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ON THE STANLEY-REISNER RING OF" A SUSPENSION
BY
1. POP

In this note we consider the Stanley-Reisner ring of the suspension
of a given simplicial complex.

1. Let A be a finite (abstract) simplicial complex on the vertex set
V=[x, ..., ¥a}. The Stanley-Reisner ring of A over a ficld k is k[A] =
=k[xy, ..., Xn][{a, Where Ta=(x; 5. Nl < o {Vi0 o x; }€4).

The ring k{A] was studicd especially for triangulations A of spheres
related to so called Upper Bound Conjecture (UBC) [1, p. 68—691.

Since the Krull dimension of A[A] is the maximal cardinality of an
algebraic independent set of vertices of A, it results the relation

(n dim k[A]=dim A 1.

Consider k[x, ..., ¥,] as 2 Nn-graded k-algebra and let A[A] with
the fine grading defined by deg v=(0,...0,1,0 .., 0yeZ". Dcnote by

Hi(k[A]) the local cohomology modules of *[A] defined with respect to
the irrelevant ideal of R[xy, ... Xal- Hochster’s Theorem [1, p. 70] states:

(2) F(HYk[A]), 3= FEE]AdimkH"i_ iria(LkaF o R) 1;_ (=3t

The left part in (2) is the Hilbert serics of the Z'-graded A[vy ..., Yo~
module H(k[A]). More precisclly, for asZ” let be supp az_{a‘iEIf'{af;éO}.
Then, H{E[A]}e=0 if >0 or if F=supp x =A and HU(E[AD = H i ja({LRaF
k) if a<0 and F==supp xeA, where LkyF is the link of F, ic. the
subcomplex of A, {G= A/GUF = 4, GaF=@} and Hx(.; k) denotes the
reduced simplicial homology with coefficients in & We obtain :

Lemma 1. HI(R[AN#O iff there exists FeA Hy jpallkyd o B)#0.

Now we reeall from [1], [2] that A is Cohen-Macaulay (CA)
over k if k[A] is Cohen-Macaulay as a graded k[xy, ..o v, ]-madule with
respect to the irrclevant ideal. A is a double-Cohen-Macaulay simplicial
complex (2—CM) over & if Ais CM over k, and for every vertex & of
the subcomplex AN x={F e\veF} is CM over & of the same dimension
as A. A simplicial complex A is almost Cohen-Macauley (ACM) over & if
for every Fei, F# &, Lk,F is CM. A s ;orenstein simplicial complex
over & il #[A] is a Gerenstein ring. Piaallv, A is Buchsbaum over kif R{A]
is Buchsbaum [I, p. 84].

2 Let A be a simplicial complex and SA its suspension, i.e. SA is the
join AxS°, Let Se={a, b}. If V={xy ..., ¥p} is the vertex set of A, then
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SA has the vertices {vy, .. vy . 0 and the simplexes of SA are those of
. B T 5 7 1 . L] .1 f
A or 57 or have the form {x;. ... ¥5, a5, fXige von Ao PLowith {u, . . ) € A,
Theorem 1.

a) dim £[SA]=dim R(A]-EL1: D) HR[SAD# 0 T (R[AT)#0 c) depth
E(SA =depth £[AT+1T

Proof. a) dim A[SA —dint SA 4 t=(dim A1) b=dim RIAT-+ 1.

h) Suppose that I{F[SAT)#0. Then, by Lemma 1 there exists
I = SA such that H._ 0 (TLhad  M)#0. We distinguish the cases: FeA
and FeAd, I Fead, then Lk F=S(1LkyF). In fact, if elk JF. then
FuGeSA and FrnG=@. H G=A it is obvious that G =LkyF. If Ge 4,
then G=(G,, a) or G= (G, b) with G, =2, 1t follows G,n F= @ and FUG, €4,
that is G, =LkyF and thercfore G e S(Lk,F). Thus we have obtained the
inclusion Lk.sF< S(LkyF). Conversely, if GeS(LkyF) and if & eLk,F
then G &Lk F. If G=(G,, a) (or G—G,, b)), with 6, =LksF, then GinF=
— ¢, G,uFeA and therefore GnF= and GUF=(G,UF, a) €54, which
prove the inclusion S(LkaF)= Lk W F. By the suspension isomorphism
£3,Th. 4.4, 10, p. 1307, it follows 0% H; el LRI k)= H r; J(S(LkLI) k)=
= Hopn(WRaF  ky=Hoo e (LkyF ; k). By Lemma I we obtain
H=3(R[A])#0. In the second case, when F <A, we have, for example, F'=
=(F,, a}, with F,=A. Then Lk 2F=1kyF, In fact, it GelkF, then
GnF=¢f implics that a =0 and since FUG eS8A and a=F, we obtain that
beG and therefore G =4, By GnlF,=g& and GUF, €A we obtain that ;e
e Lk,F,, which proves the inclusion Lk F<Lkyl,. Conversely, if G, e
e1k,F, then F,UG, €A and therciore FuG,eSA. Then, since Ginl,=&
and a €6, it follows G,nF=&. Thus we have obtained the inclusion LkyF.c
c Lk F. In this second case we have [ F|=|F,|1 and therefore 0#
Z]E‘Hg_-“.-,_l (:Lksa.F . k) = H,‘ -H-'.-—l(LkAFl N k) = f{“ﬂl)_“:l 1(LkAF] 7 k) B_\'
Lemma 1 we deduce H1(A[A])#0. In thisway we have proved the implication
HY(R[SAY)#0=H(k[A])#0. Suppose now that Hi-+(k[A])#0. Then, there
exists F €A such that Hi_pa{Lkal ; B)#0. By the above considerations
we have Hi_!p,_l(LkaF B "")EHi"}'l—l}'I—l(S(Lk.}F) ; k)-":Hi-'rl-,f}‘,f I(LkSAf'. B k)
and from the Lemma | we deduce H+1(R[SA}#0.

¢) Denote d==dim A[A]. p=depth k{A], p'=depth R[SA]. Then p<d,

(kA =0 for i€(p,d] and HP(R[A)#O0(H*(k[A])#0). From b), H™!
(+{SA3)#0 and therefore p+izp’. Conversely, H? (k[SA])#0 implies
HP=1(R[A])#0. Consequ- .atly p'—12p. Thus we obtain p'=p+1.

Denote by S*A the nth suspension of A defined by SrA=S5(S" 1A},
n2 1, (S’A=A). Obvious consequences of Theorcm | are
Corollary 1. a) dim k[S"A]=dim k[A]-» : 1) depth £[S*A)=depth [A]+n.
Corollary 2. 5*A is CM 2ff A is CM.

Corollary 3. S™A 4s 2-CM iff A s 2-CM.

Proof. By induction on i, it is sufficient to prove the assertion for
the case 1—1. Suppose that A is 2-CM and let be x = SA, a vertex. If x <
€A, then SAN x=S(AN\ x) and AN being CM of the same dimension as &
it follows by the Corollary 1 that SAN x is CM of the same dimension as SA.
If x=afor x=>b) then SAN\ v is the cone CA over A, which is contractible
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and therefore CM (10 Prop. 4.3 (Mun ke 71] S0 0t i
! re CAL L1 Prop. 4.3 (. U eslpe THLD Also 1t is cle: :
dim CA=dim SA. Thus SA is 2-CM. Conversely, if we SLIT)pﬂSU siiuttlr_s&h ::
.Z'C‘“.’ then A is CM and if v isa vertex of A, then S(AN F) = Sa %y \\'hicl;
1mplics, l))-‘thc_(,orollaryl. that A v is CM. Because dim S{A™ v) =dim SA
r=d)|m SAL it fn]lfn\'s that dim A~ ve=dim A and thus A is 2-CM
{\m;m;;/e I]]. If 5*A s ACM for an integer n2 0, then A is CM,
o Infact. Lkyya =2 and thercfore if SA is ACM then A is CM. Generally
if S".\Cls ;‘;(,5\1,41}1(‘11 S" 1A is €M and by Corollary I. A is CM e
orollary 4. [ i3 ‘ 0] 1A]) i ' S
AT C_\I% S for aninteger w2 1, Proj(k[S"A]) is CM fhen Spec
T)henrem 2. 8" s a Gorenstein simplicial complex iff A is so.
Proof. By mduction on . it is sufficient to prove the statement for
ﬁfl. Let A Le a simplicial complex over the vertex set J. Let I'y be the
c?m_ of A, i.c. the subcomplex of A generated by the vertices ¥ €A for which
stav={FeA/FU{x}}#1". Then, by [1, Th. 5.1, p. 75] A is Gorenstein

iff for all Fely; F Lk, F: x| i=dim Lk F
| = 0, i <dim Lk |F
Now, the theorem foliows from the relation I' oy =Sy, This relation holds
because if v is a vertex of Iy, then styv=:1" and sty v=S{st ) therefore
st‘,mx;él Ufa, b} and this proves that v is a vertex of Ty IT]I(‘I{, since ob-
viously a, I{EI‘M, we obtain the inclusion STy eI .,. C-;m\'ersel‘,: .if visa
\-'ertex_of I'cs then x = ST because vefn, b oor -{'El"g. lwnrc'l;q._\f— Sfa.
’;;l?w we ean apply the same reasoning as in the proof of Theorem 1.
heorem 3. I[5"A is u Buchsbawm simplicial complex, then A is so.
Proof. By induction on »n, it is sufficient to prove the statement for
n=1. Hlenclc‘h supposc SA a Buchsbaum simplicial complex over k. This
means (1, Th. 8.1, p. 84] that for all F&SA, F# @, H(LkF; k)0, i
¢ <dim Lkb;{’. It FeA, Fs# @, then as in the pfoo?of it(he ;\I:lhcérekl)n 10,“15
E;\\;FS(I(,‘;{(_\IIQ ?I,I\;é;F.~B_\' the suspension isomorphism it follows I-f,-(L'k:.I' ;
=Hiw KAl Ry H o (B nF - By =0, if 14 i “—=d) :
-1, which proves 1hat Algs B;ch;bsjlun?., SR e S
Remark 2. Generally the converse of Theorem "3 is not true. In
fact, f we cons'c_lcr, for example, A a triangulation of the torus, then A
Is a Buchsbaum simplicial complex. If F is a vertex, then the space" of LkuaF
Is homotopy equivalent to S' and therefore H,(Lk,F ; Rz H (S k)=0
for 1< 1. If F is an i-simplex, this is a face of just two 2-—5im:plex‘es and
therefore the space of the subcomplex LkuF is S, for which H (LkyF ; k)=
=H(5°; k)~=0 i <0=dim Lk,F. Finally, if F is a 2-simplex, then LkyF=
—_;25 and H{@ ; #)=0, if 1 <—1=dim . Thus A is a Buchsbaum simpli-
cial complex. But SA not is so, since if we take F=a, then Lky F=A and
we have Hy(Lk oo F ; k)=H,(A ; k)=2k#0 although dim Lk (,F=dim A=2.
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FLATNESS CRITERIA FOR LASKERIAN RINGY
BY
RADU URSIANT

Let 4 be a commutative unity ring, £ an 4-module and F€L a
submodule. Denote the radical of F in E by re(F)={ueAfyxs E. IneN,
a"ve F}and thisis an ideal of A, The submodule Fs I7 is called primary,
if for cach a = . and for cach v€F, qv=F implics a =rg(F) or x=F. The
radical of a primary submodule I is a prime ideal of A, denote it by 2,
and F is called P-primary. The 4-module F is called a lasherian module,
if every proper submodule of E is a finite intersection of primary submo-
dules of £. A laskerian module is called strong faskerian, if for any submo-
dule F, therc exists =N such fthat (r(F))*. EEF. The ring 4 is called
laskerian or strong laskerian. if it is so as an .4-module.

\We remind other facts which are necessary for presenting our results.
An A-module E is flat, if for each exact sequence 0—F'—F, the scquence
0-F @, E—F®.E is cxact. For a morphism of rings i : 4— B and two
modules ¥ over 4 and F over B, there exists the exact sequence of B-
modules : Torf(E, BY®F—Tor#{(E, F)»Torf{E®.B. IF) (sec [1], IV, 3.7.1}.

Given an ideal I of 4, we have the graded ring gr,(A):@ogr"(,xl)

[}

and the graded modulc gr,(E), where gri(d)=.4/1 and gri{d), gri(E)
are A/I-modules. Therc cxists a surjective morphism of A//-modules yar.x
from gr{A)®@4E[IE to gr,(E), defined by y..,.x (B@u)=v, with B=(B)ize,
B; being the class of an element b, eI modulo /™ u a class of an element
meE modulo TE and v==(v},>q, v, is the class of the clement &;m modulo
'+E,

Theorem 1, ([1], IV, 6.12). Let A be a commutative ving, I an ideal
of A and E an A-module. Consider the conditions : a) E is a flat A-module
b) EHIE is a flat A]I-module and Tor{(A(l, E}=0: ¢} EIE s a flat A[I-
module and vy, p 15 an isomorphism ; d). E|I*E is a flat A[I"-module, for
any nz 1, Then the following implications hold : a) =»b) =) =d). If A s
laskerian, I 1s a finite type ideal and E is ideal-separated in the I-adic fil-
tration, then the conditions given above are equivalent.

It is obvious that i-. the case A is laskerian Theorem 1 gives criteria
for E to be flat. We optain another criterion for flatness in:

Theorem 2. Let u: A—B be a morphism of laskerian rings and let T
be a finite type ideal such that 1B is included in the Jacobson rudical of the
ring B. If E is a finite type B-module, then the following statements are equt-
valent : a) E is a flat A-module ; b) E[IE is a flat A|I-module and




