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THE CONSTRUCTION OF A CONTROL OPERATOR
BY
M. A. IBIEJUGBA

Introduction. Here, we consider the one-dimensional optimal control
problem : 7

Problem 1. Minimize S [ax2(t)-}-bur(t)ldl  subject to the dynamic

0
constraint : £{t)= cx(t) + du(t), 0<t < T where 2, >0 and ¢ and d are con-
stants which are not necessarily positive.

Generally speaking, to estimate the convergence rate of the conjugate
gradient method in solving problem (1), we require an account of the greatest
lower and least upper bounds of the spectrum of operator A associated
with this problem where, 4 is

T
(1) <z, Az>gp= S Tax2(t) + bu(t))d: —-l—ps [(3#(t) —ex(t)—du(t))?)dt; p> 0.

0
where

z(8) = (x{t), u(?)) ; K=H,[0, T]xL,{0, T]
and the norm of K is defined as

[ 2(¢) 1 = 1| %2, FUEENE, + 1l #() TIZ,-

The bounds on 4 can be obtained computationally without construc-
ting this operator [1]. Bat, from the functional analysis view-point, some
aseful confributions to knowledge can be gained by actually constructing
such an operator. This desire metivated the presented study.

In developing our major resulis we procced as follows. Instead of
constructing operator A that satisfies (1) directly, we find that it is more
convenient to construct A such that it meets the following requirements:

T
< z(t), Az,(f) > &= S [axy(f)xs(f) + bua(f)reat) + a8 %08) +
(2) 5
+ pern(t) () + pdiu(tull) — pe i (8) xa(t) — pede{f)alf) +
+ pedxy($)walt) + podxy(t)u () — pd%,(8)us(t) — pd i {t)ua(l)ldt,
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where
()= (x(t), w,()); 0getg T,
(B = (2,(f), #.(2)); Ogig T

and ecquation (2) presents the bilinear form which is associated with the
control problem (l). For our subscquent developments, we shall hence-
forth use (2) as the cquivalent form of (1).

It is not difficult to sce that equivalence is attained in {2) when

2, (1) = x.(2),
and
11, (£) = 10,(2).
The underlying idea for the construction of operator A satisfying
{2) is contained in the remark that now follows.

Remark. The Riesz representation theorem guarantces [4] the existence
of operator A satisfying (2} since the right hand side of (2) contains a bili-
near, sclf-adjoint and continuous form.

2. Presentation of the main result. Let

[Au A ] [ ] [(Auxz)(t)"%‘(Au“a)(l)]
(3) Az,= 23 =

Ay Ass (A 217,) () - (A2u5) ()

such that
. o [ (A nxs)(t)‘{" (A 1:“:)(‘)

() <o dn> = (), w@) | 40T S

Let us consider the situation in (2) when %,=0 and let us denote the
resulting functional corresponding to this situation by
<Zy, @ >y, thus

= R{z,, 1, p).

<7y, O >x =§ Dxa(t){axa(t) -+ petaa(t) — poia(6)}) +

) F 241 {u%a(8) — pexa(t)} + ta(t) {pucdxa(t) — pd#2()}]dt=
T

=0 + 5 O + mlm))at,

(41, %,)(t) J L. [ ;?3(‘) ]

(Aax) () 1 | 4alt)

Therefore, to construct 4,; and A4,,, in effect, implies finding uniquely
%,(¢) and #,(f). To this end, we assume that

where

< 2:(2), Azy{t) > kluz=0=0=
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a(t) =ax,(t)+uexa(t) — pet,(t), Bl =pi{)— pexs(),

9 ‘ i i 0, T} and consider
where a(t) — x.(t), B(2)— %,(t) are continuous functions on [0, :
that x((.))e Dal([o, T] with x,(0)==x,(7)=0. Herc, x(.) denotes a .fqnctmn
with the dot standing for undesignated variable and D,[0, T] designates
the space of all continuous functions v(f) with continuous first derivatives
) and cquipped with the norm

g = as () |+ max D .
Il peo, 1) gzj‘frl}()l-r b |y |

On considering the above assumptions, it follows from [3] that
T

(6) { L) — 2l0)) — (R — x(0)1de=0.
o A~ A ) .
It is casy to sec that the problem of finding x,(¢) and u,(j) is equivalent to

that of solving the sccond order diffcrential equation in x,(f) :
(7 () — ®alt) = p() — (@ + perald)
To find the seolution of (7) we make the change of variables

|.=;-=-—p.x2 and on using appropriate pou‘lnF]ar}".conditions generated by
(6), we obtain the desired results statrd below :

(A ) (f) = (pE(0) - wcx;(0)) Sinhv £ 4- \ (r¥y—pex)(s) Cosh ({— s)ds —

- S ({a+ pet)a;—pety)(s) Sinh (#— s)ds + {— (r%3{0) — uex,(0)) Sinh T+
0 7
s S (% — pCxgl(s),

4

-

Cosh (T—s)ds— % ((a+ 6% xa— peia)(s) Sinh (T — s)ds}eT,

T

(A att) () =Dres(t) + ndiaft), (A2} () = pedx,(t) — pd %, (1),
(1 a22,) (¢) = uda,(0) Sinh t—S wdiy(s) Cosh (¢ — s)ds +

2]

+ \ ucdies(s) Sinh (¢ — s)ds + {pdu,(0)} Sinh T —

T

pdiy(s) Cosh (T ~-s)ds+ S peduy(s) Sinh (T —s)ds}e”

Ol O L e
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CONNECTIONS MAKING PARALLEL A METRIC (J'= 1)-STRUCTURE

BY
E. REYES, A. MONTESINQS and P. M. GADEA

1. Introduction. Let M be a C= differentiablle manifold, J a (1,1)
tensor ficld on M such that /*= 1, and g a (perhaps pscudo-Riemannian)
metric on M suchthat g JX, Y)+¢(X, J¥Y)=0, X, Y being vector fields
on M. This situation generalizesin a scnsc that of a manifold of dimension
4 with an (1,1} electromagnetic tensor field of the first class (sce Hlavaty
27, Mishra [3), as is proved by following A. Montesinos ideas
4 in Hernando [i1]. We want to determine all lincar connections
V on such a manifold (M, J, g) with Vf==0 and Vg=0. We call such a
structure a metric (J*==1)-structure.

2. Connections parallelizing J. Firstly, we shall obtain the family
of all lincar conncections V such that VJ=0. For this, let V be an arbitrary

linear connection. We essav whether V, defined by
Vol VaVaf(Ve/?) Y4b]2 (Va]?) Y+e]? (Va)) ¥
with a, &, =, {unctions and M satisfics §]=O; but we have
(V) Y=Va Y —JVxY ViJV4a](Vx]?) JY+8]2(Va]?) JY +
F (V)Y = JVY —aJ* (Vo J?) Y =0]3(Va ]} Y — (Vi) Y =(1—
— ) (Va)) Y —a(Va]) YH0J(Va ]} Y —b(Va]) Y+ (Ve 9V —
.—f‘(V.r]) Y—afVaP)Y =]V ]?) Y =(l—c—a—b-c)(Vs]) Y+
(b—u) J 2 (V') Y+ (e=b) J° (VaJ?) V=0

We obtain the equations 1=a--d--2¢, b=a, ¢=0, with unique solution
a=>b=c 1/4. Thus, for anv lnear connection V, the new connection V
defined by

(0 VY =V,Y 4 -}{J (VaJ?) Y+ VRS Y+ (Vo)) Y}

satisfics ‘V—j =0. _

Now, let V and V {wo lincar connections such that V- V/=0, and
put A(X,Y)=V, Y=V, Y. Then, we must have JA(X,Y)=dA(X.JY).
We construct as before, the lincar combination
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