, using this Finsler \.L(‘t(l))r ?unt(h(f.results
air of vector bundles is a pair of tangent bundles, we o t(a)m the e
of M. Matsumoto. Another particular case is studied by D.Opris gl o
the following we find the curvature of a I insler connection fcm“a L neler
vector bundle. The nota;ions_ and terminology are those of M.
17 wi ifications.
et § 11 \'};::: If:iﬁr‘l‘;lgotc-jector bundle associated to a pair of vector bundles.
Let ,-j: Iél =3 and =, E,—] be two vector bundles over a dlffcr.e{m‘tlurxblc
rr:~1;m~rluifold A, having the vector spaces JR™ and JR™ respectively as
Sttilld%::ifilililt)ir()L;. 1.1. A Finsler veclor bundle associated E} HmE vector bundles
: M(i= is the tnduced bundle =i I'=r] E.> Ey

o ‘E’i'gcjsftgndzli}é)fi{fre of the bundle = : F - E, 1s the same as the sta_ndarc}
fibre of the bundle =, : E.—M. Let {m,!, =,) be the canomc::ll1 morphlsir:t:d
=t F=E, and =, : E,—M. The exact sequence of vector bundles, asso

to the Finsler vector bundle =: F—=E,, is
(1.1) 0-» VF-+ o TFL~FX;TE,~0.
A map of n: F—E, obtained by the trivialisation =y}(U)=U, of

— —

n o E—»M, is (Uy, 9), where 7 is the diffeomorphism ¢ : ™ (U,) = U, x IR™.

n, ! .
F=ﬂ;E: - I‘,z
11 s
!
b M
£r W;
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We define the following subspaces of T~F at a point feF:
the vertical subspace : FZ\ ={XeT.F, =’X=0};
the induced vertical subspace: F;: ={Xel':F, (m,)'X = 0}
the quasi-vertical subspace : FZ\ ={X = P+F, ro(z!)'X =0},

Using these subspaces we define the following vector bundles :
Py VF'u-U.Fé—bF; Po: ([,’p)f=UF£_>F; s (I'F)0=UF£\->F.

A -
1€r rEF el

Then the vector bundles p,: FF-F ; Pz (VF)'SF are subbundles of the
vector bundle p,: (VF}—F, and the sequence :

(1.2) 0~ VF —(VF) = (VF)t 0
of vector bundles is exact and splits,
Definition 1.2. The wvector bundle =, : F(x) = =(x), where =7i(x) C

CEF(x)=F | niYx), is called a Finsler wvector subbwndle at the point
ve M. The exact sequence associated o F(x) = =i (x) o5

(1.3) 0= VE(x}) = TF(x)— F(x)le—u_‘, ]!"(1:l 1{x)) = 0.

let veF, rv=xand n,%= v & M. Since Iy F(x)= (VF)!
VaF(x)= V21 and I*'(.t‘)X,,l—lt,)}"(r:I—{;l) ={FX VE},, by (1.3) it follows
the exact sequence of vector bundles

{1.4) O=VFE S (VY S FX, VE 0,

A left-split B7 of the exact sequence (1.1) is called a connection on
m: FE,. We denote by 4y ¢ VF-FX . F the canonical isomorphism and
by p.: FXI'>F the second projection. The connection map is given by [2]

(1.5) DF = P20l polf I o F,

The map D* is lincar on the fibres of TF —/[7, but it is non-linear on
the fibres of o7 : TF ~TFE,. 1 D is also linear on the fibersof n” : TF - TE,,
then the connection D is called linear. Using the restriction of the sequence

(1.1} to =(U,), we obtain the following connection map
(1.6) DF(v, 2t s, p,g)=(x,2; g+ cla(x, z, 05 + :)(.‘c, 2, 0p)
where (:J: UxIRm x qRm - O(HR", IR ™) "and

o UxIR™ x B Q(ERm, TRm)

are differentiable maps called the local components of the connection €%
in the map (U, 9). Let us denote

FINSLER GEOMETRY ON VECTOR BUNDLES

1 : P :
w(x, 2, e =D (v, 5, 8)ee. 1=1,2an;a=12 ..

1.7} , .
( aj(.x', 2,8) (go) =Caln, 2 tjes, 2= 1,2 ,0., My

e o ; -
where (¢() is the canonical base in IR", {¢,} is the canonical base in K

1 (e,) is the canonical base 1n I N .
o (Ta}zv functions (I'z, C%) arc called the cocfficients of the connection

of. 1f the connection £F is linear, then
I'3(x, 2, 1) =ToH{x, o)®; Ca(x, 2, 1) =Ch(x, )P
and (I'%4, CZ%) are called the cocfficients of the lincar connection €%,

Let X ed(E,), Y e Scct (F) and €F a connection on = F:E,. The
covariant derivative of Y relative to the ficld X is the section DrYe Sect(F)
given by
(1.8) DEY(x) = DF(YTX(R)); F=E,. ~

Let {x%, =%, #*) be the local coordinates of v= I in the mapping (U, ¢}
and let A& BU(F) be the form

1=Aié +4/f3-&-}---+.4“-£—.
) ox' oz® ot
By (1.8) we have:
(1.9) DFd = (A% 4 T1d + CIAYE,.
Let (ff{, '} be another mapping of =: 1"—>E‘1.75u?h t’l‘lat UNU # 92
and let (3, 2%, ) be the local coordinates on (U1, @'). Then
(1.10) xt = xt(x) ) = PY O = MR E3) = MEE (%),
where

P:UNU = GL{m,, R} and M: UNU ~»GL(,, IR)

are differentiable maps. The coordinates of the transformation on I’ is

ox” 0 0
dxt

qﬂ.z“ P:’ 0

(1.12) o

ML o oMy
ax!
Using (1.8) and (l.11), we sce that transformation laws of the func-

tions (I'y, C3) are
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L) - L dAre
L— Mz, pom——— il L AT, Y=

(].12) I1‘ (_‘[t I"’-(:l + Co 3x‘ k4 1Im + "[a E_\,'i t Pl b

M Py = Ca,

Let X =@ (2.) be given by X = X! —f—-; + XL From (1.12) we

ox gzt
have
" AY - A - ’.AYY
00 pgy=[x{2 #1070 + (5 o V) £,

To a vector field X =&(L,}) we can associate another vector field
IFX eH(F) called the horizontal i1ft of X relative to the connection @7, For

X =#(E,) given in the map U, by X=X‘:a—‘ + T\’“_—a— the horizontal
dx dz9
lift *X is
IFX = Xt (-‘?— = I‘:‘—i)+ f\?ﬂ(-‘?— - C;i).
dxf éte b ¢ty

Let €L, be a connection on the vector bundle 7m0 Ey— M having @
as local component, then this conncction induces the connection ‘2% on
i F-1, with ¢} =, 2 =0 as local components, We will call the con-
nection ‘@F the (rivial corncction obtained from €F

A vertical connection (C*)* in the Finsler vector bundle - FoF,
Is a left split (8%) of the exact sequence (1.4). The connection map (DFy

of the conncction (@F) s

(D) (x, 2,4, . q) = (%, 2, ¢ + @(x, 2, 8)p),
4 2
where w(x, z,£) € (IR ™, IR ™). If we denole: o{x, z, [){e.) =C§ (x, 2, H)ey,
and use the local coordinates (¥, 37, %) on F, then the functions C* become

(1.14) C3 Pa M2 = C,

which represent a gencralized tensor, called the Carian fensor associated
to the vertical connection (£*)r,

Since the exact sequence of vector bundles (1.2} splits, it follows
that on the Finsler vector bundle = : F—E, there cxists a particular vertical
connection (C*)%. The corresponding Cartan tensor vanishes identically and
this connection is called the flat vertical conmection.

Proposition 1.1, To cvery comnection €F on =: F—E, there is associ-
ated a subordinate vertical connection (E5y",

1 2 2
" I{'m and o are the local components of €F,then w is the local component
of (EF)".

§ 2. Finsler connections on Finsler vector bundles. Definition 2.1, 4
pasr F€ = (@F, @F), where €F is q conncction on = F — £y and €5 45 q con-
nection on w1 E,—> M, is called a Finsler connection on the Finsler vector
bundle associated to the vector bundles ol By M and =, E,— M,

T

{
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If @F is a lincar conncction, then the FFinsler connection Fé is called
a linear Finsler connection. .
Definition 2.2. A pair of differentiable distributions (HFY: x €1
o (HFY.C T F ; (HFy : v e F (HF)',.C T such that

A
x

(2.1) TAF = (HF)"; ® (HE), @ (VF), ; vx =T,
(2.2) F(HF), = (VE). ; =) =% viel; Vi E,
7 / r Fy b bundle = F—E,.
Y :d a Finsler pair on the Finsler vector
N mllf[‘d!.'u(:utn'em 2.1. There cxists a owe-to-one rorresponda.'n‘ce;‘_ b.;iwa;j?d iﬁz
set of all Finsler conmections on the Finsler veclor bundlc =@ I -1z,
Finsley pairs on =: F—oE. L i
Set Ofl;::'ini':;:me ?fb A family of C=-differential distribudions HE,, on E,
parametrized by zeIR™, and satisfying the condition :

(2.3) T_E,= (HEyo); @ (VEx)r: ¥5 € By,

B} . 5 Fy
is callcd- a TR m-connection Of T L Ez—pM and 18 dcnoh_d bg} @le. ‘
cclion IF@ =(EF €X)yon m: o E,

Proposition 2.1. To cvery Finsler conn B M.

[/} tROMLC d! ¥ oc l’ i (i ] - - HNoc! ) [IRE 3 on
it cin & Cf 7 iy dass Hie a [{, b COHN CCLL 0] Q ) .
] ’ Q , J ) £ ?‘S }& -con-

Def]nltlon 2.4- 1 113 t} If“i (Q ], ] ({J ) J) wh(](, { ? , an G N

tion on m,: Ey— M and (€F) is a

. - F QE: {5 a congrec .
nection on ma: E,—> M, @8 4s a cony Vot o Fansler. triad on the Finsler

vertical connection our m: F= £k, is ca
. FoFE..
”“t"”::l""dl:m“-zé: ’I’k::re cxists a one-lo-one correspondence bdwew:i ﬁie
set of alle(;;z'usler-cc.m-nectio;as on the Finsler vector bindle =n: F—E, and the
sct of all Fensler triades on ‘r::.F—bE,. R
The linear Finsler connections can be d? l'nil zy
(T%,C%, NY) . o B=I, 2 .., My a;-l, %,...,szl?\}?t- L2,
cocfficients (Fg, Ci, NP), where Fg=I%— (3.

i 7 i e ‘1. The
Let (D%, C%, N§) be a lincar Finsler connection on F-E,

3 2 )
. t - J i 1 b Cl—, .
non-linear connection N on =, : E;— M admits the local bas (Sx‘ o7

the coefficients
., %, or by the

| = 3 %, p O
i=1,2,.,% where 2 = £ Ne S

-1 g ) azu
a=1,2,..,m, _ dx gx [
base of the local sections on = : F—=E,;, then

Let E,, a=1,,,..., M, be the

i —(B
(24) D' E,=(T%~ NiCL)Es= FhEsi D g Ea=Chaks
811 ala
We define the curvature of the linear Finsler connection on
x:F—E, by
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2“ r _ A_— . - % - A
(25)  RAX,Y)Z=DEDEZ- DEDEZ—DE . 7: vX,YeH(E,).

X%

| Ve Sect (I).
The lincar Finsler connection has three curvatures

(2.6) 'D's . D' Db s o
D D= DL 5,_”1:,-1%,”!:3
(2.7) {[DFa Ds1-Dfs s \E. =ps
2 - -2 = 1g aE
5:° 2" | [a;" at ]} ka8
(2.8) “Dfi, D5 ]-Dfs s\E st B
] L,—a’a?]} I
It results that
(2.9) [i,—sj-—.ze;,‘_"_- [i 3| it
- ¥ oa . L e
where 8x' Sxa ot ezt Sak ot ezt
LS
Sxt 5y
By (2.9) we have ’ o
2.10 s _ R OFL o
( ) Rcka - FY®] - 8—".’* + }'IGF% _F}IaF%y+ Cg: )ﬁ-d,
eFS. /58 2y
2.11 8 o fka  fOLay - N
@1 Ph= Sk (4 - Aok e S,
(2.12 s o 6o _ 2CG
) SH o o C.C8,— C1.C3,.
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APPLICATIONS OF THE DIFFERENTIAL FORM'S METHOD IN THE
GEOMETRY OF REAL A*STRUCTURES ON A MANIFOLD

BY

ELENA MACOVEI
To the memary of Professor Mendel Huinutici

The development of the theory of Pfaff systems, initiated by
E.Cartan {1], gave risc to researches in differential geometry of manifolds
with given structures, through differential systems (differentiable distri-
butions in the sense of C. Chevalley). Romanian mathematicians :
Al. Pantazi, G. Vranccanu [10]. M. Haimov ici [3; 41, Gh.
Gheorghiev [2], R. Miron [7: 8], have important contributions
in this ficld.

An improved form of Cartan’s equivalence method claborated by M.
Haimovici [3]. the method of differential forms for the intrinsic geo-
metrv of nonholonomic manifolds, was applied by R, Miron [8] in the
geomctrization of nonholonomic mechanical systems.

This Note contains a study of the integrability of real A%- structures
by « suitable adaptation of the methods of differential forms.

§. 1. Derived differential systems associated to a real A*-structure
on a manifold. Let A be a differentiable n-dimensional manifold of class
C* endowed with a real A* - structure ([5]) defined by two differential
systems !

(1) A yeMoAle T, M, Y
1.

n, =dim AZ, Ign,<n; a=1,2

We suppose the existence of differential system A*(z=1, 2) and we
consider the associated differential systems:

K:xes Mo R, =ANACT.M, vxe M,
0 < x= dim K,< min (1,, #3),
(1.2) A:xe Moh,=Al 4+ AXCT,M, Ve M
2< p=dim A, < n.

The differential systems K, A%, A are locally defined by the Pfaff
systems :
(K):oh=wh=a'= 0,

et IS faSn, a=1,2; m+ Hp—w+ l €L,
(A%) : wo = ¥ =0, (=B o, 3=1,2),
(A) 1 @* =0

(1.3)



