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ny=[1{2{a+n—1)], n,=[1/2(n+4i—5)], ¢c,=max {a—s, 0},
c;=min {s4+7,m—1} cy=max {0,i4+s—n}, c,=min {m—1, n+i—s}.

We have that
Theorem 2. Let #' =#[2, if 7 cven and n"=(r+2)[2 if » odd, then

a} If 2i>a+j

0, 0,7, ) =pP(, @ )~ Do Do V(s o) = 2o 2 Vis.e) =
Smn® c=dy s=m,1] e=0y

- ¥ S

s=nytloma

b} If 2i<<a-t+j

20,0, 7, 1) =BG, P — 33 SoV(s. )= 35 35 Vis,0)—

Fmy® g FERTRE S B

— i 2' Vs, ¢)-

s=rgtl o=y

Letling successively n=n", n*+41,... we get from theorem 2 the pro-
babilities ¢(r, 0,7,7). Note that a similar relation could be obtained for
the probability ¢(r, —1,7,4) and thus all the necessary probabilities

have been evaluated.
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THE (m, p)-BARGAINING SET FOR THE THREE PERSON GAMES

BY
MARINELA TIBA

This paper is concerned with a new il
| pap g v concept of ,stability” of the coali-
le-c-}‘rftll structure of a three-person  game. Starting from the ig{{-as of a papelr
C”— E:;n by Aumann and Maschler [1] and considering a game
d!f_ ‘(n, v}, we introduce the parameters m and pri=1, 2, 3, in ordt:lr to
E_ID(E_ILI] #n-objection of the player 7 against the playver 7 and 2 p-counter-
8 jection of the player j against the plaver ¢ (sec Definitions 1.1 and 1.3)
.hm Ir)aramcters corrc:ﬂpond.to the discrete case, because a plaver ¢ coulc{
L‘i?ln%e thc_:rparincrs (especially j) provided that in the new coalition he
:}\L iqé’sczfti‘;‘l'th])m! ;:}lorcththan in the old coalition (such that his request
¢ 1 ted), while the paver 4 ave a p- jecti in:
the shaver & payer 7 could have a p-counter objection against
Using the notions of m-ohjecti jectl
' ) 1-objections and p-counter-objections, we de-
i;r:l%lthe notion of (m, p)-stability (see Definition 1.6). The Jsct of all (m, p)-
e (: ?utcomes, called the (m, p)-bargaining sct, is defined in Scction 2.
N gitve some criterta that a coalitionally rational payoff configuration
¢ (m, p)-stable in a threc-person gamec. -
We do not consider here the case i
) ; e of a n-person game, but the ext
for this case is clear, although difficult in \E)friting.g s
o I _;l'he {m, j));stabi]ity. Let G={N,#} be a cooperative n-person
game, where N={1,2,. ., n} is the set of players and v: P(N)N\{G}- R
is the characteristic function of the game. J
First we recall some definitions from [1].
We denote the sel of all permissibl tio
» ' se i1 ¢ coalitions B of the game by B. 4
Cifi:tt?;n Structure is a parlition of N. A coalitionall v rational pavoff confi-
g_ rz n (c.r.j!?.c.) is a pair (x; C), where C is a coalition structure and x =
= (%0 %o oo, %a), called payoff vector, is assumed to satisfy :

(1.1) >0, for all i, i=N,
(1.2) Y ai=0(S), SeC.
1€S

In the following we consider a three-person game, given by :
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(1.3) {v({i})=0,i=1,2,3,

v(12) =a, v(23)=b, v(13)=¢, v(123)=d,

where a, b, ¢, d are four non-negative parameters.

Now, we define the notion of m-objection and p-counter objection. Let
m and p be two paramcters, m, p<RY.

Definition 1.1. Let (x; C) be a cr.pc. in a game G. Let ¢ and § be
two distinct players belonging lo the same coalition Co, in C. A m-objection
of ¢ against j in (x; C) is a cr.p.c. (v D) for which there exists D,el} such
that 1 € D,, j& D, and the following inequalities hold :

a} yi>xi+my, b) yi= xp +mg, for all k€D

The c.r.p.c. (y; D) is also called m-objection in (x; C}), with respeet
to D,. Verbally, in his m-objection, the player 7 claims that, without the
aid of a player 7, he can get with s morc in another c.r.p.c. (condition a}),
and the new situation is rcasonable, because his new partners get with
m, more than they have got in the previous payolf configuration {condition b).

Remark 7.2. Using Definitidn 1.1 and relation Y, yj=v(D,), onc

PED,
can sce that:

(1.4) y mi<u(Ds),

ieh
therefore a necessary condition for the cxistence of a m-objection is:
{1.5) o(D,} >0.

Definition 1.3, Let (x;C) be a c.r.p.c. in a game G and let © and j be
two distinct players belonging to the same coalition Cy in C. Let (y Dy be a
m-objection of © against j in (x; C) with respect lo Do, D,eD. A p-counter
objection of j against i is a cr.p.s. (x; E) for which there exists E,eE such
that j<E,, i4€E, and the following conditions are satisfied :

a’) 252 X+ by,
b’) %3 ¥ +pr, for all kEEND N {7},
c’) n2x), for all 1€E> D,.

Verbally, in his p-counter objection, the player j claims that he can
get with minimum p, more than what he has got in the previcus configu-
ration (condition a‘}). his partners, who are not partners of j in the m-objec-
tion, will get not less than what they have got in the previous configuration
(condition ¢')) and those partners of ¢ who become partners of j will get
with minimum $; more than what they have got from the player ¢ (condi-
tion b")).

Remark 1.4, One can casily obtain from Definition 1.3 that:

(1.6) Y, pe<o(ENDy).

kEENDy
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Remark 1.5 ’l‘:}king in Definition 1.1 and Definition 1.3 m:=0 and
#+=0, for all 7. 2=N. we obtain the deflinitions of objections and counter
objections in [1] (Definitions 2.1 and 2.2). In other words, a 0-olyjection
15 an objection and a o-counter objection 1s a counter objection,

Now, by using the notions of sm-objection and p-c ject

, b ) 4 -counter obje
we shall define the notion of (m. p)-stabilily, ? o omection,

Definition 1.6. 4 cr.pc. (x;C) 1s called (i, P) ;

Del erpe. (x; j . Py-stable if for ecach
m-objection of a plaver i against a player jin (x; C) there exists _c,;j{cozr;ztcr
Objjgfa_ovz o{(_/cfz;:}n]nsf z}jo(r any two distinet playersiand § belonging fo the same
coatition of C. Then Tthe (m, py-barsaining sct A of 4 game G is ?l ;

(m, p)-stable c.r.p.c.’s. ) G 's the sch of all

Lxample. Consider the three-person game (1.3), Let {x,, v, 0; 12, 3)
bea crp.c.and m €KL, e = (my, my, mg) and let i =1, 7=2, be two playérs

An m-objection of the player | against the plaver 2 is
7cc ¢ d} d e t a C.1.p.C, : L
13, 2) satisfying : ; o (D

(1‘7) iz x, My,

Jl:!) ?”’Ja
with the condition (resulting from Remark 1.2):
(1.8) My g e
A p-counter objection, peR | p=(, of the play cai
the player s a cr.p.c. (0, 2y, 23 1, 23()15;3{?;}'}?;11% : IR

(1.9)

2

22 1‘3+P:,
ZaZ Vi + P,

w: h the condition :

(1.10) Patpash.

Remark 1.7. Making the necessary ey . )
and (1.10), we obtain : 8 ry permutations in  relations (1.8)

(1.11) a>0, >0, ¢>0.

In the following, we shall use the noti jecti
1 . we se ons of m-objection, p-counter
objection and (m, p)-stability to obtain a charactcrizationjof the (fz £)-bar-
galning sct A in a three-person game. ,

2. The {m, p)-bargaining set for a three j
21 , I ) -person game. Under the
{1‘.3izﬁ?tilelsl{nsiqfhat @:'7)(81\'2)\51\'}, we can consider the coalition (1,2, 3)
) lque c.r.p.c. {0, 0, 0; 1, 2, 3), or the coaliti ’
(13, 2) with cr.p.c.’s of the form : ) e R

(.TI; xz,o: 12, 3) “,'ith J‘l+1‘2=ﬂ', 1’120, x2>0,
(0, s x5 1,23) with a, 41, =8, 1,20, 1,20,

(%, 0, x,; 13, 2) with i+ ay=¢, 4,20, 2,20
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Next, let us examine under what circumstances a cr.p.e. (xy, 4., 0
12, 3) may belong to the (i, p)-bargaining set . For the other two payolt
configurations, we can make the necessary permuiations in order to obtain
the desired resuli.

Lemma 2.1, Leof (v x,, 05 12, 3) be a cr.poc., t.c., we have ¥, +1v.=a,
020, 002 0. A neeessary and sufficicnt condition for the cxisience of the wm-ob-
gection of the player Vagainst the player 200 (v C), e S K2 (g, nry, my),
sy iy <<e, 18
(2.1) v<minfa, ¢ —n, — i,k

Proof. Iirst, we prove that a necessary and sufficient condiiion for
the existence of the m-objection (v, 0. v, [3. 2) of the player | against
the plaver 2, is that there exists e which satisfies :

(2.2) O<egc—ay ity —wiy.

Indecd, if there exists an m-objection, then, denoling e =y, — v, —m,
from the first relation (1.7), it results that = =0. From the second relation
(1.7), taking into account thal yg=c— v, we oblain e —y2m,; or c—e—
— X — Nz, therefore ege— xy—m,—ni,.

Conversely, since ¢ must satisfy incqualities (2.2), we denote yy=e+
4 xy+ay, and = vy From =0, we have that A =vy, +m,, Lo, the
first relation (1.7). and relations e<e—nn—ni;—x, and yy=c—1, imply
that ygz ;. ie. the second relation (1.7). On the other hand, relations
(1.7) are satisficd if and only if the inequalities (2.2) are satisfied.

Further, if the incqualities (2.2) hold, then x,<¢—m,— m;. DBut
X+ Ay =a, therefore (2.1) helds.

Conversely, if (2.1) holds, then denoting e=c—m;—m;—x, and
taking vy=x,+m, +¢, it follows that y, =x,+m;, and, [rom vy=c—y, =
=c—x;—u,-—z, 1t resulls vyz g, therefore (1.7) hold.

Finally, we conclude that the inequality (2.1) is satisfied if and only
if the inequalities (1.7) are satisfyied.

Remark 2.2, 1t is casy to sec that the minimum can be reached only
i wsec—m,—m, and x,=a, x,=0.

Remark 2.3, From the previous proof, it follows that, if m, +m,>¢,
then the player 1 has not any m-objection against the plaver 2.

Lemma 2.4. Let us suppose that there exisls a m-objection of the plaver
1 against the player 2. Then a necessary and sufficient condition for the ¢xis-
lence of a p-counterobjection of the plaver 2, p = R, p=(p\, o Ps), P2+ ps< b, 15

(2.3) A,zmax} o, a—2+c+j')2 +P;_m‘}.

Proof. The necessary and sufficient condition for the existence of
the p-counter-objection (0. 72, 230 1, 23) of the player 2 against the player 1,
is to find a 3 satislying:

{2.4) 0g8ghb—a—c—p,—patm +2x,
for all e which satisfy (2.2).
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Indeecd, if there cxists a p-counler objection, then, denoting 8=z,
—xy—pa it yiclds, from the first relation (1:9) that 820. Let z,=5—=z,.
Then, from the sccond relation (1.9) we obtain b—=z,2 33 +ps or 8<b-~
e Py —Pat ity +2%, 4, for € satisfying (2.2) whence 1t results that

d=b—a—c—py—patm+2x,.

Converscly, for e satisfving (2.2), the player | has a m-objection
which can be (sce Lemma 2.1) only of the form:

(xp+m,+e, 0, c—x,—ny—¢; 13, 2),
and we assume that there exists & with (2.4).

Let us consider z,=x,+p,+8 and zy=b—rEb—x,—p,—8. From
3> 0, we obtain z,> ¥. +p., which is the first refation (1.9). From 3<b—a—
—e—pa—patny +2%; And Vg=C—X, =Ny —e We Can Write 22 ¥y +ps e,
for all £ which satisfy (2.2), whence 1t results the [second relation (1.9).
Further if (2.4) hold, then

> a—b+c + Do +P:_m1'
2 2

and taking into account that x,>0, wc obtain (2.3).

Conversely, if (2.3) holds, then we take

34=b [ B C—-—]bg—"j):,+m1+2xl+c,

for all e which satisfy (2.2). Consider again the m-objection from Lemma2.1:
(x2+my4¢e, 0, c—xy—my—ze, 13 2). From z,=x,+p.+38 and (2.4), it re-
sults ;> x3 +p,, the first relation (1.9). _

Now, take z3=b—z,=b—x,—p,—38. wheénce meE=x—m,—x—c+

=x the second relation (1.9).
e Tl:u-;:b\s&'e find shat the incqlga]it)y (2.3) is satisfied if and only if the
inequalities (1.9) are satisficd. _ )

Remark 2.5. ¥From the previous proofs, it follows that if pa+ps<b,
then, the player 2 has no p-counter objections against the player 1.

Lemma 2.6. Let (%;, %,,0; 12, 3) be a cr.pc, xy+xa=a %20, 1.2 0.
A mecessary and sufficient condition for the existence of a, m-objection of the
player 2 against the player | din (x;C), me R}, m=(my, Mo M), s+
+my<b, 15
(2.5) x:2max{0, a—b+m. +n,}.

Proof. Indeed, with the necessary permutations in Lemma 2.1 we
obtain :
(2.6) vo<min{a, b—ntg—nts},
and because ¥, +x,=a, the relation (2.6) is cquivalent to the following
inequality

a—x,<minfa, b—mg—ms}
o x> max{0, a—b+m,+ms} (the relation 2.5)).
Remark 2.7. 1t is easy to scc that the maximum can be reached
onlv if a—b+m,+m,=0 and x,=0, x,=2.
" The following lemma is obtained by making the nccessary permu-
tations in Lemma 2.4

7 — Matematici



Lemma 2.8. Lef us supposc that there exists a m-objection of the player
2 against the player 1: then a mecessary and sufficient condition that there
exists a p-counterobjection the player 1, p=RY, p=(p,, p.. D), Pihpage, st
(2.7) %, <minlq, E-2EE | M=
| 2 2
Lemma 2.9. Lef (x,, x4, 0512, 3) be a cr.pe,xi+x.=da, 1,20, 2,20,
A necessary and sufficient condition that the plaver | has no m-objection is

(2.8) ¥z max{o, €~y — Ny}

Proof. First, assume that the player 1 has no m-cbjections and let
us suppose that the relation (2.8)is not true. In these conditions, escntially
two cases arisc.

Case A. 1f m, +my<e and relation (2.8) is not satisfied, then :

a) v, <0 which it is not possible because x,30,

b) xy<<e—my—iit,;, but since a,€a, it results that n<min{a, c-
—ily— . From Lemma 2.1, this implics that there is a m-objection of
player 1 against the plaver 2. This is a non-sensc.

Case B. If my+msze, then from Remark 2.3, it results that the
player 1 has no m-objections. Thercfore, if the plaver | has no m-objections,
then the relation (2.8) is satisfied. :

Conversely, we suppose that the relation (2.8) is checked. 1f there
exists a #-objections of the player 1 against the player 2 then, from Lemma
2.1, we obtain :

xmigminfa, ¢—m,;—m,g}, that is a, <¢c—m, —m,,
which contradicts the relation (2.8). Hence the player ! has no m-objections.

Making the necessary permutations in Lemma 2.9. and taking into
account x,=a—x,, we get the following lemma.

Lemma 2.10. Lef (xy, 25,0 12, 3) b¢ a cr.pec., x+x=a, 2,20,
2220, A necessary and sufficicnt condition that the player 2 has no im-objec-
{ions is:

(2.9) vy<min{a, a—b+m; +ny).

Summing up the above six lemmas, we obtain the conditions under
which configuration (x,, v,,0; 12, 3) is a (m, p)-stable c.r.p.c.

Theorem 2.11. The sef of the cr.p.c’s of the form (¥, x,,0; 12, 3)
which are (m, p)-stable is delermined by the inequalities
(2.10) {max{o, c—ny—ntgh< vy<minfa, a—b +m, +m,),

Ly=a—x,
If vty 4 w1y <c, g+, <b, po+Ps<b, p1 +pa<e, then this set is determined by :

0, a—b+e N Pr+ps—m,
2 2

max L - b+mg+ma} Ln<

(2.11)

s a—b+c ek B, —
Smln{a,c—ml—ma-i- as +’m_ ;l f’s},

Xy=aq—X,,

(T2
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a—b4c  pa+pa—m, .
max | 0, +P b Sy €min{a, ¢—m, —m,,
(2.12) 2 2
d—b 4ty bl =a—x,
I max{0, a—b+m.+m,, ¢ —m, — ni, < vy<min g,
(2.13)

a—b+c N Wy — Py ]53,
2 2

| fo=a—

Proof. From Dcefimition 1.6, the only mutually disjoint possible
situations are:

I. There is no m-objection of the plaver 7 against the player 7, where
¢ and 7 arc any of the players 1 and 2, i</, This case corresponds to the
Lammes 2.9 and 2.14, from which we obtain the relation {2.10).

2. To any m-objection of the playver ¢ against the player 4, there
corresponds a p-counterobjection of the player jagainst the player 7, where
¢ and 7 arc any of the players 1 and 2, ##j7. This case corresponds to the
Lemmas 2.1, 2.4, 2.6 and 2.8, from which we obtain the relation (2.11).

T 3. There is a a-objection of the player ¢ against the plaver j, but
there is no m-objections of the playver jagainst the plaver 4. For i=1. §=2,
from Lemmnias 2.1, 2.4 and 2.10, we get the relation (2.12), and for =2,
F=1, from Lemmas 2.6, 2.8 and 2.9, we get the relation {2.13).

We have now the prool of Theorem 2.11.

Rewark 2.2, Meking the necessary permutations in this theorem
we find alse the set of these crp.c.'s having the form :

(x,0, 2, 13, 2), ¥y+x.=¢c, .20, 24,20 and (0, xe, vy 1, 23), vyt xa=b,
20, 1,20, which are (m, p)-stable.

The (m. p)-Largaining set A consists of the (m, p)-stable cr.p.c.’s
having the form:

(x1, 25,0 12, 3)‘ Xyt xe=a, v;20, v,20,

(0, xq, x5 1, 23), xy+a:.=0, 220, 2,20,

(v, 0,255 13, 2), a4 x,=c, 1,20, 2,20
and (0, 0, 0; 1, 2, 3).

Remark 2,73 1 we take sy =p:=0, forall i, i=1,2, 3, Theorem 2.11
is just Theorem 4.1 in [1].

Let us add to our game the big coalition (123) with its wvalue (123} =
=d, dz0. Thrs, we Lave to find out under what conditions does a c.r.p.c.
{¥1, xz, 2y 123) Dbelong to the (m, p)-bargaining set .

Theorem 2.14. In the tiree-person game (1.3), the {m, p)-bargaining

set M consists of the cv.p.c’s given by the Theorem 2.11, and also of the
C.I.p.C.'s (¥ Xy, 45 123) whick salisfy
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(2.14) xytx.za—my,—my, Yo+ 2,2b—m, —m,, X4+ X2 0 —m, —m,.
The latter cor.p.c’s exists if and only if we have:

dzmax{a—-n, —mi,, b—m,—my,c — M —m,
r

(2.15) atbdc  mydmat+my
2 2 i

Proof. The big coalition has no cffects on the previous configurations
of the (m, p)-bargaining set ., because this coalition cannot be used for
m-objection and p-countcrobjections, since it contains all the players.
So, we have to see in what conditions a c.r.p.c. {x,, xa, %5, 123) belongs
to the new (m, p)-bargaining set. As it has to be coalitionally rational
it is necessary that x,, x,, x; satisfy the inequalities :

X+ x.2a, xa+x32h, x,+x520,

but, as aza—m,—m,, b2 b—m,—m,, c2c—m,—m,, wec have the relations
(2.14). On the other hand, if conditions (2.14) are satisfied, then there is
no m-objections.

For instance, if the player 1 has a m-objection (y,, 0, y,; 13, 2) against
the player 2, we have 1y, =x,+m,, 32 x,+m;, v +y,ec, therefore x; +
+ X3 ¢ —my —mt,. But, from the relations (2.14), we have x, + x,2 ¢ —m, —m,,
so the player 1 cannot have any m-objections. In order that the inequa-
lities (2.14) have at least one solution, the necessary and sufficient céendi-
tions are:

dza—my—m,, dzb—m,—m,, dz2c—m,—m, and

> a+b+c My + s+,
T2 2

d

i.e. relation (2.15).

Remark 2,15, If we take mi=0, for all 7, =1, 2, 3, in Theorem 2.14
we obtain Theorem 5.1 in [1].

As one can see the conditions of (m, p)-stability are sufficiéntly com-
plicated just in the case of a three-person game. Inorder tosimplify them
we shall introduce the notions of m-kernels. But this is for a future paper.
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ANALYSIS OF CERTAIN POSSIBILITY FOR PARALLEL
TREATMENT OF THE ROMBERG QUADRATURE ALGORITM
BY
CONSTANTIN CHIRUTA

I. The general theory. In order to compute approximatively the
b

integral § f(¥)d¥, Romberg gave a method of numecrical quadrature,
using the trapezoidal rule and accelerating the convergence. In his method ,
one builds a trianguiar table:

Ay

AE. IAZ,I

Aa,lAa, QAS. 3

Aﬂ.lAi.ZA«LSAl.'!

such that the first column is obtained by using the generalized trapezoidal
method for m,=2%"1, where the values of the stepsize are: hy={b—a)fm,;
kE=1,2,3,...; hence:

By k=t

(n toa=F 1040+ 2[5 atinn]}
]

Thercfore, {/(x)dx— 41, — bl_z“ K f*(Es). where &, <[a, b).

The elements of the columns 2,3,4,... are calculated by the formula :
41._1Ah1—1"'Ak—1:1_|
-1

(2) Apy =

with 2=2,3,4,... and 7=2,3,..., 4.

Taking into account the way in which the second column was built, one
could expect to have a faster convergence to the exact value of the integral
on the second column than on the first one. It is proved (see [4]) that, if
the function f has derivatives of any order on the closed interval [a, 5],

b
then a olumns of Romberg’s table converge to s f(®¥)dx, and, in some

additional conditions (from the extrapolation procedure), every column



