48 M. A. IBIEJUBA 4

Acknowledgements. This work forms part of the Thesis submitted by
the author in fulfilment of the requirement for the degree of Doctor of Phi-
losophy (Ph. D) to the University of Leeds, England. The author very
thankfully acknowledges the guidance, advice and keen interest of Dr. J.E.
Rubio, Reader in Applicd Mathematics and the encouragements of Professor
D. Orighton, both, from the School of Mathematics, The University of
Leeds, England.

REFERENCES

L Ibicjugha, M. A, — Computing Method in Optimal Contral, Ph. 1). Thesis, University
of Leeds, England, May 1980
2. Liusternik, L. A, and Sobolev, I. — Elements of Functional Analyees, Frederick
Unger, English Transtation, New York, 1961
3. Gelfand, L. M., aml Fomin, 8§ — Calenlus of Variations, Prentice-Hall Tne., En-
glewood Cliffs, New Jersev, 1963
4 Lucnberger, Do G. — Optimization by Vector Space Methods, John Wiley and Sons
New York, 1969
Received 117171981 Dicpartment of Mathematics
Usversity of Ife
He-Tfe, Nigesta

Analele stingifice ale Universitfitii LAl 1. Cuza” din Iasi
Supliment la tomul XXVIIIL, s. I a, 1982

CONNECTIONS MAKING PARALLEL A METRIC (J'= 1)-STRUCTURE
BY
E. REYES, A. MONTESINOS and P. M. GADEA

1. Introduction. Let 3 be a2 C+ differentiable manifold, J a (1,1)
tensor ficld on M such that /*= t, and g a (perhaps pseudo-Riemannian)
metric on M suchthat g{JX, YV)+5(X, JY)=0, X, Y being vector fields
on M. This situation generalizesin a scnse that of a manifold of dimension
4 with an (1,1} electromagnetic tensor ficld of the first class (scc Hlavaty
2], Mishra [3]), as is proved by following A. Montesinos ideas
4 in Hernando [1]. We want to determine all lincar connections
V on such a manifold (M, J, g) with V/=0 and Vg=0. We call such a
structure a metric (J*=1)-structure.

2. Connections parallelizing J. Firstly, we shall obtain the family
of all linear connections V such that VJ=0. For this, let V be an arbitrary

linear connection. We essay whether V, defined by
VoY 1 ViV b af(Vaf®) Y+6] 1 (Vaf3) Y]t (Vo)) ¥
with @, b, ¢, functions and M satisfics V/=0; but we have
(Ve]) Y=TaJY —JxY Vi V4aJ(Va)?) JY+8]4V]?) JY +
F e VL VTY = JVxY —a]*(Va)?) Y =] (Ve )% ¥V —c(Vy)]) Y=(1—
=) (V) Y —a(Va]) Y675V} Y =0V ) Y-e (Va5 Y —
.—f‘(V.r] )Y —a /1 Va /)Y =] (Va)5) Y =(1—c—a—b—c) (Vs]) Y+
(h—a) J 2 (VaJ*) Y-(e—b) J* (Vx]?) Y =0.
We obtain the cquations T=a+-b--2c, b=a, ¢=>b, with unique solution
a=>0=c=1/4. Thus, for anyv lnear connection V, the new connection V
defined by

(1) VoY =,)4 -}{J(V.rf“) Y+ JHVeSY) YTV e]) Y}

satisflics VJ=0. _

Now, let V and V two linear connections such that V/=V/=0, and
put A(X,Y)=V,Y—V,¥Y. Then, we must have JA(X,Y)=4(X,JY).
We construct as before, the hinear combination
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HACE V)4 JAGK, JPY) LA, JY) 4+ (X, Y=

— (A )4 V) JA(X, V)4 (X, YV = A(X, )

Hence,
~ 1 . . .
V_?Y=.-VJ_-Y+;{A(X, Y)+74(X. J3Y)+ 24 (X, J*Y )4 24X, JY) L

Converscly, let A4 be an arbitrary (1, 2) tensor ficld on M and let V bea
lincar connection such that VJ=0. Then, we shall prove that V defined by
(1) satislies VJ=0. For this, it is necessary and sufficient that

0=JTI1 {A(X, Y)HJAX, YV JRAN, J2Y) 4 JUX, JY) T

— 5 LA JY) £ JAX, )4 J2A (X, JY) 4 ALK, oY),

But this relation, from j*=1, is an identity. Hence, we can state the
following result.

Theorem 2.1. Lot M be a manifold and J a (1,1) iensor Jield on M such
that J4==1. Let V be an arbitrary (fixed) lingar conncetion on M, and A an
arbitrary (1, 2) tensor field on M. Then the following formuda gives us all
fand only) the linear connections ¥V such that VJ=—0:

= 1 . ;
VxY ”—‘V‘\'Y"}' E {J(V.‘i’]a) 7+J2(V‘\']2) ¥ 'l'JB(VXJ) 1‘} +
1 - r o - 21"y - ey
-4 ;{.-I(X,Y)—}—]/!(A,]“l YyHJA(X, T ) AN, TY)L .
Also, as it is well known, we have :
Theorem 2.2. {scc Obata [S))Let (M, g)be a Ricmannian mantfold,
Voan arbifrary (fixed) linear conncetion, and A an arbitrary (1, 2) tensor

field on M. Then the following formula gices all (and only) the linear connee-
tions V such that V,=0:

— 1 .
&TxY.2)=g(VxY. 2) 4 = (V) (¥, 2)+

+ - g(A(X,Y), Z)— % g Y, A(X, 7).

[SS R

Thesce facts motivate the following technique to determine all the
lincar conncctions making parallel a metric (/= 1)-stiructure.

3. The operators ®,, ®,, ¥, ¥,. We now consider the following 4
operators : &y, &, W, W, which act on lincar connections V on AM in
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the case of index 1 (that is, @, and '), and on (1, 2} tensor fickds .1 on
M in the case of index 2 (9, and . in the {ollowing way (where X, Y, Z
are vector ficlds on Af):

(DUT)5Y =YY+ S (Ve J2) Y42 V4P () V)
(,4) (X, ¥) = %{A(.\', Y) 4 JAX, JoY) 4T (X, JY) 4 JR AN, JY))
S )x Y, 2)=g(VxY )4 (Vag) (Y. 2)

Ba) (X, Y], 2) =2 g (X, ). Z)= 5 ¢ (¥, A(X. 2)).

We next prove 3 lemmas concerning these operators, using the usual
notations. For example, V, V denote lincar connections on 3.

Lemma 3.1. [fV Y =V, Y4+ A(X,Y), then @, V=0,V+0,4.

Proof. From J*=1, we deduce

() JE=J) Y=]Ve Y =V,Y,

2) J VL)Y =]V Y —ViV,  JHVxJ) Y =]V )Y~ VY,

(3) J(Vy) Y=JN,JY =V, JHVx]) Y=]Ve]Y - VY.

Then, substracting each of both identities in (1), (2). (3) we obtain
JXJ) Y =J(VJ?) Y+JA(X, J*Y)—A(X.Y),
TV Y=74Vx]) Y+ A(X, J?Y)-A(X.Y),
TV )Y =]V ) Y+ PAX, JY)~ A(X, Y).

J(Vx]3) Y =]V Y =V,Y,

Thus, N
(@, 9)2Y STaY + £ U TxS) YT TaI) Y+ 2)) V)=

=VxV+AX, V) L (V) YT YT AT2]) Y+
FJA(X, YY)+ J2AX, Y)Y+ JAX, JY)—34(X, Y)}=
=(D, V)Y +(d.4) (X, V).
Lemma 3.2. If VyY =V Y+ A(X,Y), then ¥, V=0, V+¥.4.
Proof. We have
(Vag) (Y. 2)=Xg(Y,Z)—g(VsY.Z) g (A(X,Y).Z)— gV, Vx2Z) ~
—g(Y, A(X, Z)) = (V) (Y, Z)—g(A(X, Y), Z)—g(Y, A(X. Z)).
Thus,
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E(¥ L V) Y. 2)=¢V2Y, 2)+ -21- (Vxg) (V. Z)=g(ViY, Z)+g{A(X, Y). 2) +
2 (Vx8) (Y. 2)= 5 g (AX.Y). 2)— 2 (V. A(X,2) = g(VxY. 2) +
+ (Vag) (Y. 2)+ S gA(X, ), 2) = Sg(¥ A(X. 7))~

=g((¥.V) Y, Z)+£((F:d) (X.Y), 2).
That is, ¥,V=%,V+Y¥,4.

Lemma 3.3. (I)I\P.lz‘{;l(bl‘
Proof. With regard to ¥, ,, we have

(¥, 0,9) 2 Y, 2)=g((9,9) Y. 2)+ %_ (@ V)xg) (V. Z)=g(VxY. Z)+

£33 TR Y245 Xe (V. 2) = S (00 Ve V. 2)-

— 2. (0, ViaZ)=elVY. 2)+ L (Vaxg) (V. 2)+ 5 3, e (Va4 Y. 2)

heel
2 _
~% Y g(Y. JH(Ve ]t H) Z).
k=1
On the other hand,

(1) (0. Y. V)s Y, Z)=g(¥: D)z ¥, 2)+5 3, e(H(H: V) ) Y.2).

Having in mind that g(J*X,Y)=(-—-1)*s(X, J* Y} and J*=]1, a straigthfor-
ward computation leads to:

SUH(E: V)xJ*™) Y. Z) =gV )Y. Z)-% oY, JHV2)h) 2),

Substitution in (1) gives the result. q-e.d
4. Connections making J and q parallel
Theorem 4.1. Let (M, [, g) be tn the given conditions. A linear connec-

tion V on M satisfies V] =0 and Vg=0 if and only if there exists a linear
connection V on M such that

€= (Dl ‘i’.! v°

Proof. From the definitions of @, and ¥,, the images of these ope-
rators are, respectively, the connections which make J and g parallel.
Thus, (@, ¥, V) J=2 and {®, ¥, V) g=(1 P, y)g=0.

Conversely, if V/=0 and Vg=0, then ¥, V=V from the formula of
¥, . and ®,9V=V. Hence, ¢, ¥, V=", &, V=V, and the condition is
necessary.
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Theorem 4.2. Let V be a fixed arbitrary linear connection on (M, ], g)
Then, the following formula gives, for any (1, 2) tensor field A on M all

(and only) the connections V such that V] =0 and Vg=0:
V=¥, 0.(V+A) =Y, (®, V+P,4)=¥F, ¢, V4, D4

Proof. Let ¥V be fixed. We consider the following map from Zj(M) to
the set of linear connections on M,

AT, D, (V+A) .

Clearly, this map has its image in the subset of linear connections on M
which make parallel J and g. The map is also onto: For if V satisfies V=0
andﬂf’g=0, then V=1, (DIV, and thus we have, for 4 =V -V, the relation
¥, 0,(V+A4)=¥F,0,V=V. q-e‘-d-

5. Expressions with indices. Finally, we give some expressions with
indices, which can be useful in the calculations, the indices varying in the
natural sets from the dimension of the manifold. If we then denote Ty the
coefficicnts of the conncction V, and A the components of the (1,2)
tensor field A, we have the following expressions for (@, V)k, (04
(¥, V)i, (Fy A, and ($F V) (¥, @, V). respectively:

) Ouhe=Thet 1 (JUO IR TN D3
b) Oufy=m (Al TR IR AWl AT
) Wilh=Tht 5 ¢* V; gu) (see Obata [3);
&) Fullh= - dfu—g” gradT)

i .
e) ¢1‘F1F}k=‘{“1(1)111;k511;3+-é(V, ghl)g“ =t ‘é{f;(v! Ja):¢+

(T T Y, Tl +—;{V5 ¥i)) WV, ) A (Y ) W)
where
wi= (fs)f Skis

W= &,

= en

=% ¢,

)
wey==Ji8us
y_ij _J{; gik

as it is easily proved.

Similar formulae and results can be stated for the case corresponding
to the electromagnetic field of second class (Reyes [6]).
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p-DISTRIBUTIONS ON DIFFERENTIABLE MANIFOLDS

BY

SORIN DRAGOMIR

We generalize the concept of dilferentiable distribution te the induced
bundle 4~ II‘M of a given differentiable manifold /. A now class of sub-
manifo}cls of a Finsler manifold is pointed out.

Introduction. Let A7 be a n-dimensional real differentiable mani-
fold. L(,i £ T(IM) and T7(M) be the tangent and cotangent bundles over M.

Let p: 31— M be the subbundle of non-nul tangent vectors on A, Let
pATM - 31, pr T M—FT bLe tlu Lundles natarally induced by T(if) and
p. respeetively by T'(A) and p. The fibres over a e U are denoted res-
pectively by PITA and _/)"I ‘I A cross-section X [—=ptTM 1is calicd
a p-vector fuld on A,

2. p- Forms on differentiable manifolds. Let ¥ be a non-nul tangent
vector on M ; we have an obvious isomorphism between (pz!TM) and

P} T*M. A field K of R-lincar maps K. :p'TM— R defined on M such

that x— IT-— is differentiable of class C=, is called a differentiable p-form of
degree 1 on 4. Theimmediate conclusion of the isomorphism above is that
a differentiable p-form of degree 1 can be also regarded as a cross-section :

K :3—pm1T*M. Every diflerentiable 1-form K on M admits a natural
litt K : S—=p1 7'M, K(v)=(x, K(px)), v=il,

Let (U, ¥9) be a local coordinate svstem on Al The natural lifts of
the local 1-forms {417} are denoted by {dv'} and give a local basis of the
fibre pi‘T'.ﬁI, at any xep~3(U). Let ¥V be a connection in pz17TM ; we re-
call, (4], that a tangent vector field X on A7 is said to bLe vertical il :
(dp).X O, and horizontal if : V. =0, where : v: M —p1TM, v{v) =(x, 1),
is the intrinsic p-vector ficld on "\[

Let K EAI(M) be a 1-form on A, Then K is said to be vertical {hori-
zontal) if K(X)=:0 {or any horizontal (vertical) tangent vector field X on i1,

Let TA7, and TT[,; be the bandles of vertical, respectively horizontal
tangent vectors on M. For any regular connection Vin np 1T, ie. for whicn
we have the direct sum dccompoamon p*TM =T+ TI,, the restric-



