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APPLICATIONS OF THE DIFFERENTIAL FORM'S METHOD IN THE
GEOMETRY OF REAL A*STRUCTURES ON A MANIFOLD

BY

ELENA MACOVEI
To the memury of Professor Mendel Harmeiia

The development of the theory of P faff systems, initiated by
E.Cartan [1]., gaverise to rescarches in differential geometry of manifolds
with given structures, through differential systems (differentiable distri-
butions in the sense of C. Chevalley). Romanian mathematicians :
Al Pantazi, G. Vrinceanu [10}. M. Haimovici [3; 4], Gh.
Gheorghicv [2], R. Miron [7; 8], have imporiant contributions
in this ficld.

An improved form of Cartan’s cquivalence method claborated by M.
Haimovici (3], the method of differential forms for the intrinsic geo-
metry of nonholonomic manifolds, was applicd by R. Miron [8] in the
geometrization of nonholonomic mechanical systems.

This Note contains a study of the integrability of real A% - structures
by a suitable adaptation of the methods of differential forms,

. 1. Derived differential systems associated to a real A*-structure
on a manifold. Let A be a differentiable n-dimensional manifold of class
Ce endowed with a real A% - structure ([5]) defined by two differential
systems :

(1.1)

At:yeMoAcT M, Vel
n, =dim A%, 1gn,<n; a=1,2

We suppose the existence of differential system A*{x=1, 2) and we
consider the associated differential systems:

K:xe Mo R, =AlNAXCT.M, Vvxe M,
0 < %= dim K,< min (1,, #.),
A:xe MoA,=A+ AZCT.M, vxe M
2< p=dimA; < n.

The differential systems K, A%, A are locally defined by the Pfaff
systems :

(1.2)

(K):oh=wr=a*=0,
vt 1€ jy € ny, 2=1,2 i+ 0y—nt 1€ s,
(A% : b= ot =0, (a=k 5 a 8=1,2),
(A) tw* =0

(1.3)



44 ELENA MACOVEI >

where (o) = (0", o, w, «*) are differential forms locally defined by the
property that (o}, wh, wl), (0, o), (w?) are linearly independent in each
point re M.

The differential system & (as well as A® and A) determines a vector
subbundle V, of rank x of the tangent bundle () and, in a dual manner,
a vector subbundle Fy of rank (# —x) of the cotangent bundle T {(M)([5]).

Also, the differential system K {as well as A* and 4), determines a
G-structure on A, denoted by B, with structurc group G, isomorphic
with a non-singular quadratic matrix group of the following form :
¢y O

= ¥
5

i

I<n, v x; ¥+ 1< 4,7 < n,

c: = GL(», R),

(1.4) lel| =

¢t GL(n—x, R), c*=Hom(R*, Rr).

In a similar way, taking B3~ as G-structures determined by the dif-

ferential systems A*(x=1,2) and assuming that AN AL arc of constant
dimension in each ve}, then the local fibres of those G-structures have
a nonvoid intercection. It follows that we can state :

Propossition 1.1.( 9) Lt Byu (x=1,2) bs two principal subbundles of
the Lincar frame bundle, F(J1) By Ba. 1s a principal subbundle of (M)
if and only if their local fibres have a nonvoid intersection e cach point of M.

Definition 1.1. The differential system K (as well as A* and A) is deri-
vable (admits a derived svstem), if the Kt submodule of &(M) gencrated by
(K, K]+ K satisfies the condition dim Ky =constant in cach v<M. The di-
Merential system K1 is, by definition, the first derived system of K and by
reccurence, the derived systems of order glg = N) are defined by K= (Ko
(£9D).

It results from definition 1.1 that the subbundle B,, of the frame
bundle E(M) is a G-structure with structure group G4 of type (1.4). The
sequence K C K'C ... (with x=n,<n, < ... <Hg = ... <# and n,=dim K7)
determines inclusions of the same type among suitable vector bundles 175 C
CVuC ... CV,,C ... Under the hypothesis that the differential system
K admits derived systems of any order and as the sequence #, is increasing
and bounded by #, there cxists a 9, €N such that: K%=T M, x=M, or
g =1gu=..and A% = K% We thereforc state the following :

Proposition 1.2. ([9]), If there cxists a natural number qo With property
that Kt =T M, xeM or Ku+t =K%, then the intersection B.NB,.N

. B“,=§ s a G-structure on M wilh structure group G, MG ... N
N Gxa: = G.

§ 2. The integrability of real AZ-structures. Let us suppose that M
is endowed with a real AZ-structure defined by two differential systems

A, A? for which the intersection X is a differential system and dim Al +
+dim A —~dim K, < #n, Yve )] {I37).

The G-structures B,,(z=1, 2) have the property that in cach xeM
their local fibres have nonvoid intersection (Ko=AIN A} # {0}z, Vi M)

L
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i i ifi s that Ba:) Bs. 1s a G-structure
and according to Proposition [.1 results ] !
on AL with :1bstl'ucture group Gy ﬂ(‘r},-.‘ The group G%.ﬂ (rae (r}\- pres;;:r\ es
each dilferential svstem AT and their mter:se.ct'lon II\], r560 )that B Bas is

al Ak-structure on A (according to definition 1.1 [67). ) ‘
t The A%-structure mayv be considered as being locally determined by
an oppen covering as (% ={U} of M, with the property that on cach open
U, systems of Pfaff forms o, =(wy, o}, o). ©f) =(0}) are lincarly indepen-
dent and on UN U’ % @ we have:

' A
"= o + c;',(oh + 6 W+ Y wh,
o' =chol + chot,
1
v — s en! Y
w'h=chaol +cf o,
LTt A
wt =C3M,
3 xl
c*= GL{x, R} ; el & GL{n,—» K},
. x

. : JH Jry
& =GLn—n—ny+x K 6 & Hom(R*, Rra—+)

oot
o

v e Hom( R, Rr—n-msxy; glx e Hom(Rta », R-mmmtx),
With ;espect to the cobase defined by the differential forms ey 1=(m;f.]),
i i ’ ive - ture are locally
5 U, the differential systems of given Af-struc :
gztéxi;]ilngcllmgy Pfaff systems {1.3). The exterior differentials of the Pfaft
forms (w!.) arc expressed as follows:

do’ = o AT
doh =eh A=l + e ARD + AR+ § I o Aot

(2.2) dewh = m'=/\n-f;' + (u‘*/\::{; + o Al 4 BTVt ,J"'.(o , k
dot = P ATE + L IVE Aot +1T e Aol + T o Ao’ +
+ LI ol Aok + TV ol Aah o+ ] % Awh,

i n U, T 1 2.2
where the coefficients are functions on L;ach open UL \]Ihi\nl)'la:“?‘::img )12
are called structure equations of the given Af-structure on M. A direc I

tation shows that the quantitics: '
(2.3) RTINS LR U R 0 R 31N

determine the components of a  tensor \\'hich] is,'_by (lefl?tlrt:on,‘tll:)e];tructure
tensor of a Al-structure denoted by 7, 7= {(} IT{;{,, IJ")-(td .
Theorem 2.1. T'he differential system A* is the )f»ﬁ{jﬂclcrwe_ s _23 s=f:; 3

the differential system K if and only +f the con‘zpon—e;t.?if Plat B ,2),
W of the structure tensor = vanish in each point x . T

- According to definition 1.1, we can deduce r(_)ﬁl. ({3 clatione Kic
that A" admits A* as derived system of order 1, on and sinc , K

@ 1 .

(A%, it results: doof = O(mod wh, wh, o),
{2.4) i

3
] .
L

do* = 0{mod o", w, o
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From (2.2} and (2.4) it follows that :
2.5) WE=0, W = Oz B p=1,2),

and that the tensor T satisfics the requested condition.

H the tensor = satisfies the conditions {2.5) in cach point x €M then,
from the structure equations (2.2) and the definition system (1.3), 1t results
that A® is the first derived system of K.

Theorem 2.2. The di ferential svstem A 1s the second derived system
for K, if and only if the components : iV* , Ww |} II'}}‘Jl e LIV of the
structure tensor < vanish in euch pont v e M,

According to definition 1.1 we have [A®, A*)CA and from {(2.2) it
results do® =0 {(mod w2, «»*). Then in each point v =31 we have:
.6 e ] — 7 —_— =
(2.6) We =0 Iy =0, Wy, =0 (=[R2
Each differential system A% is the first derived system for K and from
(2.6) it results that the condition in theorem 2.2 is satisfied.

If the structure tensor < satisfics (2.6), then. from the structure equa-
tions (2.2), it follows that A is the second derived system for K.

The integrability tensor of the differential systems K, A*, A arc deter-
mined, (sec G. Vrinceanu [10]}, by :

Te= (3 WA LIVE LY,

(2.7) v (A IVE TR LR U W

» 2 13
Hy thy

‘1." H:}Ln )'

T (L IVE, TWE AV LIFE
A B ut? uly i.xh::_' ° ".-;,“1)'

[

and are the restrictions of the tenser = for A, A% A,

Theorem 2.3. The differential svstem K (respectivelly A*%) is inlegrable
if and only if the tensor <y (respectivelly =,o) has null components in each
point xeM.

The differential system A (respectivelly A%) is integrable if and only
if we have: do' = dw" = do* =0 (mod w’, o, o*} (respectivelly dw’d =
= do* = 0 (mod wh, o*)).

Under this hypothesis, from the structure equations (2.2). it results
that the integrability of the differential system A (respectivelly A%) is charac-
terised by the vanishing of the components of the integrability tensor Tx
(respectivelly A*).

The AZ-structure on M is integrable, if the differential systems of
the structurc ; K, A, A? arc integrable [6] and from the previous theorems,
the following assertion results : )

Corollary 2.1. The real Ad-structurc on M is infegrable if and only if
the structure tensor = wvanishes in every point x =13,

§. 3. The integrability of A*-structures subordonate to real Ax-struc-
tures. 1. A real AZ-structurc on M is a pair of differential systems (At 4%)
for which A AZ={0}, and dim Al+dim A< n, Vae M ((3]).

v

APPLICATIONS OF THFE DIFFERENTIAL FORM'S METHOD 47

en

The differential systems A% and A{A =A'@A?) determine G-structures
Bsx, By which have the property that their local fibres have a nonvoid
intersection in each point v,

From Proposition 1.1 it follows that Baa() Ba is a G-structure on M
with structure group Gaa{ G =G,. The group G, preserves cach differen-
tial system A* and therefore, Bax()Ba is a Aj -structure on M [6].

A Al-structurc on M is locally defined by a Pfaff system {op) = {wf,
wl, ot} (1<jysn o m+ 1<, <u+n 0 0t +1<u<n) such that

on U U’ # @ the conditions (2.1) be fulfilled for x= 0. The differential

svstems A%, A are locally determined on every open U, by:
30 (A’):(o’.G:m“zO(at;E{i:B:l,Z).
> (AP =0 (1< fhrEmm m+ I < S+ iy i+t 1< pg )

The exterior differentials of the Pfaff forms {(wf) =(0’, o, «*) define
the structure cquations of a Aj-structurc:

dwi = o)'/\:.':"",
(3.2) dol = m’-/\;:{:-{- w’ /\ri + % loVE’:,”m"/\m"'
do = wr A%+ } I.I",'f,,lm“/\co"l + ﬁ}:}hw“/\m"'+ o W}:,.,m"/\m"',
The coefficients of cquations (3.2) determine the components of the

structure fensor of a Aj-structure .

(3.3) T= (LW, L E W, W e B 28=1,2).

IIh‘I‘

Theorem 3.1. The differential systein A is the first derived system of
each of the differential systems A% (=1, 2}, if and only, if the com ponents:
ﬁ"g,u of the siructure lensor = vanish in each point x =M.

We have, from definition 1.1, [A%, A*]C A and from equations (3.1)
it follows that de* =0 (mod %, w*) which implies

(3.4) We =0,

13
‘z‘l‘a

and the tensor = satisfies the requested condition.
Converscely, if + has the components H"‘; , =0, in cach point x €M,
TR

then from the structure equations (3.2), it results that A is the first derived
system of the differential system A?.

Theorem 3.2. The differential system A* is integrable if and only if

the components l'l"f: s Vi, of the structure tensor = vanish identically in each
point v <= M.

The integrability of the differential system A (x=1, 2} is characteri-
sed by the following conditions dw’s =dw" =0 (mod e, «*) and from the



48 ELENA MACGVES 6

structure equations (3.2) taking into account definition 1.! and theorem
3.1 the statement in theorem 3.2 follows directly.

The following statements hold :

Theorem 3.3. The differential system A 1s infegrable, if and only if the

C]

compornents Wﬂﬁh , W of the structure tensor v wvanish identically in each
xR
point x=M,

It is noticed, that the restrictions of the structure tensor T to A® and
A give the integrability tensors of the differential systems A® and A :
o= 1B pIE, ).
(3.5) . LT 6 7
Ty = (40, WL, 1T ).
The vanishing of the tensors Tas, 'DTA represents the integrability con-
dition for the diffcrential svstems A*, A and we get :
Corollary 3.1. A real A%- structure is integrable, if and only if the struc-

ture tensor = vanishes idenlically on M.

2. A real Af-structure on M is given by two differential systems At,
Az with At involutive and for A} A2 =AL, dim A2 = n, Vxe M ([6]).

A real Af-structure on M coincides with a B, B,.-structurc and
1s locally defined on every open U by the Pfaff system (w}) =(w}, of, w?),

with the condition that (2.1) be fulfilled on UNU'# @ for »«=un,. The di-
ffercntial systems A* are locally determined on U by :

(3.6) (A rwi=0, o*=0, (1< <0, n,+1<7.< 1),
(A% 1 =0, (na+ 1 < p<n)

The structure equations of a real Aﬁ-structure are
doh = W ATH,
(3.7) dwh = ﬁ)’/\‘l” + w /\—Jr !: L.V{,’h,mrl/\(')h'

A A 1117 | %, .' I
det = o /\u;f + 1 it fo Aot + W ohAw® + 1 I‘V“ o't Aw’,

L,

The cocfficients IV define the components of the structure tensor :

(3.8) T=(p W LR TVR L TR )
and its restrictions for A* represent the integrability tensors ::_\m of the di-
tferential systems A*(x=1, 2).

From the cquations (3.6), (3.7), (3.8) and definition 1.1 it follows
directly :
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Theorem 3.4. The differential svstem A is the first derived system  or

, 8f only If the componeits If"hl of the structure tensor 2 vanish in each poind
ve M.

From the hypothesis that A' is an involutive differential system it
follows

Corollary 3.2, In cach point x =31, the following conditions are fulfilled-

*

(3.9) e =0, Hu

h, Lhy
Theorem 3.5. The differenticd system A* is integrable if and only if,

the com ponents 1 o H.g‘l g of the structure tensor = vanish identically

£k
in cach point x =),
Corollary 3.3. A real At-structure on M is integrable, if and only if,

»
the structure tensor = vanishes identically on M.

By the method of differential forms one can determine an invariant
canonical coframe, its equations of motion and its integrability conditions,
and on this way can build the local differential geometry of real A*-structure
on a manifold.

To avoid the difficult and laborions computations, we only studied
the integrability of real A%-structures by the method of differential forms.

REFERLNCES

I. Carvan, E.—Lathéoric des gronepes fings of la géométyie différenticdie traitdce far b micthide
dt yepire mobile, Gauthier-Villars, Paris, 1937.

M Ghearghiev, Gho — Sur la géométyie d'une varidtd hiltbertivnne gludralisce, Tulil. Matle.
T. 22, Debrecen, 1975, 68— 80.
JoHaimovici, M. — Sur la glométrie intrinsique des varlélds nen holowomes. [ Math.

Pures et Appl. 51 {1946),

4. Haimovici, M. — Geometrizarca sistemclor wmecanice necloncme. Studil i ocercet. st
lasi, T.V., 1954; 49--84.

5. Macovei, E. — Geometria diferentiald a M-structurilor o 0 varivtufe diferentiubild. Tezd
de doctorat, Tagi, 1980,

6. Macovei E. — Ax-structures différentiables sty wne variéte. (to appear i An. st. Univ,
lasi, 1982, 1, 2).

. Miron, R — Despre geometria tntrinsecd a vavictdfiloy necloneme. An. st Univ. Tasi, T, 2,
1956, 85+~ 103.

8. Miron, R, — Problema peomtctvizdrii sistemelor mecanice neotenome. Studii siocereets st

Lasi, VII (1), 1956, 15—49.

Neagu, Al — Sur les dérivées dhune distribution. Proc. of the Iostitute of Math.. lagi,
1978.

0. Vranceanu, Gh, — Adsupra tnvaviantilor tntvinscci wr spafeilor neolopome. An. Univ.

Bacuresti, T. 11 1936, 9 —23.

~d

(=3

Faculty of Mathematics
Untversity of Lasi, 6600 Tusi, R.5. Romania



