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Proposition.

i) Fre—I40,

i) wol'=0

i) FX=0 if and only if X =4

iv) Y =0 if and only if Yep,

Then ({ ) is called the natural Finsler C.R.-structure on . The
study of C.J'\‘-51'113511111111_01(15 of almost hermitian Finsler manifolds is consi-
derably more difficult in comparisson with the classical case, [1], because
of the nen-uniqueness of way of choosing an induced connection.
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ALMOST PRODUCT FINSLER STRUCTURES

oy

FRANCISC C. KLEPP

The almost complex Tinsler structures was studied n {17, [2], [3],
4. The set of aimost complex Finsler conneclions was determined in [i],
and in [2] was prsented modifications in the writting of the general form
of this set, using the method of R, Miron and M. Hashizuchi [5].
The group of the transformations of almost complex I'insler connections
and their invariants are established in [4], the integrability conditions of
the almost complex IFinsler structures being determined in the same
pﬂl)(‘l’.

In the present paper the notion of almost product Finsler structure
and the noticn of almest product Finsler connection are introduced and
are studicd with the methed vsed by R. Miron [4].

The set of all alinost product Finsler connections is determined (Theo-
rem 2.5 and Theorem 2.6) and the groups G,, and G,,(N) of transforma-
tions of the almost product Finsler connections, respectively of the trans-
formations of almost product Finsler connections having the same non-
linear connection NV, arc presented. Furthermore the invariants of the group
Gap(N) are cstablished (Theorem 3.2), and the integrability condilions of
the almost product IFinsler structures are determined (Theorem 5.4}, by
means of these invariants.

The notations and terminology of M. Matsumoto [6] are used
with slight modifications from [5].

§1. Preliminaries. Lct M be an n-dimensional differential manifold,
T(M} the tangent bundle of A and N a non-lincar conncction on T(M).
Let (&', ») be the canonic coordinates on T'(Af). Then—s— S N% 2,

dxt axt vt
1=1,2, ...,#n is a local basis for the distribution defining the non-lincar

>

connection N, and :—au‘; i=1,2, ..., n is a local basis for the vertical
a5
distribution T(M)*. The dual basis is given by (daf, 3y%), where 3yf=dy'+

+ Nidx* satisfics :

(1.1) dx‘(si)= 3 d:r‘(%) ~0; 3)-*(8_8_)=0; dy*(_‘?-]=a;'.

xf fy % 8y’

-
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A Finsler connection on M is a triade FI'=(N, F, C), where N -

the non-linear connection on (M), and F respectively C
tively v-connection cocfficients [6] given by :p Fuaie the brespec

3 o 8 a g
Vs g—xf—Ff*g' Vs a—f=',‘-k-—‘;
E;c-" %‘)‘; 84 dy
1.2 4
i \ _B_Ci.i- v J i 9
9 50" Vg Tt
ay* oyt '

To calculate the curvature d i r N B
remark that - s and the torsions of F=(N, F, C)we

3 3 P i
A

(1.3) : gyt ey St gy oyt
[_3 __3;]_@’2 o . [2. _2}_,
R R T

where : . ey Ay 7

(1'4) R}t= ig-; -_E:\j: R

a3

For a Finsler tensor field K of the type (1.1) wi

i _ ’ . rith th t
K; the h-and v-covariant derivatives are gisvlzn (by? M
¢ . 81\'§ i m 4 o aKi g

(15) Iijgk— 3;1’ + ka .K” — ’?k 1\:“‘ ]\’;lt= ,éy_: +Ck I(;n__ ,?k I‘::n.

mk

The commutation formulac for the second order derivatives are :
I\r;.k h —I{}Mlk = _K:n. R”j‘”‘ +I{;ﬂ Rfﬂ,m —I{;ni R’]]:h —'I\'JEM-, T,;:h,
(1.6) fiafu.!r- = Kilye=— K& Pitn + K7 Pl — Ki|m Py — Kijm Ci,
Kilelp— Ky = — K}, S + K7 Shan — K| ST,

\;él:erezfivs torsion ficlds RY, P1, St, T, C and three curvature tensor ficlds

, P2, §* appear and their components are given by :

1 - 3N BN} . : )
R': Ri= Yoy ; Pry Pl= U _FL

St S;k= ;k""'ciic}; T: T§3=F;:k*1:;§}: C: C.:-'k:

: SFi SFi

2: e Ll L 5 i '

(1.7) 1 RE: R Sx» SxJ* +F =T Fou+Cla Riy

aF}
Pr: Phy= —'J—: - C}Alk + Cia P ;
oy

-~ aci, B E_QL
Iyt

+ C.?kczh i C?}.C“u a
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Let € be a curve on the differential manifold M and C a curve on
the tangent bundle T(M) of M, such that z((?)—C;A Finsler vector field
X is said to be parallel on C relative to any curve C[=(C) =] and relative
to the Finsler conncction FI'=(N,F,C), if and only if Xf,=0 and X‘|;=
=0 {7]. B B

1f FT =(N, F, €) and FI'=(N, F, C) are two Finsler connections on
M, then a unique triade of Finsler tensor fileds (A, B, D) is determined
such that :

(1.8) Nie Nit+ Af; Fiy=Fh—Chdl+Bh: Ch=Ch+ D .

Converselv: given the Finsler connection FI' = (N, F, C) and the triade
(A, B, D) of Finsler tensor ficlds, the connection FI'=(N, I, C) given by
(1.8) is a Finsler conncection. The map FI'«FT defined by (1.8) is called

transformation of the Finsler connections.
§2. The notion of almost product Finsler connection. Definition 2.1.

An almost product Finsler structure on M 1s a Finsler tensor ficld P of
tvpe (1, 1) with components Pi(x, v} satisfying :
(2.1} Pt pPi=38}.

It follows that the matrix (P}) is non-singular.

To such a Finsler tensor field P, we can associate the Obata
opcrators :

22) Oft= 1 (i3 —PAPD; 0 = (o + PITD.

which arc projectors with the following properties :

O+ O f= 881 0RO =07,

OHO % =0 0N =0 ; O0% =0l
Definition 2.2. A Finsler conmection FT=(N, F, C) 1s called almost
product relative to the almost product Finsler structure P, if an arbitrary Finsler
tensor field X = Bp(M) parallel on any curve C on M relative to C on T{M)
[7(C) =C] and relative to FY, determines a Finsler veclor field Y =PX paraliel

on C relative to C and relative to FI'.
Here (M) denotes the set of Finsler vector fields on M.

It can be proved .
Theorem 2.1. The Finsler connection FT'=(N, F, C) is an almost pro-

duct Finsler connection relative to P, if and only if:
(2.4) P;Ik=0 ; Pj‘fk=0'
We have immediately :

Theorem 2.2. If Fl'=(N, F. C) is an arbitrary but fixed Finsler connec-
tion on M, then the Finsler connection :

2.3)

3 . k . k. ° 1 .
(2.5) Ni=Ni: Fiy=Ff— 5’ PPl ; Cha=Cla— P il
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15 an almost product Finsler connection, where | and l'urc the h- and v-cova-

riant derivatives relalive to I,

, Ah straightforward calculus shows that the Finsler connection K1'=
.3

=(N, I, C) given by (2.5) satisfics the equations (2.4).
- g . 3l = G * k j
Definition 2.3. The Finsler conncclion KI'=(N, I, C) given by (2.5)
ts called the ulmost product Nawaguehi conncetion derived from Y.
Using the properties (2.3) one can prove:
Lemma 2.3. -1 lensorial equation of the form

0% Xte= Ul respectivelvy 0V X4y = U,
with the Finsler tensor ficld X3y as unknown, kas a solution, if und ony if
O3 Ui =0, respectively 0 U% =0.
In this case the genceral solution of the equation is given by :
(2.6) Nu=035Y8+ Ul resp. XL=05Y, 4 UL,
where ‘3',‘,;(;\', ¥) is an arbitrary Finsler tensor ficld, of the same tvpe as X},
From (2.2) and (2.4) it follows:

Theorem 2.4. T'he h-and v-convariant derivatives of the Obata operators
of the alwost product Finsler structure vanish.

The set of all almost product Finsler connections can be determined

by a known method based on Lemma 2.3 [5]. Let I*‘f:(:\'?, F, Co) be an

arbitrary but fixed Finsler connection ; then according to (1.8), the triad
FI'=(N, F, C} given by : 7 R

(2.8) Ni=Nj—A}; I:j‘k=}'-;t +(°:; Y+ B ; C}k=t:t + Djy,
where X, B and D are arbitrary Finsler tensor ficlds, is a Finsler connection.

Requiring FI' to be an almost product Finsler connection, we obtain for
the Finsler tensor fields &, B and D the following expressions :

1 .
Bl = 5 Pol{ PP + PTLXR) +0™h XA,

1 o )
Dj, = > P P +OR YR,
where X and Y arc arbitrary Finsler tensor ficlds.
[hus we can obtain :

Theorem 2.5. The set of all almost product Finsler connections relative
10 the almost product Finsler structure P is given by :

o o, . . [ i -
b8 S ¥ £ B A O | S ol S i i 7h
A: =iV ‘:\‘J s CJk = Cjk ‘i P;"n J;n!k +Oﬂ' mk »

(2.9)
) ST T 1 s
=I5 +Cin X7 — 5 PP Pt + Po W X0 +OR Y

mni
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where FU=(N, IF, C) 15 a fixed Finsler connection on M, | and | are the
k- and v-covariant derivatives relative to FY and N | Y, Z are arbit rary Finsler
tensor fields.

. A &
k Remark 2.1. The almest product Kawaguchi connection AU = (N, I,
C) given by (2.5) can be obtained from (2.9) by taking X =Y =2=0.

Corollary 2.1. If FI'=(N, I, C) 15 a fixcd almost product Finsler con-
wection, then the set of all almost product Finsler conncelions Fr=(N, I, 0C)
1s given by

210 N=N-X BB+ U OV =+ 0075,
where X, Y, Z are arbitrary Finsier tensor fields.

If we denote by FI(N) the Finsler connertions having the same non
linear connection N, then one can state: "

Theorem 2.6, The sct of all almos! product Fiusler conncctions FT(N)
having the same non-lincar connection N7 1s given by .

. oL . . R v . A 8 . ovm
(2°”) NP =NG Pl =L 4+ O5n X C;k=(f§x+05r;; Ak s

where X and Y are arbilrary Finsler tensor ficlds.

Starting with of the identities of Ricci (1.6) we can prove:

Proposition 2.7. For cvery almost product conncction FI' relativ to the
almost product Finsler structure P, the following tensor ficlds: O°[PMo .
O'5 Ry o O Sha as well as its covariant h- and v-derivalives of any order
vanish.

§3. The group of the transformations of almost product Finsler con-
nections. Let FI' and FU' be two almost product Finsler connections
by Corollary 2.1 we have:

{3.1) -‘\-,' =Nj—A%; —::.\. =TI} +CinX£ +Om Y —E;k =Cli +Oinl e

where X, Y, Z arc arbitrary Finsler tensor ficlds.
Conversely : given an almost product Finsler connection I'T' = (N, I,

-C) and a triade of Finzler tensor fields X, Y, Z with the components XS,

Y3, and Zi respectively, the Finsler conncection given by (3.1) is an almost
product Finsler connection.

Theorem 3.1. The set G, of the trunsformations of almost product Finsler
connections, given by (3.1) form an abelian group under the product of the
frans formations.

The structure of the group G,p, can be studied in the same way as
the group of the metric Finsler connections [57. Denoting by Gap(V) the
sct of the transformations of almost product Finsler connections having
the same non-lincar connection, it is clear that G, (N) is the group i
transformations given by :

(3.2) Ni=Ni; I =Fj +05A0 ; Ch=Cj +05 Y%,

where X and Y arc arbitrary Finsler tensor ficlds.
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Determinating the invariaats of the group ,,(N) we have :
Theorem 3.2, The following I'insler tensor ficlds are invariant by the
action of the group Gap(N):

N =T — I3 PR T + PUPT Thic + PRT)),
I\,k =Ry -PrPPRL, + PyPPRN + P;;"R@,,,),
Cie=Cle— PIIPCh + P PPChe + PPCYL),
Pj = Pju= PYPE i+ P LD Pl + PR D),
Rje = Riy + Py PP R + P PPRE + PPRY Y.
Nip=Six— D PESLn + P PPShe + PRSE),
Cie =C 4+ EPFPChn + PYPPCh, + PPCh),
Do =P jy + F}PE Pl — PY PP Phuc— PR Pl),
Tio = — PiTh + PAP}j— P} P,
She=— Rle— PP PPSin + PY PECYa— PPCha).
Proof. Taking into account (3.2) it results :

1, ... . - .
1’ =T+ 5 (Ye—Xj) — E PP — PRXTY),

S;k _S;k + - (.YJ'»\: —¥ H) I 1 m(Ph} hk_-pl?y'?j) ; j\;;.k = R;k-

i i 7i ivm N7 i 1 s} ) iy
Cik:cit+ (} _Php }M): Iaf.— );'L 2( ;.-;—1':?1-’,,.«\%-),

and by a straightforward calculus we can prove the invariancy of the above
Finsler {ensor fields.

§4. Almost product structures on the tangent bundle. An almost
product structurc on the tangent bundle T(M) is given by a tensor ficld

P of type (1, 1) with the property P.P=1. In the local base (-8—8—;
X

d . - .
—-;) a tensor field P of type (1, 1) is given by :

ay
(1 P= P‘—a—— ®dv' + P 8—3—® 53+ B -——®dv+ 1" ——®8}
ot
Then we have :
(4.2) P[—i)ﬂ’i Ny R z(—"— el
3t 3t ay*’ dy’ dxt ay'
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B . . 3 ‘ .
1{ X E%(] ﬂf) then X =.\ -8-—-: -+ \' — and by (4.2} it resulis -
v iy

I - o
X X S

PR

~ 1o 2. 8
PEX) = (P17 4 15x7) 2
axt

So the condition P[P(X)]=X; VX et (TM) leads to:

(4.3)

] 2 8 4 4

1 : 1 . 3 -2 . . 2 B 1 4 . I.)'
[ DL+ PiPi=38: Pil+ P =o,
A L 3 . .
PP+ PP =0 DiPi+ Diri=3f.

The Nijenhuis tensor of I is given by :

(4.4) N(X,Y)=—[X, Y]+ P[PX, Y]+ PIX, PY1—IDPX, PY1.

The integrability condition of the almost product structure P is N(X, ¥)=

=0, YX, Y e (FM). It is sufficient to calculate

A‘(i , i); N(f— . i) and :\‘(-f_ , 7‘_)
Saf 0 Sk i gk éyt Ayt

and we can determine N(X, Y). The calculus leads to:

Theorem 4.1, The Nijenhuis tensor of the abmost product structure P
has the following propertics :

1

im my 8 1 1

NI IRV N0 T S T TN o
dal " Sak gy Y Y S

3 ‘\’m AN P'" pm
+(I’;:( yite ")+( - )} =
dyr ay" 3! LE% (') -
d

1 a a1 3
N PRI T 1>,£—8—+1,1——]
o aat a7 sxf éy

1

2
AT )m DMy
RINCATE AL D EAR
¥ oyt dy* gyt \8xF  dyF Sam

3 4
m STm 4 ATm wm 2 2
+{I)I—°A SR P AT g }P( ; )

gyt Ak ¢y’ 3 dy™

I
ey
P e

3 2§ 4 g
);__a__l.‘li;__.a_..’ 1),"”_..__*_1)’? ],
Sx* oyt 8a™ ay™

5 — Matemalica
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2 2 ) )
.v(i., i) =(ap" 53—’-’)1‘( )b BN
dy T gy ayi dyk Sam d ayk oy’

4
app YRy 5 2 s ) \
Hor o P [P b g iG]

3yt dyt 3t dyt
. §5. The integrability of the almost product Finsler siructures. Lot
N be a non-linear connection on 7°(M) and P an almost product Finsler
structurc on . Then P can be lifted to T(M) by the aid of the distributi-
ons NV and £(M)*. The most important liftings are :

. 9 . .
Pl=p; — @dy+Pl— @ 8y,
7 "oyt ’

, 2
I=pt fa=pi_—
(5.1) Pl=P; — @ds'—P; o © 8y,

b .
Pl _pi__ &5y @ dal .,
jS:c‘® : ! ay! S8

These are almost product structures P on T(M) having the cxpression
(4.1} with the values of the cocfficients given by the following list :

- 1 2 3 4
P PE| PPy P
PPy |y 0 pi
pi P o 0 - Pt
P 1y Pf P 0

We remark the following relations :

p(2)erid pr(D)ap 2 (D) g2
3« 3t 3x’ 8xt 3a’ ayt

pr (i)zp;:i; pn(_a_)=_ pi . pm(_.‘?_)=p;_§__
2y ayt ey’ ayt ay’ dxt

Definition 5.1. The almost product Finsler structure P with the compo-
nents Pix, y) 1s integrable of the Lype 1, 11 and respectively ITI, if the almost
products structure P!, P and respectively PU qre integrable.

Applying to P’ the formulac of Theorem 4.1 and using the proper-
ties of the almost product structures it results :
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Theorem 5.1. The alwost product Finsler structure P is integrable of
the Lype I, if and only if the following invariant Finsler tensor Sfields vanish :

(5.3) Ni=0; Rip=0; Ci=0; Piy=0; Ni=0.

Applying to P’ the formulac of Theorem 4.1 an analogous calculus
lcads to:

Theorem 5.2. The almost product Fiusler structurc P is integrable of
the type II, if and only if the following invariant Finsicr tensor Sfields vanish

(5.4) ‘-\"J‘:k 20 ; :’e;‘k —-O ; é}k =0 ; I.“J!L=O : i\.v;:k=0.

Applying to IP"'7 the formulac of Theorem 4.1 an analogous calculus
lead to:

Theorem 5.3. The almost product Finsler structure 1 is integrable of
the type IT1, if and only if the following invariant Finsler tensor ficlds vanish :
(5.5) Sh=0: Ti=0.

Concluding, by Theorems 5.1, 5.2 and 5.3 we obtain :

Theorem 5.4. The almost product Finsler structure P is integrable of
the type I, I respectively ITI, of and only if the following invarianis of the
group Gup(NY, listed below, vanish:

Type of integrability Characterization by invariants
I R =0 Ri=0; Cim0; Pi=0: Ni=0
11 Ki=0; ki,=0: Ci=0; Fi,=0; Ni,=0
111 §i.=0; T, =0
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