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iil) there exists a finite type field extension F of k contarned tn K such
that K is separable over F, . ‘ )

iv) there exists a frnite field extension of k. E< k¥ *such that E= E(K)
1s separable. _

There exist field extensions without separate p-lases. For example,
let k, ke a perfect field, T an indeterminate, k=#ky(1) and K=4k?"~.

Theorem 3. ([P], Th. (6.3)). Let k< K be a freld exension of characte-
ristic =0 with ¢ 1 = rank Ux[,. Suppose that for every ne N rank Iy fy=t
where Ky=k(K*"). Then there exists an ascending chuin of subfields of K,
all containing k, F\cF,= .. .<F,<.., such that for every positive integer n .
1) F, is a finite type ficld extension of k and rank I'y g=1;2) every p-basis
of F, over k generales F, over k; 3) Fock(F24). o
d Moreover if F=UF, then + 4) F=k(F?) and rank I'; ;=1 3) K is a

neN

separable extension of F.

Note that the conditions rank I, |, = constant » > 0 holds when
K=k(K?). ‘

Using the proof of the Theorem I, we get as a corollary the following :

Theorem ([EGA), Th. 22.2.6). Let A be a noctherian local ring, k s
residue field and K|k a field extension such that t: = rank Iy, Then there
exists a formally smooth noetherian complele local A-algebra B such that
1) the residue ficld of B is K ; 2) dim I = dim Ad+¢.

This application was suggested to us by prof. N. Radu to whom we
owe thanks.
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ALGEBRAICALLY INDEPENDENT HAHN SERIES
BY
DORU STEFANESCU

Let £ be a commutative field of characteristic p#0. We considered
in [4] the field 4(79#)) of the restricted power series over k. This field is
a subfield of the field of the gencral power series considered bv H. Ha hn
({11} and, if % is algebraically closed, it contains the algebraic closure of
the field #(7)) of the meromorphic power series. We proved in [4] that the
extension %(1)) =k(7%?)) is not algebraic. Recently we proved that the
transcendence degree of the former extension is infinite. (We recall that
R(T9#)) =§f = Za,T"; S(f)iswell ordered and there is m=m(f) €N* such

s ESIf]

that for every ¢ =5(f) there are 5, n, € Z with i=s,{(mp™)}.

1. Proposition. Let & be a commutative field of positive characteristic
p. Let vy : N¥*>N* be a family of functions such that : a) sv(s) <v,(s+1) for
every o &N¥ b) v,(s) <vii(s) for every t&€N*, c) v (m+1)>(mn)v,(m) for
every m, neN*
-1

© v i
Let FQ=‘>: a TP €h((TO), where ae= k™ J0).
=]

Then Fy, ..y Fo, .. are algebraically independent over k(T)).

~ Proof. Letus suppose that there is G(Y,,..,Y, )= I a, . Y} ..
Yo ek((THIY,, .., Y,INJ0} such that 0ty o fpss

(1) G(Fy, .., Fp)=0.

We ma‘y Suppose that Ay oz in=ah.::: in(T)=a;l itz fn +Tbh....l'u » Where
... 12 € & (not all a;, 4, zero), by, . «, €R[[T]].

If {4y, ..., 7,) is such that a; ..., =0 then, for m sufficiently large,
T (=)o, tm)
the coefficient of 72"~ in the left side of (1) is not zero, a
contradiction. It follows that F,, ..., F, are algebraically independent over
R(T)) for every m.

The proof of 1 suggested a construction of a class of algebraically
independent formal power series over the field of the rational functions
in one indeterminate.

Let % be a commutative field of arbitrary characteristic, #(T) the
field of the rational functions in one indeterminate over &, 2{[T]] the ring
of the formal power series in one indeterminate over % and k(7)) its « uo-



36 D. STEFANESCU 2

tient field. It is well known that the transcendence degree of the extension
k(1)< k((T)) is infinite, but there are known few examples of series algebrai-
cally independent over k(T1). \We mention the results of Rothaus (20
obtained in the case  is a field of positive characteristic of infinite trans-

cendence degree over its prime ficld, We describe below a general construc-
tion.

2. Proposition. Let v : N*—=N* be a family of functions sych that:

a) vy(s) <vils+1) for every s€N*,

b) wi(s) <v.(s) for every 1eN¥,

¢) If meN*, then for every m sufficiently large we have v,(m4-1)>
= (m[n)v,(m).

dy If n, t =N*, then for every m sitf ficiently large there is a unique n-uple
(fir -2 7n) suih that j,v,(m)+ .- -5 yopfm) =max{iiva(m)+ - Figva(m) ; 0<
Sy vy taSl

Let b be a commutative field of arbitrary characteristic and let fo=
——_E a T = k[[T]), where a =k {0} Then Fisfars voor fn oo 7€ algebrai-

el
cally independent over (T,

Remark. There are functions 7,: N*—N* that satisfy the conditions
a, b, ¢, 4 of 2. For instance: vy{1)=a e N¥, 11,(m+1)=l+m”'v1(m), v, (m)=
—nmv,(m) for every n21.

Idea of the proof of 2. We suppose that there is F(Yy, .., Y4) e k(T)
(Y, ..., Y15 f0} such that F{f1 -.s fa)y=0.

Let meN (m sufficiently large). Let Le=mM TN+ ... 4 Amg T ™, hy=
fo—8e We remark that F(fi, .- fu) = F(& vy En) S =0, where Se=
ek[[T]]. We may choose such that F(gy, ..., ga)#0 and degyr Flgw . En) <
= Ord:p S.

3. Corollary. (K.F. Schmidt [3]). Let k be a commutative field and f=
=am T™4 ... +an, T+ LeR[TY If ma<ma< s <M e and lim
sup (m,,+,,m,.)=oo, then f s transcendental over k(T).

Let # be a commutative field of arbitrary characteristic. We consi-
dered in {5] a criterion of analytical independence relative to some formal
power series rings over k. This criterion can be obtained as a corollary of
the following result.

4. Proposition. Let b be a commutative field, X Xetm indetermi-
nates over Ry iy, oo ta SR[X 1 0 X,.11). Let us consider fi=X b1, s fo=
=X, forr = Xenths v fon= Kpalha b v Fim-sints = Xetmtbns veees fmw=
=Xt mtta (X0 o X2 ILY,, N1l

If aty, ..., 4y are algebraically independent  over B(X 1y oy Xs1)s then
fis s fun @rE analytically independent cver S=k[[X:1Xun .0 X . Xo X
X1~Ya+1; sy Xr—1Xt+n X:+1y Doop) X1Xt'—n:, reey Xt—1X:+ym Xﬁ'm]:];-

For proving 4, we must consider the map §: S{Yy, .0 Vonll—
k[ Xy oo Xitalls define | by s(G)=G(f.. ... s fmn). The analytical indepen-
dence of fi, ..o, fmn OVET 5 is equivalent to the fact that the morphism s
is injective. Let F aker s. Then F(fu, s fma)=0.
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We write F in a suitable way as a sum of formal power scries with
coefficients homogencous polynomials. If F#£0 we aniive to a nontrivial
algebraic relation between . ... o, OVer MN.. ... X ). Therefore =0
and the analvtical independence of /i, coos fun over S is proved.
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