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#-DISTRIBUTIONS ON DIFFERENTIABLE MANIFOLDS
BY

SORIN DRAGOMIR

We generalize the concept of differentiable distribution to the induced
tundle p717T41 of a given differentiable manifold A7, A new class of sub-
manifolds of a Finsler manifold is pointed out.

1. Introduction. Let A7 be a s-dimensional real differentiable mani-
fold. Let T(3f) and 77(A/) Le the tangent and cotangent bundles over M.

Let p: M~ M be the subbundle of non-nul tangent vectors on A/, Let
pATM = 17, P M =81 bLe the bundles natarally induced Ly T(if) and
p. respeetively by T'(A) and p. The fibres over & II are denoted res-
poctively by PITA and j)“l’ M. A cross-section. X [—ptTA is called
a p-vector fuld on M.

2. p- Forms on differentiable manifolds. Let ¥ be a non-nul tangent
vector on M ; we have an obvious isomorphism between (j)"‘l Ay and

PTTML A field K of R-Jinear maps K. P2 T M= R defined on i such

that x— I\.-— is differentiable of class C=, is called a differentiable p-form of
degree 1 on M. Theimmediate conclusion of the isomorphism above is that
a differentiable p-form of degree 1 can be also regarded as a cross-scction :

K :3—p T M. Every diflerentiable 1-form K on M admits a natural
lift K : F—p1 7'M, K(v)=(1, K(px)), vl

Let (U, ¥ be a local coordinate svstem on Al The natural lifts of
the local 1-forms {37} arc denoted by {dyt and give a local basis of the
fibre ;b“f AL, at any xep 1 (U). Let V be a connection in pz 7T ; we re-

call, 47, that a tangent vector ficld X on A7 is said to be vertical if :
(dp)X =0, and horizontal if ; Ve =0, where : v: M —p1TM, o{v)=(x, 1),
is the intrinsic p-vector ficld on ‘\[

Lot K €AY M) be a 1-form on 3. Then K is said to be vertical {hori-
zontal) if K(X)=0 {or any horizontal (vertical) tangent vector field X on M.

Let TA7, and TT[,,, Le the bundles of vertical, respectively horizontal
tangent veclors on M. ¥or any regular connection V in p 1T, 1.e.for whichy
we have the direct sum dccomposmon PiTHM = TM T'lI., the restric-
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X e T;ﬂ(—:ff), is an isomorphism whose inverse is denoted by B. We denote
by AY(M). , AY(31), respectively the spaces of vertical and horizontal 1-forms
on M. Obviously the morphism: L° ZAI(I'[)—)-f)_I.T‘ﬂI, L'(ff;).—_» K=, B~
K- ET';(ff), is an epimorphism and Ner(L)=A1(7),. It is now ea;y to
check that for any regular connection Vin p='TA we have the dircct sum
decomposition AYM)=AI),+A M), ; thus L*: A A),— pT°M is an
isomorphism.

3. p-Distributions on differentiable manifolds. Let U be an open
set in M and U= pU). An assignment D:xel— 75;— g;‘)EITM, such
that every B; is a real m-dimensional vector subspace of P}'T AM iscalled
a sm-dimensional p-distribution on M. For example, any p-vector field X
_lgcally_dc{incd on U defines a I-dimensional #p-distribution on M, i.e.
D ={kX(x)/k= R}, for any veU.

Any r_t-dinacnsional digtriblltion D on M admits a natural lift D,
given by : D~ ={x} x D, xeM. Let D be a m-dimensional p-distribution
on M. Let ha: Us—R*™ be a local chart on 37 with Tan T # @. Let X}
s=1, 2, ..., m, be independent p-vector ficlds defined on Uan U, so that for
any x=Uan U, the set {X;(x)}i_1 « gives a basis of f)—;—. Then {X}} is said to
be a local basis, defined on (?_c_;n U, of the p-distribution D. If for (Ua, ha)
there is a local basis on Ua n U of D, then (U, s) is said to be an admissible
local chart of the p-distribution D. Then D is said to be differentiable
{of class C=) if there is an atlas of admissible local charts on A7 : {(Ga,hn)}‘el
so that: i) U is contained in the union of Ui, ael,ii) For any a=], there
is a local basis of D, defined on Uan U. consisting of differentiable {of class
C=) p-vector fields. Let D be a m-dimensional p-distribution on 17, defined

on U, and {(Ua k) an admissible local chart on 7. Let {1 be alocal
basis of D defined on Uan &. The natural lifts (4.} of 59-)-‘ give a basis of
.

P+ TM at each ¥=37. Hence N (3)= X030 5=1.2, .., m, and we
?E)tain mt.n functions with rang ||\ = m on Can . Henee the p-distribution
D is differentiable if and only if the functions X are differentiable. If X
is a p-vector ficld defined on U, with X(1) = 1.-);-. for anv ye [, we write
XeD. With these notations N e if and onlv if there are m differentiable
{uncﬁioni_f":('un /=X, so that ,\"(.\T) ! (VN i=1, 2, ..., n, for any
xelanl’ Also, for a given m-dimensional differentiable p-distribuiion,
D on M there exist 'n —m) differentiable p-forms of degree 1 on M {K?
so that A<D if and only if K'(X)=0, for all {.

I
Ji=1ln.m

tion L|TM, of the bundle cpimorphism L : T(3T)—p=2TA7, LX) =(%, (dp)T).
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4. Integral manifolds of a p-distribution. Let 17 be a n-dimensional-
differentiable manifold and A an immersed submanifold of I, of dimension
m. Then M is called an integral manifold of the differentiable p-distribution
D on V if for any non-nul vector ¥ tangent to 3 we have: f);:pn}’ﬂf.
It is ersy to prove that any I-dimensional p-distribution admits locally
a unique integral manifold, under certain initial conditions. For a given
regular conncction V in 771, a m-dimensional p-distribution D on V
is said to be involutive if for any p-vector ficlds X, Y on I, the condition
X, Y €D viclds LIBX, BY] e 1. A local coordinate neighbourhood (U, %)
of a point x € ¥ is said to be cubic if 2{U)< K" is an’dimensional cube A{U) =
=[—r, ¢}, r>0, centred at h(x)=(0, ..., 0). Using the classical theorem of
Frobenius, [2], for a given distribution D on ¥ we obtain the following :

Theorem, I/ the natural Lift D of the distribution D on V, defined on
T=p=\(U), UV, is involulive, for a given regular comncclion i P,
then theve 1s a culbic local chart around any x €U, with r >0, such that the
submanifold : M : x"H=g™!, "<y, i=1, 2, ..., n—m 15 an inlegral ma.
nifold of the p-distribution D.

Let D be a p-distribution on V. We call D integrable if for any non-
nul tangent vector ¥ e U, there is a submanifold 3 of 1, so that : i) M is
an integral manifold of D, ii) ¥ is tangent to M.

Corollary. Let ¥ be endowed with a vegular conneclion in the induced
bundle p=2TV. Hence any Ce=-differentiable involutive p-distribulion on £
obtained by natural lifting from a distribution on V is integrable.

5. C.R.- submanifolds of Finsler manifolds. Let }° be an even di-
mensional Finsler manifold with the Finsler energy E : T(V)— R+ and the

. , , G2E . _
associated Finsler metric tensor g”=5(f-{a—;. A morphism j:p7 TV —
vdy
w» 3TV with Ji= -1, is said to be an p-almost complex structure on I/.'.
Hence J is cxactly a Finsler almost complex structurc on ¥, that 1s
J %, ) Ji(x.v) ==& Then g is calleda  p-almost hermitian Finsler metric

if g(JX, JY)=g(X,Y), for any p-vector ficlds X, YonV.Then (V,E, g J)
is an almost hermitian Finsler manifold, Let M be an immersed submani-

fold of V. We denote by -3 the p-normal bundle of the given immersion,
i.c. we have the direct sum decomposition: p2TV |5 pTM A+ 4 (see [4])-

Assume M is endowed with a p-distribution D which is invariant under
the p-almost complex structure, i.c. ]—;(D—;)= ﬁ;, %< 3, and so that the
orthogonal (with respect to g;) complement DY of D is an anti-invariant
p-distribution on M, ic. Jz(D¥)<ny, ¥<3f. Then (M, D, DY) is called
a C.R.-submanifold of the almost hermitian Finsler manifold V.

Let P, Q be the natural projectors on D and DL, We consider the
cndomorphism F @ p7 TM->p™ TM, FX=JPX,and a bundle valued p-form
of degree 1, #X=JQX, X ep1TM. It is now easy to check:
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Proposition.
i) Fre—7140,
i) #5olf=0

iii) FX==0 if and only if ¥ =D

V) %Y =0 if and only if YeD,

Then (f‘", u) is called the natural Finsler C.R.-structure on 3. The
study of C.j\.-sqbgnamf_olds of almost hermitian Finsler manifolds is consi-
derably more difficult in comparisson with the classical case, (1], because
of the non-uniqueness of way of choosing an induced conncction.
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ALMOST PRODUCT FINSLER STRUCTURES

BY

FRANCISC C. KLEPP

The almost complex TVinsgler structures was studied in {13, [2], [3],
4. The set of aimost complex Finsgler conncections was determined in [1],
and in [2] was prsented modifications in the writting of the general form
of this set, using the method of R. Miron and M. Hashiguchi {5].
The group of the transformations of almest complex Finsler conncctions
and their invariants arc cstablished in [4], the integrability conditions of
the almost complex I'insler structures being determined in the same
paper.

In the present paper the notion of almost product Finsler structure
and the noticn of almest product Finsler connection are intreduced and
are studicd with the methed vsed by R. Miron [4].

The set of all almost product Finsler conncctions is determined (Theo-
rem 2.5 ahd Theorem 2.6) and the groups G,, and G,,(N) of transforma-
tions of the almost product Finsler connections, respectively of the trans-
formations of almost product Finsler connections having the same non-
linear connection N, arc presented. Furthermore the invariants of the group
Gap{ V) are cstablished (Theorem 3.2), and the integrability conditions of
the almost product I'incler structures are determined (Theorem 5.4), by
means of these invariants.

The notations and terminology of M. Matsumoto [6] are used
with slight medifications from [5].

§1. Preliminaries, Lct Al be an s-dimensional differential manifold,
T(df) the tangent bundle of Af and N a non-linear conncction on T'(M).
Let (', 3') be the canonic coordinates on T(3). Thon-s—- ~ I 9 R

dxt  oax ayt
i=1,2, ..., #n is a local basis for the distribution defining the non-lincar

connection N, and “—a-‘,‘ i=1,2, .. % is a local basis for the vertical
(')'

distribution T(M)*. The dual basis is given by (da¥, 3y'), where 8y*=dy* +

+ Nidx* satisfies :

(1.1) dx‘(;_)z 5 ; d:r‘[if) =0; 3}-'(-33_) =0; dyf[_"”__];s;'.

A dy %! ay’



