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The components of the vector u® are u =Re[uPc']. The solution (4.20)
can be used in order to obtain the representation of Somigliana type.
In the case of elastostatics the fundamental solution was established

in [9].
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ON CERTAIN ASPECTS FOR A SIMPLE RANDOM WALK WITH A
REFLECTING AND A RANDOM ABSORBING
BARRIER

BY
P.-C. G. VASSILIOU

In the present we study the probability distribution of the maximum
distance upwards run by the barrier in a simple random walk with a reflec t-
ing and a random absorbing barrier. A theorem is provided where the above-
probability distribution is expressed in termsof the probabilitics of absorpt-
ion and non-absorption of two other interesting random walk processes.
The first one is the probability of the process being in a non-absorbing
statc at time # in a stmple random walk between an absorbing and a re-
flecting barricr. The second is the probability of absorption at {ime » in a
simple random walk process in the presence of a reflecting, a random ab-
sorbing and a non-random absorbing barrier.

1. Introduction. Certain aspects of a simple random walk with a
reflecting and @ random absorbing barricr are presented in the present
paper. A stochastic process {X 4, #2 0 i a simple random walk if the siate
space of the process is the Integers and the process executes independent
steps -+ 1,0, —1 with stationary {constant) probabilities. The random ab-
sorbing barrier is assumed to undergo a simple random walk {V,}, #20
which is independent of {X,}. In Vassiliou and Karakostas
(1978) for the first time the idea of the random absorbing barrier was intro-
duced.  This gencralization introduces a certain element of realism into
the random walk process. A simple application of the idea of the random
absorbing barrier to an insurance problem could be found in Vassiliou
(1980a). The absorption probabilitics of the simple random walk process
between an absorbing (non-random) and a reflecting barrier were given
in a correct form by Blassi (1976). This was done for the special case
when the steps of the process are (—1,1). Vassiliou (1980b) studied

‘the probability distribution of the absorption probabilitics in a simple

random walk between a random absorbing barrier and a reflecting barrier.,
This was done in two wavs: (i) difference equations were derived and an
algorithm for their numerical solution was given and {ii) these absorption
probabilities were expressed in terms of other known probabilitics.

In the present, in scction 2. we study the probability distribution of
the maximum distance upwards run by the barrier at time #. The proba-
bility distributions of the maximums arc interesting aspects of any sto-
chastic process in probability theory {sce Cox and Miller 1972, p. 39).
A theorem is provided where the wanted probability distribution is ex-
pressed in terms of the probabilities of abserption and non-absorption of
two other interesting random walk processes. Such relations have found
a wide range of applications in probability theory. Here among other
applications they could lead to analytic expressions for the required pro-
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bability distribution. This is so because the other two probability distri-
butions arc given in the present in closed analytic form.

The first probability distribution is the probability of the process
being in a non-absorbing state at time » in a simple random walk between
an absorbing (non-random) and a reflecting barrier. This is studied in sect-
ion 3, where an appropriate system of difference euations is established.
With tne use of prebability generating functions and propertics of matri-
ces and determinants, we develop an interesting methodology for selving
such systems of difference ejuations. The probability distribution studied
in this section apart from the close connection with section 2 has an inte-
rest of its own a portion of which lics in the area of actuarial studies (sce
for example Furst (1937)).

The second probability distribution is the probability of absorption
at time # in a simple random walk process in the presence of a reflecting
barrier a random absorbing barrice and a non-random absorbing barrier.
The random absorbing barrier performs a simple random walk {Y,}, 20
independent of {X,}. Note that the non-random barrier works as an absor-
bing one for both the random barrier and the process. When any kind of
absorption occurs then the process stops. In section 4 we study the proba-
bility of absorption of the random barrier by the non-random barrier at
time . This is done by prooving a theorem where the required probability
distribution is expressed in terms of known probabilities of other random
walk processes. The problem studied in section 4 has certainly an interest
of its own, apart from the close connection with the problem studied in
section 2. Morcover it is hoped that the results of the present paper, a part
from scrving the present purpose, arc of general interest in the present
kind of problems and in the methodology of random walk process.

2. Setting definitions and results. Supposc that {X,}, #20, is a
random walk on the integers, with independent steps each of magnitude

L1 with probability $,., or 0 with probability p,, or —1 with probability
pye and let Xo=j and pi.+po.+p_1.=1. Suppose also that a random ab-
sorbing barrier A is initially at ¢ >7 and that it undergocs a random walk
{Y,}, n2 0 with steps 1 with probability fa, or 0 with probability pe or
—1 with probability p_,, and let PabPoa-tP.1a=1. We assume that the
two simple random walks are indcpendent and we define by D,=Y,—X,,
=1, 2,... Suprose also that at state 0 there is a reflecting barrier and that
when X,=0 then P{X,,=0)=p, and P(X,p=1)=1—p,, #n=12,..

We define by U2— maxY,. One of the problems interesting us in
=r=n

the present is the evaluation of the probability distribution P{Ug<m).
Let us define
gy, e, §om) =P{D, >0, D:0,..,D,=r,>0,Y, <m, Yy <m,...Yy=
=m | Dy=r, Xo=7},
where n, 7,7, =1, 2,...
Since the required probability distribution is the probability for the barrier
not reaching state » before 2 we have that

P{U<m} = Yo g (r.r,. 7. m).
fontl r,=1

4
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Consider the following probabilities

(1) SPa, m)=P{0<¥Y,<m, 0<Y,<m,.,0<Y,=m| Y,=a}
@ P E=PO0SX <m—1, 02X, <m—1,. 05X, =

Ram—1|X,=75}
Pro_ba.bility (1) could be considered as the probability of absorption at m
at time » 1n a simple r:_mdom walk process {X,} in the presence of two non-
r:g.r}dom absorbing barricrs at states 0 and m. This is a2 well known proba-
bility and could be found in closed analytic form in Coxand Miller
(1972). Probability (2) could be considered as the probability of being in
an intermediate state {’c in a simple random walk process between a non-
random absorbing barricr at state m—1 and a reflecting barrier at state 0.
[his probability s unknown and we will provide a method of evaluating
it in closed analytic form in the next section. Define the following quan-
tity which as we shall sce later is a probability

Uls, 1) =¢®Hr, 0, 7, §)pr=i, m —7,) [ (1, m)+
A-g® Ny, — 1 g, )P, m—r ) f (i — 1, m)

and also let
1y=[1/2(a-n—m)] where by [a] we mean the integer part of a;
Hy=[1f2(n-tm—r,—7} ; ny=[n—72]; r,=max (0, a—s);
re=min{m—1, s+j}; ry=max{0, m+s—n}; re=min{m—1, n+4m—s—r,}.
Then the following {hcorem is true
Theorem 1. Lot n"=r(2 if v cocn and n" =(r4-1}f2 if » 0dd then

GO0 1) PO — 1) [ )= 3 3 Tis.i)

1mH? =y

s=§1 2_,“ U(s,i)—s;H @ Uls, 1).

Proof. Consider the probability

(3)

gy, 7., 7. m)=P{0<Y,<m, 0<Y, <m,...0<Y,=m, 0=X,<m,
0sX,<m,. 0<X,=m—r, | Xo=74, Yo=a}.

(1)

" Then, since the two random walks {Y.}. {X.} arc independent from (1),

{2) and (4} we get that
g0, 7, . ) =G, m— 1) [N, ).
Define the event
E(s,2)=P{D,>0,D,>0,....,D,=0 or —1, Y, <m,....Y, <m,
X200, X,20,..,X,=1, 0<Y, . <m, 0<Y o <int,..., 0<Y,=m,
0= X,<m, 02X p<im,.n, 02 Xo=m—r,}.
Then we could proove that

P{E(s, 1) | Xo=], Yo=a} =g r, 0,7, 6)p"=Hi, m—r) f0=(3, m)+
+g"(r, —1, 1, )P0 (1 m—r) (i1, m) = Uls, 7).
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Comparing the probabilitics ¢™(r, 7., 7, 1) and ¢, 5., 7, 5#) we get that
(5) 9Vr . Jo ) =g ras jo) = P{UE(s. D
504

where with the symbol [ we mean the union of all the cvents E(s, ¢) for

L]

all the possible values of the paramcters s, 7. Now consider the space § as
the interscetion of the parallelogram with wvertices (#”, n7-r ), (g, a—u,),
(o, 2yb7), (g, i —ny—r,) and the space So={(x, v): 20, y-2m}. and
the mesh of unit size on S (see figure 1); then the coordinates (v, y)
of the poinis of the mesh determine all the possible valuces ofj (he paranie-
ters (s,¢) in e uation (3). Since all the events (s, ) for the various values
of (s, 1) arc mutually exclusive events, we get (3).

m .
(nz.r nz"',l } A
(na.n»rn-nB— )
m-h, 4
3
- . reflecting barrier
O —

Trom theorem 1 now it is obvious that in order to evaluate the pro-
bability ¢™(r, r,.7, m) we should evaluate the probabilities pi*(7, £} and
g™{r, 0,7, 1).

3. Evaluation of the probability distribution 0™ {7, £). In this scct-
ion certain important aspects of the simple random walk between a reflect-
ing barrier at point 0 and an absorbing barrier at point & are studicd.
Then if k<b the probability p*'(7, 2} as defined in section 3 satisties the
following system of difference cquations

B0, 1) =PI, ke DTG, R g0, B 1),

for n=1,2,..., j=0, 1,2,...,6—1 and £A=1,2,...,0-2.
Also we have that

£, 0) =g #0201 = ) 0= 0),
B 5.6 = 1) =ppo 7. b= 2)Hrpt=H(j.51),
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for_ n=1,2,..,7=0,1,2,..,b—1 with 1mitial and boundary  conditions
PODBY=1, p(0, k)=0 for n=1,2,... and k=0,1,.., b—1:

#™(F, k) =0 for n-<|j—k |

Let R(Z) Le the 1x& row vector [0,0,...,p,7,¢,0,...,0] where 7 is at the
k41 column, and let P{n—1) be the following column vector

Pn—1)={p070(7 0L pT70 (5, e 070(4, 0— 1)1

Then we have that (7, B =REP(n—-1).
Define the &6 muatrix

_1—qu

0

P or g 0
=1 0 p r g 0
g 0 P r

We get
B, Ky =RBOP (n—2) = R(HO"-Dp(1),
I we define by g{s, &) the generating function of the probabilities pm
(7. k), then we get that gfs, k) =s*R(&){I—sO)*P(1), where we  assime

that max {|sp . [sg |. |sr[}£1. Taking into account that P(1) = [0,
0....0,¢,7,$,0,..,0] where 7 is at the j4-1 column we get
sty

g5, B = e fg Dty Dy 9D Y

(s, k) ]I——SQIUJI Sy 2Ry
where Dy is the determinant obia'ned from the determinant P I—s0|
if we replace the j-th row by R(k). Consider the determinant B, of the
form similar to | I—sQ | except that the (I, 1) clement is 1—sr. Then for
this determinant the following recurrence relation holds

B,=(1—s7)DB,_,—s*pqB,_,
[B,, ]= 1 —s¥ —seng[B,,,_1 =S[B"" gna 3, ,
Bn_l 1 0 Bn-z Bn—2 BO
where By=1—sr and B,=1 for convenience.
The characteristic roots of the matrix S are found to be

M= 120 = s1)+ {{T—sr)2— A5 $g}V2], hg=1/2[(1 —s7) — {(1 —s7)2— 4s2pg}172]
and if we define by

C= [f.[ }~2J ﬂ.nd C_l=().l—?.-1) -1 t )~2
I 1 Ar

thus

we get
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[ B, ___C[)\q—l 0 ]C ' B,].
B._s 0 7\',‘*2 B,

and thus B,={(\]"'—32*)(A;—2)"*. Hence finally we get

| I —sQ |=By—spB,_;.
Now we have to evaluate the determinants I, Dy, and Dys,. In t}}-:‘. deter
minant D, we multiply the £+ 1 row by 067! and weadd it to the j-th row

reducing it te [0,0,...,067%,0,...,0] where 07t i3 at the k-t position. Then
we have

If k4157

Dy=s =1 (—spp*=771 {By1—5pBa} Bo-phry-
If h41<f

Dy—=s (= ¥ (—sp) " YBy 1 —~spBio} By_;.
If kt1=j

Dy=s(—1}¥{B,_,—spB; 2} By-ths 1>
Thus with no loss of generality we assume that 2-4+1>7+2 and we get
glo. =5
where
V(s) =By —spBy_1={(35+1—23*1) —sp(3] =29} (A —2s) "%, and
U(s) =sg(— DF(—sgft~i= 105 2207 %) (= 1) (P —234)
SO 247)(rp 1) +5°0 ) gt =) = glsp) 03 4.
Now let us define by
cos™la=(1—sk)"12s)/ pg
then ‘
Aa=(1—8k){2 cos a) led*® =(1—sk)IVy, s=(1—sk)(2 cos af pg) = (1—sk)Y.
Then we get for the probability gencratiny function
gls. k)= %—Eg -
where V(@) ={WeH—WoH_y=1p(iV% — W (We—W.} and
U (@) =(— (= )51 — k)Y 0BTV o — BBk p (52— IFE22)
LY (W V) (rp = p2)+ Y (W, — WL (g — %) —ap*Y (W37 - W)

If (p{g)"2 £ 14-1/b then the denominator has b1 distinct roots a, {v=1,2,...
...b+1). If (p[g)12>14-1/b therc arc only b distinct roots a, (v: -2,...,0+1)
that give distinct roots s, of V(s). The remaining root of V{s) is glvcr:”by
s;=k+2{pg)¥? cosh a, where a, is the unique root of the equation {plgyye=
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— = (sinh(b+ 1}afsinh ba). Thus the probability generating function is writ-
ten as

A
k)= =7
wherc

- Uls.)
[@V(s)[ds]s=s,

for which explicit expressions could be casily obtained. Then the requi-
[

Po=

Fe

red probabilities are given by p™(s, k)=

v=1 S:,}_l ’

4. Evaluation of the probability ¢ (7, 0,7, ). In this section we will
evaluate the probability distribution ¢ (r, 0, 7, £) defined previously to be
g {r, 0,7, 0)=P(D,>0,D,>0,...D,=0, Y, <m, Y,<m,.. Y,=t<m [ D, =
=7, Xo=j), n,r=1,2,...

Define the probability distribution
e : . -
PG R =PO<Y,<m, 0<Y,<m,. .. 0<Y,=k<m | Y,=a}

This is the probability of being at state & at time # is a simple random -
walk process {Y,} in the presence of two non-random absorbing barriers
at point 0 and %, which is known. Define also by :

P {r, 0,7, ) =P(0<=Y,<m, 0 <Y, <m,. 0<Y,=1<m,
Xi<m, Xo<m,..  Xo=1| X,=4, Yy=4),

then, since the two simple random walks {Y,} and {X,} are independent we

get
PUr. 0.5, ) =pM (7. 4) plN(a.9).
Define by
Vie,iy=P{D,=0,D,>0,..D;=0% —1, Y, <m, Y,<m,....Y, <m,
< X,20, X,z0...,
' Xe=¢, 0=Y y =m, .. 0<Y, <i<m, 08X 4, <m, 0 Xy <mit,...,
05 X,=1|X,=j,Y,=a}.
Then we could proove that
Ve, 1) =q"(r. 0.7, e}p*="(c. 1) +p0 (e, ) +¢9r. — 1. . ¢)
Po~e. ple—1.1).
Comparing the probabilitics ¢ (r,0,7,1) and p™(r, 0,7, ¢) we get that
g™ (7, 0,7, 1) =p™(r,0,§,1)— 2 Vic,1),
e w here all the values {c, ) in the summation are found in an analogous way

as that in theorem 1. Thus if we define by
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ny=[1f2{a+n—1)], ny=[1/2{(n+i—j)], c;=max {a—s, 0},
¢;=min {s+j,m—1} c;=max {0,i+s—n}, c,=min {m—1, n-4+1i—s}.

We have that
Theorem 2. Lef #”=r#[2, if ¥ cocn and #°={r+2)[2 if » odd, then

a} If 2i>a+j

gz, 0§, ) =p™ (G, )pa. i) — 2 2L Vis.o)— 25 2, Vis.e)—
Ermn® guyy s=n, +1 c=yqy

-5 S

samy-L]l omiy

b) If 2i<atj

§907,0. 7, 1) =47, AP ) — 25 Vs, )= T 3 (s, 0)—

w® ey peandl o—oy

= ”E cEV(s,c).

s=agtle=n

Letting successively n=n", #*-+1,... we get from theorem 2 the pro-
Dabilitics g™(r, 0,7, 7). Note that a similar rclation could be obtained for
the probability ¢*/(r, —1,7,4) and thus all the necessary probabilitics

have been cvaluated.
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THE (m, p}-BARGAINING SET FOR THE THREE PERSON GAMES

BY
MARINELA TIBA

This paper is concerned with a new ili
_ LA a new concept of stability” of the coali-
f‘{?ir;:tli;hg‘:\ctl;c of a thrmr-pc(gson game. Starting from the igcas of a papelr
vy Aumann and Maschler [1] and considering a
r o= o1 i . b
g f' Cf(n, v}, we 1n§10du(:f: the parameters m and ppi=1, 2, 3, il% order n:(():
1e)‘ln({_an #t-objection of the player 7 against the player jand a p-counter-
(0) jection of the player j against the playver ¢ (sec Definitions 1.1 and 1.3)
.hu1 }I)Eiralmcters corrcspond'to the discrete case, because a plaver ¢ coulci
\L\vi?lné;ctt 1'(_: partners (especially j) provided that in the new coalition he
o iqggati\g;ith])”“ ;}lorchthan in the old coalition (such that his request
¢ I8 ed), while er 7 ‘¢ oa jecti in:
the hayer ile the payer 7 could have a p-counter objection against
Using the notions of m-objecti jecti
' ) i-objections and p-counter-objections, we de-
iltr:l%lthe notion of (m, p)-stability (see Definition 1.6). The ]sct of all (m, p}-
e gi\?t:lt;c?l?:eesé (i:?“(?d ;t;]ct(m,p)-llmrgaining sct, 1s defined in Section 2
g riteria that a coalitionally rational payoff configurati '
l_Je (m, p)-stable in a threc-person gamc.} e entignian
We do not consider here the case
) ‘ e of a #-person game, but the extensi
for this case is clear, although difficuit in \Iffriting.g e
- 1. ';l'he {(m, ;,b);stabi]ity. Let G={N,#) be a cooperative n-person
game, where V={1,2,., n} is the set of players and v: P(N)\{Q}- R
Is the characteristic function of the game. J
First we recall some definitions from [1].
We denote the sel of all permissi tio
B ¢ se ible coalitions B of the game by B. A
czfi;t;gn Structure is a partition of N. A coalitionally rational pavoff confi-
g_(r ;: (c.r.jf.c.) is a pair (x;C), where C is a coalition structure and ¥ =
=(%y, %2 ,..., 8,), called payoff vector, is assumed to satisfy :

(1.1) 220, for all i, 1N,
(1.2) S xi=v(S), SeC.
i€S

In the following we consider a three-person game, given by :



