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1. Introduction. In this paper we continue our study initiated in
[l on ¢g-p-PM spaces. Al notations and terminology are preserved,
A probabilistic topological space (PT space) is a couple (S, 0), where
S is an arbitrary set and 0 is a mapping from P(S) < [0, 1] into PD(S)
satisfying the following conditions (we denote (A, A)=.A* and {pPr—p,

peS):

Cl, A°=8§, C2. *=0, for cvery AE(0,1],
C3. AcAr, Ci. (dy Bp =A™y B,
C5 A*cAv if azy, LC. A*= ) A* for every a<(0,1],

[T

T. gep* and regi=rep

A PT space of Menger type is an ordered triple (5,8, 7)., where (S, 0)
1sa PT spaccand T isa f-norm such that the following ..triangle incquality* :

{TM) geEP and regi=repTow, 3, e [0,1]

be satisfied. A ¢-p-PM  space (5.F) induces in a natural way two
structures :

a) a PT space (S, 0), where 0 is defined by
NS{A.e,1-2), A# @ and re[0,1],
(1) =] @, A=@ and 2 <(0,1),
s, A=0 and »=0;

b) a classical structure (S, ¢), where ¢ is an extended g—p—MonS
defined by

(2) pld, 9)= inf {e; [ (e)=1}.

I (5,7, T)isaq-p-PM space of Menger type, then the induced PT
space is of Menger type.

Let now be a PT space (S, 0) or a P T space of Menger type (S, 0. T)

and a ¢-p-M space (S, p) (we note that p may bc—}—oo)b. In [1] we have
introduced the function I : $xS—A by
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0 e
F Fple)=1 ™ s
( ) pa( ) l Sllp {?. : q E(Sp(f). E))R}' £ >O.

In Th., 1—35 [1] there arc given sufficient conditions in order that the space
(S.F) or (5,1, T) be a ¢-p-PM space, or a ¢-p-PM space of Menger
type, tespectively ; in this case we say that the ¢-p-PM  space (S. 1)
is gencraled by the spaces (S, 0) and (S, p) or that the ¢-p-PM space of
Menger type (S, FF, T) is gencraled by the spaces (S, 4, T) and (S, ¢). For
the space (S, 0, ) we shall need some stronger than (TM) ,triangle ine-
qualittes” namely :

© (Pyepm®®, pes; 1 uelol),
or
(4) (AApcATOm, 1S 0, we0,1].

On the other hand, we shall use the following compatibility conditions
between the spaces (S, 0) and (S, p).

(N (Su(pr e S,(p.e), pes, 20,

(IT) S=U (S (p. )t peS. a0
(111) (a0, ) N U Spe pes. e>0, 12(0,1];
(TV) (S,(A4, )P =S(4* ), 48, e>0, 1=[0,1]:
(V) (S, e)P=5,(1" e)e, Ac=S, >0, xe{0,1].

The purpose of the present paper is to establish conditions in which
the space (5,17, 1) generated by the spaces (S, 0, 7) and (S, z) induces
them in his turn. In Scction 2 we make some considerations on topologics
of a T spacc ; they are necessary in the next section. In Scction 3 we are
dealing with the principal problem of the paper. In Section 4 we obtain
necessary and sufficient couditions in order that a ¢-p-PM space (S, 1)
generated by the spaces (5, 0) and (Y, ¢) admit some preseribed proper-
tics. In Section 5 we give two examples illustrate our general results
obtained in the preceding sections.

2. Topologies in the probabilistic topological spaces. In a PT space,
as in a .M space, it s possible to introduce =ome generalized topologies,
One of these n the strongest and in the same time very important in the
following scction :

Let (5. 0) bea PT space and let 24 be a fixed number in (0,1]. The
mapping =: P(S)=P (S} defined by A ->4%, 4 = S, has the following proper-
ties: a) =(@)=0, b) Adc=(1), and ¢) ~(A)=<(H) if A<= . Then, In view
of Th. 9[6, p. 20] it results that the mapping « determines a generalized
topology (g-topology} on S (for the last termn see, for example, [4, Definition
2.3]). We denote by =4 the g-topology obtained for A,=1, i.c., the g-topology
determined by the mapping A—A1, AcS.
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Next, we cstablish that, if the PT space (S, 0) is induced by a PM
space, then these g-topologics coincide with the o-g-topologies generated
by the profile functions of the form o{x)={1 —#,)H(x—¢,), which have
been introduced and examined by R, Fritsche in [4].

Given a g-p-PAM space (S, F) and a profile function ¢, the ¢-P-
topology on S is the g-topology determined by the family of all sets of the
form

Nolos e, 0)={¢; Fule)>o{e) =2}
analogously, we can define ¢-Q-topology on S. The following result is a

gencralization of Prop. 2,3) (1]
Lemma. In a ¢-p-P M space (S5, F), we have:

AT =1p d(d, Pz ot

Proposition 1. Let: (S,F) be a ¢-p-PM spacc, €20, and n,=[0,1)
be given ; let o be the profile function of the form

o(x)=(1—h)I{v—e,), x20.
Then the g-topology on S determined by the mapping =1 P(S)=P(S)
defined by B
N S(A. e, kg A+ D

dy={ &=
] A=

coincides with the p-Q-topology of the space.
Proof. It is casy to verify that the mapping < has the properties a},
b}, and c¢) listed above. Thercfore, = determines a g-topology on 5. It only
remains to show that
NS, e, )=
L= 21
Indeed, we have

PE S e, r)epeS(A, g, 2,) for every e>egee
- d(A, P)(e)z 1=%, for cvery e>gpe
d(A, p)(e)= (1 — )l (e—ey) for cvery e>0«
d(d, p)zoep=d®,
and with this the proof is complete.

Corollary. L:i (S,17) be a y-p-P A space and let (S, 0) be the induced
PT space. Then the g-fopology on S, delermined by the map ping

A—=dA* A4S,
where A =(0,13 is fixed, cotnecides with the o-Q-topology on S defermined by
the profile function defined by g(x)=nH(x), x20.
Proof. If we observe that A*= M S(4, ¢, 1—2)
-0
and if in Prop. ! we take €,=0 and 2,=1—%, then we obtain the desired
result.
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Proposition 2. If (S, F, T)is a q-p-PM space of Menger tvpe salis-
Fying the condition
] lim Ti{a, x}=a, for cvery a=[0,1],
x-s

and 1f (S, 0) 1s the induced P T space, then Q and =y are topologies on S and
Tg .

Proof. The fact that @ is a topology follows from Prop. 1, a) [1].
On the other hand, if we consider %=1 in the preceding corollary we
have that 7;=(Q. This completes the proof.

3. We now approach the question of determining some conditions
under which the space (S, F, T), gencrated by the spaces (S, 0, T) and
(S, ), induces them.

To this end, it will be of interest to consider in P T spaces the follo-
wing convexity condition :

(5) p & A*= there exists ¢ =41 such that p e ¢?,

for every AcS, A#@, and xA=[0.1].
On the other hand, we make use of the following compatibility condi-

tion stronger than (I):
(I (S,(A, e))reS,(d, e}, A5, e=0.

Theorem 1. Suppose there are given: 1y a PT space of Menger type
(S, 0, T) satisfying the Jriangle inequality” (4) and the convexily condition
(3), T being a t-norm verifving (7), 2) a space (S, p} with p an extended p-M
such that <, is a compact topology on S. If the compatibility conditions (I'),

(LI). (I11), (IV), and <y==, hold, then (S,F,T), the generated ¢-p-PM -

space of Menger type, induces the initial spaces (S, 0, T) and (S, p).
Proof. By Th. 2 or 4[1] the generated space (S, £, T) induces the space
{5, p), that is (2) holds. Since p 1s a - on S, it is casy to verify that
Pc, and Qc 1. Indeed, to prove the sccond inclusion, it is sufficient to
show that
Sp(p. €)= {q; Fyp(e) >1—2} for every £ >0, 1 >0.
But
q=S,(p. &) =p(p, ) <e=plg. Py <e=
inf {a; F(«)=1}<e= lherc exists a<e
such that Fo(e2y<l=I,(c)=1=
Foeym1—=h=gqge{y; Fole)>1 —~a}.
Consequently, Q< =,. .
In order to show that the P 7 space induced by (S, F, T) is (5. 6, T),
we first show

(6) (Sold, &) =54, ¢).

Indced, because 7pc =, it follows A< A® =A1 Using these relationsand
that obtained from (IV) for A=1, we have
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(S{4, )1=5,(d1, ©)=T5,(4, )=5,(4. ),

hence (S,(A4, £))'55,(A4. ¢). From (I') and the last inclusion it follows (6).
We now establish the following implication :

(7) P E(S,(4, &) => there exists g A so that p=(S,{y, )

Indeed, from the convexity condition (5) and the compatibility condition
(I') it results:

pe(S,(A. )= there exists g =(S,(A. €))* so that
peg = there exists ge5,(A, £)=5,(A. €} so that psg,
But 4 is compact because (S, ¢) is compact. Hence
PE(S,(A, &)= therc exists g8 so that ¢(4,g)<c and
peP=s theve existqg=S and r = A so that p(r,q)< e and p >,
From this and (6), we have
pe(S(A, €)= there cxist ¢S and reA so that
ge5,(7. &)=(S.(r. &))* and pei.
Taking into account the ,triangle inequality“ (4), we obtain:
p(S,(A, e))= there exists r=d so that
P (Sl )P = (So(r, )TN =(S,(r, )P

hence we have (7).
In the sequel we need the relation

(8) d(A, p) ()= sup {1; p=(S,(4. )}
which we prove now. We have:
(A, pHe)= S'qlgfw(E) sup sup {r: ps(Slg. N't=

9
P ey p: pelsle < sp 0 pe(S,04, D,

and from (7) we obtain
sup {A; p=(S(A, i< sup (b p=U (Splg. €)'}

€A

=sup () {a; p=(S,(g, )P} =d(4, p)(e).

ged
{the last equality may be verified by proceeding as in (9)).
Therefore,

(10} A4, p)(e)< sup b p=(Sy(A, )b d(A, p)e).
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Since Qe t, we have A= A< A°. From this and Prop. 3[1] (T being a
f-norm verifying (*)), it results '

(11) A(A, p)(e)<d( A, p)(e)<d(A®, p)(e) =d(1, p)(e).

Combining (10) and (11} we obtain the relation (8).
We show that

(12) (S, ) ={p; A, p)(e)> 2},

for cvery AcS, A# @D, ¢>0, and x<=[0,1]. Evidently, {12) holds for
A=0. Let now A e(0,1]. The first side of (12) is included in the second be-
cause wc have

pe(S, (4, e)y=ne fu; p= (S.(1, e)pl =
d(A, p)(e)2r=p={p; d(A, p)(e)= AL,

in view of equality (8). The converse inclusion results again from (8), as

follows :
pe{p; d(A.p)(e)=r=d(A4, p)(e)z A=
sup{r; pE(S,(A. ez r=p (S, (4, ) for
cuery . OSp<A=p= () (S,(4, ep=

P e(S,((4, ) =p (S, )™
Finally, we show that

(13) A= 54, e, 1-2),

ex>0
for every AcS, A# @, and every A=[0,1]. Making use of the relation
(12) and the compatibility conditions (IV) and r,c 1,, we obtain

OS5 e 1=N=N {7 dA. P()>M= N (5,4, =
e>0 €0 (=3t}

=n S—p(z‘l?‘, €)=chg3.f =(AA)1C AT -:-Al,

>0

that is Q?(A, g, l—2)= ﬂO_SP(A*, e} A* From this and A*= SZ(A‘ , £) for

> E>
every €0, it follows the desired equality (13).

The relation (13) shows that the space (S, 0, T ) is the induced PT
space and the proof is complete.

Remark. Taking into account Prop. 2 and the inclusion Qct,, the
presence among our hypothescs of the condition ryc =, is justificd.

Theorem 2. Suppose there are given: 1) @ PT spacc of Menger type
(S. 0, T} satisfying the .triangle inequality* (4) and the convexity condition
(5). 2) a space (S, p) with p an cxtended p-M. If the compalibility conditions
To="1, (L), (I1I), and (V) are satisfied, then the conclusion of Th. 1 holds.

. Proof. The compatibility condition (I) follows directly from the condi-
tion 1g=x,. Then, by Th. 3 or 5 [1], the generated space (S, F, T} induces

e
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the space (S, ¢). It only remains to show that, in our new hypotheses, the
equality (13) is again true.
Since (9) is again valid, we have

d(A, p) ()< sup {1 pe(S,(A, €)) ).
With the aid of this inequality we may establish, as in proof of Th. 1, that
(14) {p:d(A, p)(e)= 2} < (S, (A, ),
for every A< S, A# @, and every €0, A=[0,1].
From (14) and the compatibility conditions ty==x,, (V}, we obtain

NS e 1=0)= NP A P20 < (S P =

-0

NS,(AE, &) =A* c A% = (AM)1c ATRD — 43,
c-0

hence
(15) NS4, e, 1= c A%

-0
We now show that for every ¢ >0 A*< 5(4, ¢, 1—2) holds. Indced,
using (5), to~ 7,. and the fact that p is symmetric, we have

peA = there exists g=A'=A so that peg=
there exist ¢S and r=4 so that ¢=S,(r, €)
and pegt= there cxists reA so that p=(S,(r, &)}
= there exists reA so that F (2)> A=
d(4, p)(e)zr=peS(d, e, 1—2).

Consequently, we have

(16) Arc NS4, e, 1=1).

[Fa

From (15) and (16} it results the equality (13) and the proof is complete.

Remark, If the compatibility condition (V) in Th. 2 is replaced by
(IV), then the resulting theorem is true.

We now give a slight improvement of Th. 2. To this end, we begin
with the following.

Lemma. Let (5,0, T) be a PT space of Menger type satisfying the
convexily condition (5) and the condition

- (P cph peS, rel0.1).

Then the triangle incquality® (3) holds.

Proof. We have

ge(P = there exists r={p*) so that gt

= there exisis rep* so that g et

= q Ep"ll.u) .

2 — Matematicd
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Hence (p‘)“c pT%# _ In view of this Lemma and by an argument simi-
lar to one used in Th. 2, the following result be may proved :

Theorem 2'. Suppose there ave given: 1) a PT space of Menger type
(5.0, T) satisfying the convexity condition (5) and the condi;{on A

(APca>, AcS,ae0,1];

2) a space (S, p) with ¢ an extended p—M. If the compatibility condition
: r - = 2
-lr.;:;;. (L), (III), and (IV) (or(V)) are satisficd, then the conclusion of Th.
olds.
4. The ncxt theorems show that, under certain further hypotheses
upon the given spaces (S, 8) and (S, g), the generated g—p~FM space
may have some new and important propertics.

Theorem 3. Let (S, F) be the g—p—PM space sencrated bv i)
(S.0) and (S,p). Then : =7 pace gencrated by the spaces

a) (S.F) s @ q—PM space if and only if ¢ is an extended g-—Al;
_ b)Y (S.F) is a p—DPM space if and only if the following condition is
satisfied :
(Q) g =(Se(p, &) =p =(S,(g. o))
Proof. In view of the assertion b) of Th. 1 [1], we have
Foo=HesF (c)=1 for every e>0e¢(p, ¢)=0,

whence it results the first part of the theorem.
We prove now the second part of the theorem. From {Q) we obtain

(A gs(S (P, =0 p=(S,Mg. )L
for every e>0. Consequently, F,(s)=F,(z). ¢=0, that is ool on:
Conversely, in view of the conclusion a) of Th. 1 [1], we have
g = (Sp(P* e))kﬁqu(e); kﬁFpu(e)? A e (‘So((I' 5:')l:
whence (Q) is satisfied.

Theorem 4. Let (S, F) be the q-p-PM space gencrated by th
7 ' y the spaces
(S. 0) and (S. ). Then, the functions Fpy, p, g5, are continuous on I\’ji {0}
sf and only if the condition

(© (S,(p. N =N (S, (8, )
s satisfied for every peS, ¢>0, and r<[0, 17,

Proof. Suppose that the functions F,, are continuous on R—{0}. Let
?€S, £>0, and A =(0,1] be given. Evidently,

(Sule- OF = (0) (S8 0= DO (Ske D) = 0 (S8 -

" N>E k<

The converse inclusion follows from the conclusion a) of Th. 1 [1] and our
hypothesis on the function F,,. Indecd,

G (Sp(p, )P =>Fgle) <h=> there exists n =
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so that Fa(n) <r=fhere exisls vy>¢ so that g (S,(p, )Y
=g ) (S(p. n)P
n>E

Consequently, the condition (C) holds.
Conversely, Iet p,g=8, and ¢ =0, be given and 2=17,,(e-40). If x=0,
it is evident that I+, is continuous at . For . =(0,1] we have:

Frple4-0) =r=F,(5)2} for every n>e=
g=(S,(p. ) for cvery we=qe (Y (S,(p, )
In view of (C) it follows i
Fog(e+0)=2=q &(S,(p, €)' =F,o(e)2 1.

Hence ag ¥, (2)= Fo(e+0) =2, that is I/, (e} =F,,(¢+0) and, consequently,
Iy, 1s continuous at e,

5. We give now two applications of the above theorems in order to
provide examples in which the hypotheses of these theorems can be sa-
tisfied.

Application 1. Given a topological space (S, <} and a real number
a e« [0,1), onc may define on S, a structure of T space by

1 A=, A4
o s, a<a and A 3,

g 9. 0,
S, aA=0.

A PT space (S, 0) is said to be a simple PT space if there is a topology =
on § and a number @ 0,1} such that the mapping § is defined by the
above relations. In this case we say that (S, 0) is the simple PT space
generated by the topological space (S, v) and the number a.

It can casily be verified that the simple 7" spaces has the following
propertics :

1 tp==;

2% tﬁe Jtriangle inequality® (4) relative to anv f-noim T is verified ;

3) the convexity condition (5} holds ;

4) if (S, IF) is the simple g-p-PM space generated by the ¢-p-Af space
(S, ¢) and the distribution function G, G+ { (that is, I/ S S-—=A is defined,
in the same spirit asin [9, p. 3227, by F,,(x)=H(x),if (P, ¢) =02and F(x}=
=G(x/p(p, ) if (P, q)#0), then the PT space induced by (S, FF) is a simple
PT space ; furthermore, this spaces is generated by the number G(0+) and
the topological space (S, 77), where <} is the conjugate topology of =,.

Proposition 3. Let S be an arbitrary sct, a =[0,1), and let p be a p-M
on S such that

(17 SAp. )=S,(p.e)® for every p=S and €=0.

Let{ S, 0) be the simple PT space gencrated by (S, =,) and a and let (S,T)
be the q-p-I’ M space gencrated by (S, 0) and (S, ¢) . Then (S, F) is a ssimple
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space, namely, the simple s pace generated by (S, p) and the distribution Junciion
G given by

0, x<0,
(18) G(x) a, 0<xgl,
1, x>1.

Furthermore, (S, F) induces the spaces (S, 0) and (S, p).

Proof. T]}c hivpotheses of Th. 2, regarding the spaces (S, 0) and (S, ¢)
arc verified with respect to an arbitrary f-norm. The compatibility cond-
tions =y =<, (T}, and (V) are trivially verified. Since e is @ mapping with
{inite values, it follows that (I1) holds. From the hypothesis (17), it ?csults
(I17). In view of Th, 2, the gencrated space (S, F) induces the spaces (S, 0)
and (S, ). 1t only remains to show that (5. F) is the simple space gcnvrn{ed
by (S.¢) and the function ¢ given by (18). Indeed, for every f.¢=S and
€ >0, we have i

sup (5 A<alufh; r>a,qeS(p )N ) —

max {a; sup {; r>a, ¢=S(p, )% }).

Fra(e)= sup {x; ¢e(S,(p, )P} =

In view of (17), we obtain :

F,,,(e)={ a, qE5,(p, s).={ @, elp.q)ze
Lo gs5,(p.¢) Lo elp.g)<e
Consequently, for every € R, we have

Foer— b CElelpa),  alp. )0,
:Ja("') N
H(s), 6(p. 4) =0,
and the proof is complete.
Application 2. Lct (S, ¢) be a compact meiric space with the diameter

d(S)< 1. Furthermore, We suppose that (8, ) is convex in Menger's  sense
(70 1e, for any two distinet points b and » there exists at last one point
¢ such that PAGEr and e(p, v)=3alp, g} plg. 7). Let 02 (5) = [0,1]-2(5)
be the mapping defined by -
O[S, Axo,
Ar=1 g, A=@, r»=0,
D, A= D, »#0.
It is casy to verify that (S, 0) is a Pr space. In addition, (S, 0) has the
following propertics -
1) :.-g,=~.',,_becauz_<e .‘i’_-'.S_p(A, 0)=.1 for every A< S,
2} The .triangle mequality™ (4) with the fnorm Ty given by To(a, b)=
=max (a+-b—1i, 0) holds. Indeed, because d($)< 1, we have
(AP =554, 1-2), 1—w) <5 (4, 1 (rtu—1)=
=54, 1= T, p)) = AT
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3} The convexity condition (5) holds. Since (S,g) is compact and
o=, i1t follows that

pedt=peS(A10)=5,(1,1-1)=p(d, p)c1 -1
there cxists g =4 so that plg, Pl —a=
there exists g =4t so that pe_gp(q, I—2)=¢*

One can apply Th. 1 for the spaces (S, 0, T.,) and (S, 2). Indeed, from
79— % it [ollows that (I'} holds. Since d(S)<1, it resulis that (IT) holds.
The compatibility conditions (111) and {1V} follow from the compactness
and convexivy of (S, ¢}, by direet calenlation. Thus, using these hypotheses
and taking into account the thecrems in {2, p- 24 and p. 4061, we have for
(IV):

(So(d )P ==S(S( 0 €), 1=R) =T, e+ 1—2) =S, (S.(A, 1-2), ¢
=3, (A%, ¢).

A similar argument works for (I17).

In view of Th. 1, the spaces (5,0, 7, and (S, ) gencrate a g-p-PAl
space (5,07, 7,) of Menger type and this space induces the initial spaces.
Furthermore , by Th. 3 and Th. 4, the space {5, F, T,) ts a P space of
Menger type and the functions £, are continuous on R—{0} for cvery

PSS .
Finally it is not difficult to establish that F,q is the function given by

0 e<0,
Fule)=q et1—¢(p,q). O<e<p(p.q),
L e>¢(p. g}

We omite this routine caleulation.
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