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axi=22h
x
- X'-; byt
(4.4) AI‘}LJ} o '(‘7‘;%+LJ:IA ’
. 5 ’j,' .
A X, _.%‘ L.

La connexion linéaire L{L}) est compatible avec une A*structure sur M
si ¢t sculement si nous avons:

Lii(w)=Lib{(x) = Lia(x) = Lyi(%) =Ly (x) = Lin(x) = L&y (%) =0,
1

(4.3) VeedM{i<is<n; Isu<n; v+ 1<l ; JaKily, ®=1,2

Aty — v 1= ug )

En utilisant la définition 4.3 ¢t les relations {44) ¢t (4.5) on pcut dé-
montrer sous difficultés :

Théorime 4.1, Une connevion lindaire L sur unc varieté M munic d'une
Nr-struciure s identific d uie A%-connexion, si el sculement si, clle est com patible
a la Av-structurve donnée.

Théoréme 4.2. La connevion symmidtriguc, associéc & une connexion
ltndaive L compalible @ wie N-stvuchire swy A est conr patible a ceite structure
st ¢t seulement si les distributions K, A*(2=1,2) sont involulives.

Théoréme 4.3. Unc A*-structure réclle sur M cst intégrabic si cisculement
st il ¥ a wie conexion linéaire of symmelriguc compalible o celte structure.
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ON THE FIRST STRAIN-GRADIENT THEORY OF ELASTODYNAMICS

BY
D. IESAN

To Professor Adolf [Haimovici on the occasion of his 70-th birthday

1. Infroduction. The elastic energy density of non-simple bodies
depends on the derivatives of the displacementi vector up to the sn-th order,
n>1 (see e.g. [1]). In the case that #=2, we speak of the first strain-gra-
dient theory. For detailed analysis of this case sec [2,3].

Ihis paper is concerncd with the boundary-initial-value problem in
the first strain-gradient theory. Using 1the method cstablished in (4, 5].
in the first part of the paper we derive the reciprocal theorem and a varia-
tonal theorem of Gurtin type. Variational thcorems in the static case
were established in [3]. In the second part of the paper we establish {wo
complete solutions of the field equations for isotropic solids and derive
the fundamental solution in the case of steady vibrations.

2. Preliminaries. We refer the motion of the continuum to a fixed
system of reetangular Cartesian axes Ox{i=1, 2, 3). We shall employ the
usual summation and differentiaifon conventions: Latin subscripts are
understood to range over the integers (I. 2, 3), summation over repeated
subscripts is implied and subscripts preceded by a comma denote partial
differentiation with respect to the corresponding Cartesian coordinate. A
superposed dot denotes partial derivation with respect to time 7, We assume
that the body occupies a bounded region B with Lipschitz boundarv 2B
which consists of a finitc number of smooth surlaces. et v Do intersections
of two adjointed smooth surfaces and I'- Vg

Let T=[0,14,) or [0, ), and let % and v be scalar fields on B x T that
are continuous in time. We denote by w-tv the convolution of # and v

f
[ta)(x, ) = S w(x, f—t)v(x, <)d=.
0
The basic cquations in the linear theory of anisofropic clastic solids
arc [2]:
— the equations of motion
(2.1) T MepatEe=gily,
the constituiive cquations
(2 2) Ty "—'-A'l'_hrs‘er.s“]L Biqur"{]qr *
(.Lm-=Bnukfn‘l‘ciuwzpw ,
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— the strain-displacement relations
1
2.3 oy = > (0, t0y4), wge=11p g4

In these equations we have used the following notations :

1, — the components of the displacement vector, =, — the stress
tensor, g — the couple-stress tensor, FF, — the body force per unit vo-
lume, p — the density in the reference configuration, ¢, »;; — the strain
tensors, Ay, Bijpers Cisiper — the elastic coefficients. The eolastic coeffi-
cients satisfy the symmetry conditions.

(2‘4) Aur.r=ArsU=fle‘r5a Bi}pqr=Biiﬂ'Ff=BJipqr ’
CU.I’pqr=Cpquk=Cjﬂ'par g

Let 9B="2,u 2Z,u 'y N be a disjoint decomposition of 8B, X, and I, being

either open in 9B or empty, T and N are sets of zcro surface measure .

Suppose that I' has a finite one-dimensional measure. We consid er the

following boundary conditions [1]—[3]

Ue=U, , WS U, py=vy; on U, xT,
P‘E[Tﬂ_l*"aﬂ,s"}'(upji”’pnr—E-’-pri”pn:’):r]”j=Pi

2.5
@.3) on Z,xT,

Ri= pten, =R,
Q= <ppmy>=0; on Tx T,

where n;=¢, 5%, and we have used the notations: s, — the COMPO-
nents of the outward unit normal to aB, <> denotes the difference of
limits from both sides of vy,, s, — the components of the unit tangent
vector to y,, e, — the alternating symbol, #,, v,, P, R, Q-i — prescribed
functions.

The initial conditions are
(2.6) nx, 0)=afx), (%, 0)=b(x), x<=B,

where a,, &; are prescribed functions.

We assume that: i) Ay, Biggrs Copiperr p are smooth on B ; ii) F,
Is continuous on Bx T ; iii} a,, b, arc continuous on B ; iv) «; is continuous
on Z,% T ; v) v, Is continttous in time and piccewise regular on ¥, x e
vi) Py, By are continuous in time and piccewise regular on X, T ; vii) ¢
is continuous in time and piccewise regular on 'x 7.

Let us introduce the notations

) oty =t, fi=g*¥Fte(thitay).

Following (6] we have
Theorem 2.1. The functions u,, =, vy satisfy the equations (2.1) and
the initial conditions (2.6), if and only if

(2.8) g% (=10 tasras) Hfi=preq.

&

3 ON THE FIRST STRAIN-GRADIENT THEORY OF ELASTODYNAMICS 79

This theorem ecnables us to give an alternate formulation of the
boundary-initial-value problem in which the initial conditions are incor-
porated into the field equations. Thus, S=={u;, ¢;y, %y, 24y i} is a solu-
tion of the boundary-initial-value problem if and only if S satisfics the
cquations (2.2). (2.3), (2.8) and the boundary conditions (2.5).

3. Variational Theorems. In order to derive variational theorems,
we will establish a reciprocal theoremi by using the mcthod given in [5].

Let us consider the body subjected to two differcnt systems of loa-
dings L“’:{F,!“J,}'r}"',;;”,f’f-"’,1\’5”,(}‘?’,61‘?',1)}”}. (=1, 2) and the two
corresponding states C®={u™, &Y, «H, =7, v} We denote by fio, v,
P, R®, O the values of f,, v, P, R,, Q; corresponding to the states C,

Theorem 3.1. If an elastic solid is subjected to two systems of loadings
L®«=1, 2), then between the corresponding states C™ there is the Sollowing
relation

Sfél)_).’\.ﬂSZ) dIf_*_Sg_\%_ [P:”‘-)\'— ”F‘.) + R:l)_)_:__ v;:‘tl]d‘;l +Sg_’:_ 1(”-',{—"22’ ds=

3.0y " & :

= [ dV {36 [P0+ RO 1A+ ( g2 Qs v
B s r

Proof. On the basis of the relations (2.4), we conclude from the cons-
tifutive cquations that

(3.2) T e - wllit wiR =P el uiBas il
If we introduce the notations
(3.3) P -ng-vr (o e+ S xB)) AV,
o

then from (3.2), we have
(3.4) Ly=L,:.
Using the equations (2.3), {2.8) and the divergence theorem we
obtain
Las= | gt [P0 P4 RO uP] da + Jeseomeupras+
(3.5) o5 r
+ | P — PV
B

From (3.4) and (3.5) we obtain (3.1).

Let us consider now the equations (2.8). By using (2.2) and (2.3},
the cquations (2.8} can be expressed in terms of components of displace-
ment vector. If we introduce the notation

Ap=—gx[(4 wrsttr, s Bispartic ped s — (Brgssitty o+ Cssipartir,pg)sssl +pts.



then the equations (2.8) become

A=/
We write these cquations in the form of one vector equation
Au=f.

Let us consider the case of homogencous boundary conditions. In
this case, the relation (3.1) reduces to

{(3.0.) Sf}”—j;—zr?’a‘l" Sff'—"-'-_- wlVdV,
I B

Let uw and v be the vectors with components #4" and «!*, respectively.
If we denote by ' the vectors with the components £, then Au =,

Av =" and the relation (3.6) can be writter in the form

g v AudV = S uxAvdV.
-13 I
This relation shows that for homogencous boundary condition the operator
A is symmetric in convolution. Let us denote by D, the domain of the
definition of the operator A.
Following {51, [8] we have
Theorem 3.2. Let M < D be the sct of all displacement fields which sa-
tisfv the homogeneous boundary conditions, and for cach ¢ =T define the func-
tional A} on M by

Afu}= S [uyAu—2uf1(x, )dV,,
B
Jor every nwe . Then
3A{u} -0, LT,

at welM if and only if u is a solution of the boundary-initial-value problem
with homogencous boundary condition.

With the help of (2.2)—(2.4), (3.3) and {3.5) we can express the
functional A,{} in the form

Adui= S [ (A gp sty 50 4 5o 2Bypartts 55 e pot

B
F Cigiportte, iy 1y pg) X, L}V o 4 S [prtiew)(x, )dV ,—
B
= 2{ e (.07 .

F:)
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As in [5] we can prove

Theorem 3.3. Lot K< D, be the set of all displaccment ficlds which satisfy
the dis placement bowndary conditions (2.5),, wid Jor cach (=T define ihe
Sunctional ©,{} on K by

7 8 T B N
Defut = S Lg% (gt 3 UraH 28, 0ty )%ty -
L

F Cprpartn, o0 e pg) (1, ﬁ)‘“’-z‘i"s lewidtu(x, 0)dV,

4

— ZS Tf,».tr-u.-:(x-i)r”l—lg (8 (P ¥ - Rosev ) (2, £)d A, —

It b

25 g_'.:.@‘._/';z“](,i',t){!rb_,.
iy
Then
3@ ul=0, teT,

@t u =K if and only if u is a solution of the boundary-initial-valye problem .
The method can be used to derive other variational theorems, similar
to those established in [51, [7).
4. Complete Solutions of the Field Equations. Fundamental Solution
for Steady Vibrations. Throughout this scction, B is homogeneous and
isotropic su that the constitutive equations are

== )\Crrsij—{_z,u-ctj;
1 N
{4.1) e = 3 Ty (i B 234y 8y - ZersBux) 2o (e 85 -

+ %jrr i) T 2%y By PR P (xpit+ “reg)s

where «, u, 2y, a,, ..., o, are the clastic cocfficients, and 8, is Kronecker’s
delta.
Let us introduce the notations

52
Na=c? 1/ p)a— =, 12,
o
A2, o
(42) a_ AT LE | c;:.‘f E
P P
28 2
/2 o, 2= (a,+2,),
3 }‘4'251-.21 d 3 P-( a T %)

where A is the Laplacian.
From (2.1}, (2.3) and (4.1) we obtain the displacement equation of
motion in the form
(4.3) [J ot + [ — c3— (¢33 — c3131A Tgrad divy = — LF.
P

6 ~ Matemiatici
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The equation (4.2) may be written in the alternative form

4.4 c}(1—/3A) grad div u —c3(1 —254) curl curl u —{i = — iF.
2 2
e

We assume that F/p admits the Helmholtz decomposition

lF=—gradQ—curlH, divH =0,
2

with Q and H of class C? on B.
A solution u of class €% on B X T will be referred to as an elastic mo -
tion corresponding to F.
1) Green-Lamé solution. Let
(4.3) u=grad g-+curl ",
where ¢ and W are class C* ficlds on B < T that satisfy

(4.6) M.,o=0., [.¥=H.

Then u is an elastic motion corresponding to F.
This result follows from (4.3), (4.6).
ii) Canchy-Kovalevski-Somigliana solution. Let

(4.7) u=0,G—[c}—c3--(c}i— A grad div G,
where G is a class C¢ vector ficld on B T that satisfics
1
(48) 12G= F
[

Then u is an clastic motion corresponding to F.

This result follows from (4.2) and (4.7).

1) Fundamental solution for steadv wvibrations. In what follows we
use the solution (4.7) in order o determine the fundamental solution of the
displacement equation of motion in the casc of steady vibrations. We assume
that

{(4.9) u=Re[u’{x)e ], F=Re [F'{x)e-t'], i=}—1.
If we introduce the notations

(4.10) G =Re[G*(x)e—'}, [Ma=c2(1-#A)A 462,

then from (4.7), (4.8) and (4.9) we obtain

(4.11) urem {16 — [} — 32— (¢} —cAPAT grad div G,

(4.12) NG = — éF

Let us investigate the effect of the body force acting in an infinite
body along the axis Ox,. In this case F]=f"8,, so that we can take G} =
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=G3=0. The function G} satisfies the equation

- - 1 »*
(4.13) MRy~ —-~f"
e
The cquation (4.13) can be written in the form
(4.14) DD Dy DX = —af",
where

Di=A+kE, @ 1=pciciE,

{4.15) k;-’,,=f—c‘;‘;t(c“}-{—-iczl"-)‘“]/Zr:zlﬂ
ko= —cht (eA+ ey} f2c22.
If the functions g, satisf}' the cquations
{4.16) Dig;=—af" (no sum; j=1,4),
then we have
(4.17) £ = i a,, .
where o
DR =K, = (- A (K 2)( — i),
a;‘ (k5 —AT){R2—REY (A5 R32). agl=(ki— kY (A3 — A7) (A3 —A3).
Let us note that we have
(4.18) Ri=x?,  »,>0; ki —g%, 0,0,
k=x%, u;>0; B=—c} a,>0.

If we assume that f*=3(v—2), where & is the D irac measure, we get

glw_—..._.[i glmr gzz -_‘1.. C—Uw gs__ i gﬂt:!’ ga= i...g"“l’
4y 4zr iry = 457
ri=(x—y ) (%~ 33},
and ! 4.17) leads to
(-1_19) )'.(x'}' : m)g}f—_— ..a_ (a,c"‘l'—i—agc“’“”—!—flsc"""—!—a‘c“”")-

4nr

If we take G~ E3,; in (4.11), we obtain the corresponding displacement
vector, denoted Ly u. In general, if the foree has the form Fj=38,38(x— y)
then G} =8, and the corresponding displacement vector is denoted by
. From (4.11) we obtain

(4.20) 4N =8yRE ~ [cf—c3— (Y] —cil})A)E .
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The components of the vector u®' are 1 =Re[uyPe '] The solution {(4.20)
can be used in order to obtain the representation of Somigliana type.
In the case of elastostatics the fundamental solution was established

in [9].
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ON CERTAIN ASPECTS FOR A SIMPLE RANDOM WALK WITH A
REFLECTING AND A RANDOM ABSORBING
BARRIER

BY
P.-C. G. VASSILIOU

In the present we study the probability distribution of the maximum
distance upwards run by the barrier in a simple random walk with a reflec t-
ing and a random absorbing barrier. A theorem is provided where the above-
probability distribution is expressed intermsof the probabilitics of absorpt-
ion and non-absorption of two other interesting random walk processes.
The first one is the probability of the process being in a non-absorbing
state at time # in a simple random walk between an absorbing and a re-
flecting barrier. The second is the probability of absorption at time » in a
simple random walk process in the presence of a reflecting, a random ab-
sorbing and a non-random absorbing barrier.

1. Intreduction. Certain aspeets of a simple random walk with a
reflecting and a random absorbing barrier arc presented in the present
paper. A stochastic process {4}, #2 0 is a simple random walk if 1he siate
space of the process 1s the integers and the process exccutes independent
steps + 1,0, —1 with stationary {consiant) probabilities. The randonm: ab-
sorbing barrier ts assumed to undergo a simple random walk {Y,}, n20
which is independent of (X} In Vassiliou and Karakostas
(1978) for the first iime the idea of the random absorbing barrier was intro-
duced. This gencralization introduces a certain elemeni of realism into
the random walk process. A simple application of the idea of the random
absorbing barrier to an insurance problem could be found in Vassiliou
(1980a). The absorption probabilitics of the simple random walk process
between an absorbing (non-random) and a reflecting barrier were given
in a correct form by Blassi (1976). This was done for the special case
when the steps of the process are (—1,1). Vassiliou (1980b) studied

‘the probability distribution of the absorption probabilitics in a simple

random walk between a random absorbing barrier and a reflecting barrier.
This was done in two wavs: (i) difference equations were derived and an
algorithm for their numerical solution was given and (it} these absorption
probabilities were expressed in terms of other known probabilitics.

In the present, in scction 2. we study the probability distribution of
the maximum distance upwards run by the barrier at time #. The proba-
bility distributions of the maximums are interesting aspects of any sto-
chastic process in probability theory (sce Cox and Miller 1972, p. 39).
A theorem is provided where the wanted probability disiribution is ex-
pressed in terms of the probabilities of absorption and non-absorption of
two other interesting random walk processes. Such relations have found
a wide range of applications in probability thcory. Herc among other
applications they could lead to analytic expressions for the required pro-



