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ot P4 est le champ de tensenrs donné par (2.5).
Théoréme 9. Toutes les connexions lindatres compatibles a la strue-
ture Riemann généralisée du type presque 1-horsympllectique métrique hy-
«

operbolique ¢ sont données par la formule (4.1} 01t 1" estla connexion canonique
de la proposition 2, et Y est un champ de lensenrs du type (1.2) arbitraire.
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A CHARACTERIZATION OF TRANSVERSALITY TO DISTRIBUTIONS
BY
DUMITRU MOTREANU

Ta the wicmory of Prafessor Mendel Haiviovici

In this paper we introduce the notion of transversal mapping to a
regular distribution (subbundle of the tangent bundle) and we give a charac-
terization of this transversality in terms of the preimage of the distribution
by the tangent map.

All manifolds considered are [inite dimensional paracompact and
stmooth, The distributions are always smooth and regular {(subbundles of
the tangent bundle). As usual, we shall denote by T,X the tangent space
of the smooth manifeld X at the point xeX and by df, : T,.X - T,5Y the
differential of the smooth mapping /: X =Y at x=X. Al.o if D is a distri-
bution on a manifold Y, then D, will denote the fiber of 13 over y €Y.

Definition 1. Let X, Y be smeoth manifolds and let 1 be a distribution
on Y. A smooth mapping f: X =Y is said to be transversal to D (and we denote
faDY if for each x =X we have

Y{T:X}+ Dy = Ty Y.

The concepts of transversality to a submanifold and to a foliation
are well known and are verv important for the differential topology (see for
example [2]). We think that the notion of transversality to an arbitrary
distribution (not necessarily integrable) we have just defined could be also
of interest in view of the importance of the distributions for the differential
geometry. Certainly, if the distribution is integrable, Definition ! reduces
to the transversality to the corresponding foliation.

Now we give some examples of transversal mappings to distributions.

Example 1. Let = E=X be a vector bundle and let s: X=F be a
smooth section of E. Then shI1°(E), where TF(E} is the vertical tangent
bundle (TF(E)=ker d=).

Example 2. Let G, H be Lie groups and let f: G —» H be a homomorphism
of Lic groups. Let K be a connected Lie subgroup of H and let D be the Lie
algebra of K. Then the following arc equivalent :

(i) fdD (here D is considered as a distribution on H) ;

(1) fB K ;

(iii) /2K at the unity of G.

Example 3. Let D be the distribution on R?* generated by the vector
fields dfdxt and (&/dx?) + (exp a9)(d/dx*) which is clearly not integrable
{sce [3], p. 195). The mapping f: R— R? defined by f{£) =(0, ¢, 0) is trans-
versal to D,
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In the following we shall point out some facts concerning the rela-
tionship between the concepts of transversality to a submanifold and to
a distribution.

Remark 1. 1f the mapping f: X -Y is transversal to the distribution
DonY, then fis transversal to any integral manifold of D. If D is integrable,
the converse is also true.

Remark 2. Example 2 illustrates a case when the transversality to
only one integral manifold implies the transversality to distribution. The
following result shows that always the transversality to an integrable dis-
tribution is implied locally by the transversality to onc integral manifold
for mappings defined on compact manifolds.

Proposition 1. Let X be a compact manifold (possibly with boundary)
Y a manifold without boundary, f: X ~Y a wmapping, D an integrable dis-
tribution on Y and W a (maximal) integral manifold of D. If fhWV and
(flg )W, then there cxists an open neighborhood U of W in Y such that

D) and (fla)0(Ply).

Proof. Let m=dimY, r=dimD and lct p: Rm=R"x k¥ o Rv-r
be the projection onto the sccond factor. For every xe W let (1, ) be a
chart of ¥ with x ¥ such that

We={yel; pop(y)=da}

is an integral manifold of D for cach ¢ & R*=" belonging to a neighborhood of
0=Rm 7 and N =WAV. To obtain U as union of suitable open sets cove-
ring W, it is sufficient to prove that there exists £>0 such that fA11® and
{(flg )b W e for each a= Rn 7 with |lal| <e. If there were no such ¢ = 0, then
onc would find scquences (@) C B» and (v)C X such that a,—0 and the
following properties hold

(1) if xc= Int X, then f is not transversal to V% at x;

(h) if xy= 90X, then fiz, is not transversal to W% at ay,

Since X is compact we can assume xy—x and thus we deduce f(x) s, 1
z<Int X, then x(=Int X for ¢ sufficiently large and according to the hy-
pothesis f4W, we derive rank (pof)vi=m —r for ¢ large cnough. This
contradicts the choice of the points x« If x=dX, then by essentially the
same argument we contradict the conditions {z) and (17), This completes
the proof.

The following example (obtained with the help of Dr. Gheorghe
Aniculdeseci) shows that in the statement of the previous result we
cannot drop the hypothesis on M to be compact,

Example 4. Let D be the 0-dimensional distribution on R and let
S R=R, f(x)=(exp(—=x))sin x. Denoting W ={0}, it follows /AW, but for
each e£>0 there exists v &f(—¢, ¢} such that df,=0.

It is well known that if /: X - Y is transversal to a submanifold WC Y,
the pull-back f~W) is a submanifeld of X of thc same codimension as IV,
The conversc is obviously false. In the case of transversality with respect
to a distribution the property holds together with its converse. This is the
main result of the paper.
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Theorem 1. Lot /1 X =Y be a smooth mapping of a manifold (possiblv
with bounduryv) X to a manifold without bowndary Y and L8 D be a distri-
bution on Y. Then we have oD and (fig D if and only if D'= (df) (D)
is a distribution on X such that codim D'=codim ) and codim (D']5,) =
=codim D.

Proof. Assume foD) and (fgx}pD. 1f we take a Riemannian metric
on Y then there exists a subbundle 2 of 7(Y) such that D@L =T{Y} and
let p: T(Y)—FE denote the projection. By the transversality conditions,
it follows that podf and ped(f|5,) are of maximal rank. Then ker(podf) = I’
and ker{pod(f|5,)) are subbundles of T{X) and T(2X) respectively (see for
example [2]) and clearly arc satisfied the codimension propertics.

Conversely, assume D' =({df) D) is a distribution on X with the
properties from the statement. Then the lincar map f,.: 1,X/D; —
LynY[Dys induced by df. T, X =T, Y is an isomorphism of linear
spaces for all ¥ 2X and therefore the composition

vy U = .
X =Ty = T Y Dpn

is surjective. It follows f&/) and in the same way we deduce (flgy )6/
Corollary 1. Let f: XY be a smooth mapping and let D be a distri-
bution on Y. If W is an integral manifold of D, then f~1(I11) dis an dntegral
manifold of (df)y (D). Thus if D is integrable, it follows that (df)"'(D) is also
infegrable.
Proof. Since fAD. it follows f&H. Therefore /~Y(I¥} is a submanifold
of X' of the same codimension as ). 1f v/ 1{(IF), by [2] we have

IT‘:.fml\ I;‘) = :Id_f_-l:l I(I)f(“ ”’.I

By Theorem I, {df) (1) is a distribution on X and conscquently f (1)
is an integral manifold of {df) (D).

From Theorem 1 and Corollary 1 we obdain, in particular, a result
describing a case when a morphism of manifolds endowed with foliations
induces a morphism of the corresponding foliations. We think that it is
uscful to give a result of this type also for foliations with singularities (in
the sense of [53]). Using the terminology from [3], Iet (1) be the foliation
with singularities on A defined by a family A4 of arrows. Recall that an
arrow a : K x X ->.Y is said to preserve the equivalence relation ¢ on N if
for every (¢, v} =dom a, we have xza(t, x).

Proposition 2. Let p and p' be equivalence rolations on the manifolds
X oand Y respectively. Assume [ X =Y is a smooth mapping which respects
the cquivalence velations o and o' (f.e. if xypx,, then flx,)g'f(xs)). Denote by A
and B the fawmilies of all arvows which preserve g and o' respectively. Then
Jis a smooth mapping between the foliations with singularities Iy and I'(B).

Proof. For a fixed x =X denote by L and L’ the accessible sets of A
and B containing ¥ and f(x}) respectively. By Theorem I from [5]. L and
L' are connected immersed submanifolds of X and Y respectively,
Let 2=dim L and fi=dim L' By [[5], Lemma 3.2] there cxist arrows
dy, ., ags: and by, .., b B such that {(dfdt) ait, ¥)]iohigign and
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Jae (x). Then g is a smooth mapping 77 =X, where V7 is a ncighborhood

of 0 in K¥*. Clearly we have g(V)CL and thercfore fog(V)C L' Morcover,
by the definition of the leaf, the mapping g: F—L and fog: VL' are
smooth. Since (rank g),=4k, we can assume, by contracting V if necessary,
that g is a diffeomnorphism of " onto an open subsct U of L containing x.
Thus f: U-L’ is a smooth mapping and so f: F(Ad)—F (B} is smooth,

Remark 4. Proposition 2 contains as corollary Theorem 2 from [5]
stated for diffcomorphisms of foliations with singularities. Other results
concerning transversality to foliations with singularities are proved in [4].

Finally, we remark that Theorem 1 gives a genceral method to obtain
new distributions and therefore different structures on manifolds. For exam-
ple, we shall apply Theorem 1 to obtain CA-structures (introduced by A.
Bejancuin [I]). Let X and ¥ be Kiihlerian manifolds with Kihlerian
structures (f, g} and (J', g} respectively. From [1] we recall that a submani-
fold N of Y is a C K-submanifold if there exist two complementary orthogona)
distributions D and Dlon N such that f'{1,)= D, and J(D})C(T,N)4,
for all ye N,

Proposition 3. Let [: X =Y be a smooth mapping of the Kihlerian ma-
wifolds X and Y such that ['odf=dfo] and let N be a CR-submanifold of
Y defined by the distributions L) and DL. Assume f is transversal to the
submanifold N and f|~x, is transversal to the distribution D on N. Lhen
SHN) 15 a CR-submanifold of X.

Proof. Theorem 1 implies that I =d(f|,)*(D) is a distribution on
the submanifold M =f~3(N). The transversality conditions imply that for
each x€ M, EL = df,"{(D} ) and (T:M)L =ti_f;‘(7')%:_}:\'}. Then it is strai-

ghtforward to verify J(F;)=F. and J{EL)C (T, M)L.

Acknowledgement. 1 thank Professor A. Bejancu for the useful
discussions and suggestions during the preparation of the paper.

{{d[de)by(t, f(x))|iohsygny are linearly independent. Let g(t, ... 4) =
a
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UNE CLASSE DE COMPLEXES DE CHAINES D’UNE VARIETE
FEUILLETEE

PAR

GHEORGHE PITIS
1DAdic & la mdémolre du Professeur Mendel Huimacics

1. Chaines feuilletées. Pour p>0 ct ¢=20 soit AP?7=AP x AYC R¥ x
x Roni= arevtiantt S on AP et A sont les simplexes standard de dimen-
sion p, resp. ¢

Soint }” une variété feuilletée d » +m dimensions et de codimension .

Définition 1.1. U'ne application feuillctée o A»4 o1 sappelle (P, q)-
simplexe feuillelé de 1.

Remarque 1.1. Dans la définition 1.1 o esl la restriction 4 A?? d’une
application feuilletée de U dans V, U étant un voisinage ouvert de AP¢
dans RP+0+@+tD - envisagé comme variété feuilletée de codimension p+1.

Définition 1.2. Si¢ G est un growpe abelicn, foutc combinaison lind-
atre finte dutvpe l =X b, o, ot g, €G ot les o sont des (p, g)-simplexes feuil-

letds, s'appelle (p, y)-chaine fewilletée de V', a cocfficienis dans .
L'cnsemble C,,o(V,G) des (p, g)-chaines feuiletées peut étre doté
d’unc structure naturclle de groupe abelien. Si f: VW est une applica-
tion feuilletée et si o est un {p, g)-simplexe feuilleté de V, alors fo est un
{#, g)-simplexe {fcuilleté de V. Nous obtenons donc, d'une maniére évidente,
les homomorphismes
Jama 2 CooV, G) 2o oIV, G).

Soit U=U,xU,c K™% oi U,c kK™, U,z R" sont des cnsembles
ouverts convexes, et consid'rons les points A« U,, B;el’,, 0<igp,
Ogji=g. Si (&), (') sont les coordonnées barvcentriques des simplexes
standard A% et A4, lapplication S, ,=(d,,..., 4,, Ba,..., B;} définic par

(1) Sn.ol(€), ('fﬁ))=(§.- g Ay, ?: ' By)

est un (p, q)-simplexc feuilleté de la variété feuilletée R™+™ (de codimen-
sion u,), appelé (p, ¢)-simplexe feuilleté spécial.
Remargue 1.2. 1) L’identité de AP est un (p, g)-simplexe feuilleté
spécial, noté toujours A?¢. En effet il suffit de poser X«(37) =A% et Y,(3]) = Av.
) Si /=% g¢A* est une (s,{)-chaine feuilletée spéciale sur un voi-

+
sinage ouvert de A??, sur lequel le (p, g)-simplexe feuilleté o de V soit défini,
alors al=ZXgisi' est unc (s, f)-chaine feuilletée de V.



