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Définition 8. Une série, \ J F,, qui salisfail aux propriétés (a) et (b) de
I

la proposition 12, s'appelle (a)-normalement convergente sur X.
Proposition 13. Soient € P(Y) un clan Cauchy, et m : €—[0, +c0)
unc mesure sur Y. On considére une série de multi-applications définies sur

X @& valeurs appartenant & @,\J F,. Si clle est analytiquement convergente

1 @
sur X vers la somme (X,Y,S), alors la série des Jonctions ¥ moF,, est sim-
1

plement convergente sur X et on a,f‘;l (moF,,)(x):m(Llj F(x) | =m{S(x)).

Démonstration. Par hypothése, la suite, (S,), des sommes partielles
de la série, CJF,,, est analytiquement convergente sur X. Selon la propo-
sition 5 du l§2, on peut écrire : lim {moS,}{x)=m((a)—lim S,(x)) = m(S(x)),
pour tout xe=X, ce qui achéve Ia démonstration. '

L]
Corollaire, S, de plus, la série ijF" est (a}-uniformément convergente

o)
sur X, alors la série, N, mol,, est uniformément convergente sur X.

1
Démonstration. Par hypothése il existe une suite d’ensembles (Dn)c€
Dyl @, et un indice n,=N, tels que S,(x)AS(x)=D,, Yn>n, et VzeX.
Il résulte, Su(x)\ S{x)€ D, et S(x)\ Sa(x)< Ds, d'ott | m(S,(x)) —m(S(x)}]<
<m(D,), YxeX et nzn, Donc, on a:| (mol ) (x)F {moF ) (x) ...+
+ (moFa)(x) —m(S(x)) | = | m(F(x) U Fu(x) U ... U Fy(x)) — m(S(x)} | =
=|m(Sa(x)) —m(S(x))<m(D,), VYnzn, et YreX. Puisque la suite numé-
rique (m(D,)) converge a zéro, la suite de fonctions (moS,) est uniformé-
ment convergente & moS sur X.
Définition 9. Soit € cP(Y) un clan Cauchy et m:@—[0, 4-m), une

mesure sur Y. Une série de multi-applications, \ JF,, avec F,(x) =€, Y(n, x) €
1
ENxX, s'appelle m-convergente sur X, sila série numérique Y, (moF,)(x)
1

est convergente pour fout x=X.
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CONDITIONAL STABILITY OF ASYMPTOTICALLY SELF
$-INVARIANT SETS

BY
OLUSOLA AKINYELE

1. Introduction. In [1], the concept of sclf-p-invariance of a set rcla-
tive to a differential system was introduced, generalizing the notion
of self-invariance and consequently, weaker notions of g¢-stability of the
set arose naturally. However, in many concrete problems, the stability
of sets that arc not sclf-invariant arc usually considered and the concept
of asymptotically sclf invariant scts which form a special subclass of self
invariant sets, has been used to describe such situations [3~—6]. Naturally
one may wish to consider stability of sets which are not self p-invariant as
defined in [1]. The weaker concept of g-stability introduced in[1] assumes the
existence of a self p-invariant set relative to the differential system and
therefore results obtained become inadequate if we wish to consider stabi-
lity properties of sets which are not sclf p-invariant.

In order to cope with the situations described above, we introduce
in this paper, thc new concept of asymptotically self p-invariance of a set.
We then carry out investigations of g-conditional stability properties with
respect to this kind of invariant sets, which are naturally weaker stability
propertics than one obtains in [1].

2. Basic definitions. Let R*, R™ be the Euclidean n-space and m-
space respectively and suppose @ €C(R", R™)- the space of continuous
functions from R” into R™. We define

| ®(x) = [i dg(x)]””'

=1

Define B={x<=R*: || 0(x) | =0} , S(B, e)={xre R": || ®(x) || <¢},
and S(B,e)={xeR": | O(x) || <&} .
We shall consider the differential system

(1) X —fie. ) x(0)=x.

where feC(R+x5(B, p), R"), p>0. Here R* is the non-negative realline,
B a subset of k* and C(R*x S(B, g), R") is the class of continuous functions
from R+x S(B, p} into R".
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Definition 2.1. Denote by X. the sct {x= C({0, ¢), R*):a(0) = 0

and a(r) 1s tncreasing in v} and by L the set heC(R, RY) 1 X(@#) is decreasing
¢ and lim A(t)=0} .
-+ m

Definition 2.2. A set B R* is said fo be asymptotically self p-inva-
riant with respect fo the differential s ystem (1), if given any monotonsc decrea-
sing sequence {e;}, e,+0 as j—co, theve cxvists a monotonic INCYeAsing sequence
{602} 4(e)—o0 as j—oo and a real number A >0, such that if for any solution
vt 1o, xo) of (1), x,= B, ty 2t} implics x(1, £, x,) =S(B, ¢,),

Jeaid AE b, x) €S(B, A€y, for iz,

=1,2,3,. and r—1,2,.. P, where x7) (8, t,, Xo) s the % derivative
of x{t, 1y, xo) with respect to & and

{7 (£ do, Xo) = (4 boe 1),

Remark 7. Definition 2.2 clearly conlains the well-known definition
of an asymptotically self invariant sct. In fact, an asymptotically self o-
invariant set is asymptoticaliy sclf invariant. Thus with P5£0, our defi-
nition generalizes the well-known definition of an asymptotically self inva-
riant sct.

Let A, 4 be an (n—#) dimensional manifold of R, containing the set
B and assume that the set B is asymptotically self p-invariant with respect
to the system (1). We define some new stability properties for the set B.

Definition 2.3. The asymptoticallv self p-invariant set B with respect
10 the system (1) is said to be: ¢S, : q-conditionally equistable if for each ¢ >0
there exist t(g), fi{c)—>w as e—0, 8=3(to, €) Loz ti(c) which 1s continyous
i by for each <, a positive integer q, and a positive number A such that Jor any

solution x(t, 1, xo) of the system (1) with Yo = S(B,8)n M, 4,
x(t, o, x0) €S(B, €) and ¥ (1, 4y, x,) =S(B, A e) for r=1,2,...¢

and for =1t 2 ti(e) ¢S.: g-conditionally uniform stable if 8§ in ¢S, is
independent of t,.

The other definitions for ¢S,—¢Ss can be casily formulated along the
same lines as ¢S5, and ¢S, and parailel to the stability definitions QZ,—QI,
of [1]. To spare space we do not state them. If k=0, then ¢S, — ¢S,
reduce to the g-stability definitions of an asymptotically self p-inva-
Tlant set.

Remark 2. If B is self p-invariant and £=0, in which case M, =FRk",
then definitions of ¢S, to ¢S; coincide with (@1, to @Iy of [1] and remark 2 of
L1} applies without change. Let 0 <f£<#n and # =0 while ¢=0, then ¢S, to
¢Ss reduce to the conditional stability definitions of an asymptotically self
p-invariant sct which are new. Let ¢>0, $=0 and 0 <k <#n, then ¢S5, —¢S,
reduce to the g-conditional stability definitions of an asymptotically self
inyariant sct which are also new. If =0, =0 and 0 <k <, then ¢5,—¢S,
reduce to the usual definitions of conditional stability of an asymptotically
sclf invariant set [cf, 4, 5). Morcover, if B={0} and a sclf invariant set with
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>0, p=0, || ®(x) ||=| x| and 0=/ <=n, then ¢5,—¢S. reduce to g-condi-
tional stability definitions of the trivial solution of the system (1). Finally
if 0<k<n, =0, p=0, B={0} is sclf invariant and | ®(x) |=| x|, then

45175 reduce to the conditional stability definitions of the trivial solution
of (1) [4, def 4.4.17. Tt Lecomes obvious that our definitions include as
special cases a wide range of other well-known and new stability concepts.

3. Main Results. In this scction we investizate sufficient conditions
for the conditional stability propertics of the invariant sct introduced in
scction 2. We begin by stating sufficient conditions for the sct B to be
asymptotically selfl p-invariant. _

We shall he concerned  with the function 1"eC(R*: S(B, g), RY)
and the auxiliary differential system

(2)

du
i = glf, n),' u{ts) = 1t,.

We shall assume that the equation (2) and the functions ¥ and f satisfy the
following hypothesis :

(Hy) g= C{R*x R¥, K} and st #) is (uasimonotone nondecreasing in #
for each f= RY,

(H:) Ve Okt S(B,g). RY), Vi, x) is locally Lipschitzian in  and

A N
for (¢, x) e R* 2S(B.7), (1 €¢(x))) € 3 F £, v) where b =X and Z: Iyt v)=
i=1 3

=o(f), for oLl i vel,

() Vit x)=0 (i=1,2,.. k) k<n, if x€M, ; where M, ; is an (n—k)
dimensional mauviicid contuining the set B,

(Hy) feC(h+xS(B.¢), K and for (¢, 1)= R¥x S(B,¢), DHI(, 1) €
<g(t. VL, x)).

(H) For (t,a)eR*xS(B.¢), r=1,2,.., p, t21, and a<s X,

N
max (| ©(x( b, xo)) )< 2, Vilt, x)
1<rgp i=1

(H;) For any function £(¢, ) which is continuous for 20, u>0, decreasing
in ¢ for cach fixed w», increasing in w for cach fixed ¢, lim B(¢, 2} = 0
implics s
5 N

S wit, t 1) < g(zo, ) xio) i34,

[N ] =1

provided 1,,=0, i=1,2, ... k where #(2, {o, u,) is any solution of (2) through
(to,‘“o),

(H:}: Every solution x(t, 4, x5) of (1) is S=max {p, ¢} times differentiable
for £=¢, where p, ¢ 21e nen-negative integers and there cxists 2 €% such
that if (¢, ¥)elN*t 5(B,¢) r=1,2,.., 5,

then

max af]| @) ||) € g: Vit x),

15rsS
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(Hs) For any function (¢, r) defined and continuous on IK*x R*, monotone
increasing in # for cach fixed ¢ and menotone decreasing in ¢ for each fixed
N

¢, lim aft,#)=0 implics for (¢, x) e R*xS(B, ¢), X Vil )< oft, Il @(x) ).
fer @ =1
r—0

Theorem 3.1. Let hyvpothesis (1), (I1.), (H.)., (H,). (H;) and (H,)
be satisfied. Then the st B={x<R": || ©(x)|[|=0} is asymplotically self
p-invariant. _

Proof. Let xy= B and {g;} be a decreasing scquence such that ¢,->0 as
j—00. Define 7(t) =5(¢, o{f)), then using arguments similar to those of Theorem
4.7.1 of [4] we can show that {b(e;)} 15 a decreasing sequence and that 3 an
increasing sequence ¢(g), £;{z)—00 as j—o0 such that () <b(sy), 7=1. 2, 3, ..
for to=t,(e). Conscquently x{(f, 4, xo) € S(B, ¢), 7=1,2, ..., for £2 L2 {){e),
where x(f, fo, &) is any solution of (1) through (fo, xo).

Now choose the real number A such that b(e)<a{dg)) with de, (0, ¢).
then we claim that 87 (¢, 4o, %) €S(B. Aej) for tztzl{e)andr=1,2,.. p.
Suppose not, then J a solution x(¢, £, xg), an integer /, 0</< p such that if
x,€ B, t;21,>1,(¢) for certain j, then

| (D (£, 16, ¥0)) [|=A ey for £, >121(¢),
and [ D" (t, do, xo)) s Ae,<p for 1=t &)

A

N
By Theorem 4.4.1 of [4], Y, Vi{t, 2(t, fo. o))< Y ridl, te, wy) for tety, )]
=1

1 =]

where the vector function #(¢, £, #,) is the maximal solution of ( 2}. Hence
at f=1{,, we obtain

N ~
a(de) < Yy Vil 2(8)) < X 7itn, to, 1t0) < Blfo, olte)) = n(ta)-
i=1 =1

Thus a{de)) < n{ts) < ble,) < 2(de,) which is a contradiction. Hence B is
asymptotically self p-invariant.

Theorem 3.2. Assume that the hypothesis (H))—(H,), and (Hg)— (Hs)
Rkold, and that the set w=0 of the differential system (2) is asymptotically self
invariant (ASI). If the AST set =0 of the equation (2) is conditionally
equistable, then the set B is asymplotically self p-invariant and g-conditionally
equistable with vespect to the system (1).

Proof. That B is asymptotically self p-invariant is obvious from the
last result. Let 0 <e<p, fp=R* be given and assume that the ASI set 4=0
of (2) is conditionally cquistable, then [4] given b{e)>03¢.(¢), fi(e)—> @

N

as e—0 and 8{f,, €) >0, #,={,(g) such that Y (e, fy, uo) < B{e).
=1

N
for t 2 fo2 t{e) provided Y 1;0< 8, 1;0=0, 1= 1,2, ...,k Choose ;=
i=1

=Vlty, x,), i=1,2,... kand x_.,EM,._,“ so that #,,=0, 1=1,2... X by hypo-
thesis (H;).
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N
Let Y Uo=2(t, || ®{xo) ), then J () 20 and 3,= 3.(4,. ), to2Li(e)
=1

such that
a(to, || Ofxo) )< 8 and || d(xy) €8, hold together.

Choosc #,(s) =max_{{, (¢), L(c)} and Iet £ 4,2 {4(e). Supposc J a solution x(2. £,
xo) of (1)> for xo= S(B, 3,)n M, and {,2 £, > fi(e)

| (x(2)) [|=¢ and || ®{x()) i< e for f=[h, 1,

then by the choice of ;0. 2(¢, 1| ®(x,) [)<8 and || ®(x,) [[<8, imply that
AY

whenever x,€S(B. 8,)n M, 4., Yy o< d where #,=0,7=1, 2,... & Hence
iwl

at {4, (Hy), (H,), (H,) and Theorem 4.4.1 of [4], imply
N A

be) < Y, Vilth, x(4)) < ) 7i(th, Love) < ble},
[N =1

which is impossible. Hence x({L t, x0) = S(B. ¢€) for
t2 2 th(e) and x,€ S(B, 8,)nM,_ ;.

Now choose a real number A >0 such that d{e}<a(de) with dee
(0, p), then with 3, and #4(s), 7 (4, 44, v} €85(B, Ae) for r=1, 2, ... .5
provided x,€S5(B, 8,)nM, i and {2¢2> f(e). Otherwise, 3 an integer !
such that 1<i<q, and a solution x(¢,7,, x,) such that x,=S5(B, §;)n M, ;.
and ¢, >¢,2#e) with

I D" {Ey, dg, xe)) = A€
and
[ D (1t x)) I < A€ for teTdy, £

Hence we have,

a(Ae) < a(|O(x1 (£, Lo, 5 < max a(|O(xOE)]),

by
and so

N N
w{de) < Y, Vilts, (1) < Y rille, o, w0) < b(e) S 2(de),
1=1 il
which is a contradiction, and so the proof is complete.
Assume that I and f satisfy the following hypotheses :
(Hy) Ve C{R*xS(B,¢), BY), V(£ x) is locally Lipschitzian in x and
AY

max a(| (<} )< ¥ Vilt. x) < mina(IOGOW)) for 0 <7<
1<rs Py 1< r<S
|d(x)|< ¢ and £ > 8{r) where a4, «<X and 0(r)>0 is monotone decre-
N

asing. Also 3 b, B= X such that b(] @ (vl < X V., x) < BI D).
i=1
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(Hw) fe= C{R*xS(B, ¢), R* and for (t, x) = R (B, £) 2 0(r) with -

0 <r <|| @)l <. DG, x) < gt Vi, a)).

We now give sufficient conditions for the g-conditional uniform sta-
bility of an asymptotically self p-invariant set.

Theorem 3.3. Assume the hypotheses (H,), (Il,), (Hs}, (Hy) and
(H\o) hold. Then the conditional uniform stability of the AST sef 1w=0 im plies
the set B is asymplotically self  p-invariant and g-conditionally  wuiform
stable with respect to (n.

Proof. By hypothesis, we can let 8: of the last theorem be
. hY

independent of 7, and if we set ¥y iy = B(|| ®(x,)), then § is independent
tal

of ¢,. That B is g-conditionally uniform stable follows easily.

Theorem 3.4. L¢t all the hypothescs of Theorem 3.2 hold. Then the
condifional equi-asymptotic stabililv of the AST sct =0 of svstem (2) tmplics
that the asymptoticall v self p-invariant set B is g-condilfionally cqui-asympto-
tically stable with respect to (1),

Proof. It suffices to show that 3 Ue)20, T\=T\(ty, ) >0 3=

=8t e})>0and A4 >0 such that if X E5(8B, §)nAl, ;. and fo2i(z), then
(3) x(f, to, %) € S(B, ) and a M to, xo= S(B, Ae)

for £2¢6,+7T, and r=1,2, w . By hvpothesis, given b(=) >0 and #, R+
36=23(%), £(z)> 0 and T, «Li{t,, €)=0s

»

N
E wilt, fo, 1) < b(e)
{=]

i

for ¢,24,() and 12 4, + T, provided ¥, o< § with u0=0 (=1, 2, .. &),
1

AY i
Set Y, H=2x(f, | ©(x,) 1), then 3t:(e), ta(e)—o0 as e—0 and 3 =38,(t,, €)>
=1

>0 afty, || ®(x,) [)< S and D(x) | <8, hold simultanecously, for £, 7,(<).
Let 8,=3.(¢,, ¢). set 8,--min {8s, 3.} and {(e) =max (), £,(z)}. Choose
a real number A >0 such that b(e)=a(de) with Adee=(0, £). Suppose (3)
were false, then 3 an integer /, 1=/<y, a solution (¢, ¢y, x} of the system
(1) and a scquence {4}, £,24,+7", with {0 as j-roo such that for x,<
€5(8, 8,)n M, and t,21(z),

9 (x(4)) || <e and || G2, 2o, x0))|| = de.
N

n N

Now x,eS5(B, 83) N M, & and the choice of hIRT imply ¥ u#,,<8 where Hyg=
iar} §

1
=0, i=1, 2, ... 2. Hence for the sequence {4, and Theorem 4.4.1 of {4],

o

be) < WD (D) < B Vilty, 56D € nft, tor 22) < b(e)

which is a contradiction. That is, x{f, ls, x,) = S(B, g) for t2 t,+ T,
2 He), and x, = S(B, 8.)nM, .. Also

g

CONDITIONAL STABILITY 4

Fillyx (1) <

bl g I

a{de) < all] DD, b, x)) ) < e afll v ) ) <
N

< Y 7t te, %) < b(e) < a(de),

=]

which again is a contradiction and so 20 (1, o, x0) €S(B, .1¢) for #24, -
+ T, te2 t(z) and xo= S(B, 8,)n M, ;. The proof is complete.

Theorem 3.5. Assume all the hvpothesis of Theorem 3.3 hold. Then
the conditional uniform asymplotic stability Jor the AST set u—=0 of the System
(2) smplics the g-conditional uniform asvimpiotic stability of the asymptoticallv
self p-invariant set B. ‘ :

Proof. Following from the last theorem the proof is ﬁt_rm;;h‘tforwa_rd.

Remark 3. In view of remarks | and 2, our results in this section
extend well-known results 11, 4] and include many new results as special

cases,
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